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ABSTRACT

This master thesis gives an introduction to finite temperature field theory
and effective field theories. The need for resummation at finite temperature
is discussed, and is used to find self-consistent equations for the sigma and
pion masses in the O(N) linear sigma model. Using the O(4) linear sigma
model as an effective model of two-flavor QCD, the chiral phase transition
is studied. Both Hartree and large-IN approximations are considered. The
gap equations are renormalized using dimensional regularization and the
MS scheme. It is shown that it is possible to renormalize the gap equations
in the large-N approximation with temperature-independent counterterms.
The order of the phase transition and the transition temperature depend on
which approximation is used, and the results agree with results obtained by
other authors.
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1 INTRODUCTION

Zero-temperature field theories are field theories which neglect temperature
effects. At finite temperature, thermodynamic effects become important. At
such temperatures, the particles interact in a thermal bath, and a merger of
statistical mechanics and field theories is necessary. Field theories at finite
temperature and density are called thermal field theories. Non-relativistic
field theory at finite temperature and density was invented in the late 1950s
[1] to give a description of condensed matter and non-relativistic nuclear
matter. Fradkin first studied relativistic field theories at finite temperature
in 1965 [1]. In the early 1970s, the interest in the problem of symmetry
restoration at high temperature led to new developments. Kirzhnits (1972),
Kirzhnits and Linde (1972), Dolan and Jackiw (1974), and Weinberg (1974)
were the first to discuss restoration of spontaneously broken symmetry at
high temperatures [2].

It is believed that a series of phase transitions occurred in the early
Universe. The phase transition of QCD is one of them. There are two
phenomena related to the QCD phase transition; the deconfinement of quarks
and gluons, and the chiral symmetry restoration. It is believed that at some
temperature, a phase transition from the hadronic phase to a deconfined
phase of quark-gluon plasma takes place. A deconfinement also occurs at
some critical density, when a phase transition between the hadronic phase
and a phase of cold quark matter takes place. At about the same critical
temperature and density at which the deconfinement phase transition takes
place, the chiral phase transition takes place. Chiral symmetry mixes the
flavors and flip the parity, which means that there should exist pairs of
particles with opposite parity. Such pairs are not found in nature, so chiral
symmetry must be broken at low temperatures. The symmetry is restored
at high temperatures or high density. The relation between the chiral phase
transition and the deconfinement phase transition is at present only partially
understood, and it is not known if the phase transitions take place at the
same critical temperature or density |3].

QCD is believed to give the correct description of strong interactions.
Due to confinement at low temperatures, analytical calculations in QCD are
impossible in this regime. Several effective models for QCD exist, which
describes QCD at low temperatures. An example is the linear sigma model,
which describes fermions interacting with mesons. This model is well suited
for studying the chiral phase transition.

The purpose of this master thesis is to give an overview of thermal field
theory, and to study the chiral phase transition using the linear sigma model
as an effective theory. Thermal field theory can be described using two
different formalisms; imaginary time formalism, or real time formalism. The
real time formalism can be divided into closed time path formalism and
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thermofield dynamics [4]. In this thesis the imaginary time, or Matsubara,
formalism is used.

To study the chiral phase transition, two methods can be used; lattice
gauge theories and the method of effective field theories [5]. The latter is
considered in this thesis. The O(4) linear sigma model is used as an effective
model to study the chiral symmetry restoration.

The thesis is organized as follows. In chapter 2 the imaginary time formal-
ism is introduced. The A¢*-theory at finite temperature is studied in chapter
3. The first order corrections to the self-energy and thermodynamic poten-
tial are calculated, and the breakdown of perturbation theory is explained.
An introduction to the idea of renormalization is given. Chapter 4 gives an
introduction to effective theories. Resummation is reviewed, and QCD effec-
tive models are discussed. The linear sigma model is briefly presented. The
chiral phase transition is studied in chapter 5. The phase transition in the
case of one scalar field is presented as an example. The O(4) linear sigma
model is considered in both Hartree and large N approximation. Finally, a
summary is given in chapter 6.
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2 IMAGINARY-TIME FORMALISM

As mentioned in the introduction, thermal field theory can be described
by using the imaginary time formalism or the real time formalism. In this
section, the imaginary time formalism is presented. This formalism is also
called the Matsubara formalism, after the person who first set up the dia-
grammatic perturbation theory of the partition function in a field-theoretic
manner [6]. As will be seen, this formalism evaluates the partition function
perturbatively using a diagrammatic method which is analogous to that of
zero-temperature field theory.

In thermal equilibrium, the statistical behavior of a quantum system is
studied through some appropriate statistical ensemble. The finite tempera-
ture behavior is given by the partition function

Z="Tr [e_BH} (2.1)

where p(8) = e P is the density matrix, 8 = 7 in natural units (h = kg =
¢ =1), and H is the Hamiltonian of the particular ensemble. The thermal
expectation value of an observable A is given by

(A), = %Tr o] (2.2)

The thermal average of the correlation function between two operators A
and B is given by

(AB), = %Tr 4B (2.3)

Given an ensemble and a set of operators in the Schrodinger picture,
operators in a Heisenberg picture can be defined as [4]

AH(t) = ethASe_th. (2.4)

In Eq. (2.4), the subscript H indicates the Heisenberg picture and subscript
S indicates the Schrédinger picture. The thermal average of the correlation
function between two Heisenberg operators is thus written

(An01Bu(t), = 5T [ A B (1)

(o) ]
= 2T [e B () An(t + i)

= <BH(t/)AH(t + Zﬂ)>6 .

If the Hamiltonian of the system is separated into two parts, a free part and
an interaction part, the density matrix can be written as follows [4]
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p(B) = e PHOTHI) — py(3)S(8), (2.6)

where po(f) = e PM0 is the density matrix in a noninteracting ensemble.
S(p) is given by
S(8) = e = py (8)p(8). (27)

The density matrix satisfies the following equations in the interval 0 < 7 < 8

[4]

P — Hopo(r) 28)
W) — () (29)
= — (Ho + M) p(7) (2.10)

These equations can be thought of as the evolution equations of the density
matrix with 0 < 7 < 8. The evolution equation of S(7) is thus given by

o0S(7 _
) — 51 o~ M olr)
= _eTHoHIe—THoS(T) (2.11)
= —H;(1)S(7)
with the definition
Hi(r) = eToH e ™o, (2.12)

For imaginary values of 7, the transformation is unitary. Also, by writing
T = it, the expression of H;(7) coincides with the usual interaction picture
Hi(t) = eMoHe~#Ho Eq. (2.12) can be interpreted as an interaction
picture in which the time has been rotated in the complex plane, t — —ir.
Rotations in the complex plane will be further discussed in section 2.2.

2.1 The S-matrix and diagrammatic representation

Consider a process where the particles are free at the beginning ¢; and end
t¢, but interact over a limited space-time region in the interim. The state
vector at the beginning is denoted ®(¢;) and that at the end ®(ty). The
unitary operator U(ty,t;) propagates the system from ¢; to ty (3],

(ty) =Ulty, ti)®(t:). (2.13)

In zero temperature field theory, the S-operator is the following limit of
Ulty,ti) [3]
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S= lim lim Ul(ty,t;). (2.14)

ty—oot;——00
In the interaction picture the evolution equation of ®(t) is given by [3]
ia@(t)
ot

which can be formally integrated to give

= H(H)D(t), (2.15)

O(ty) =Ulty, t;)®(t:) 016
- e_ifftz‘f dtHI(t)(I’(ti). (2.16)

Since generally [H;(t), H;(t')] # 0, and two operators A and B which do not
commute leads to eATB # e4eB | a time ordering operator is introduced [3].
The time ordering operator T} has the property [7]

T, {A(t),B{t")} =0t —t")At)B(t') £ O —t)B(t")A(t), (2.17)

where + represents boson operators and — represents fermion operators. The
time ordering operator writes the operators A and B in chronological order.
This gives

.oty
Ultyoto) = {0 0 (2.18)
which leads to the time evolution operator

S=T, {e*ifiodtHf(t)}. (2.19)

The evolution equation of S(7) is given in Eq. (2.11). When integrated,
remembering the need of a time ordering operator, S(3) is given by

S(8) =T: {e* I3 WT)dT} , (2.20)

where T’ is the ordering operator in 7. Similar to the expression for the
usual time ordering, T has the property

T {A(T), B(T')} =0(r — T/)A(T)B(T/) + @(7‘/ — T)B(T/)A(T), (2.21)

where + represents boson operators and — represents fermion operators.
Comparing Egs. (2.19) and (2.20), S(/) is interpreted as the time evolu-
tion operator at finite temperature. It is clear that the finite-temperature
time evolution operator is analogous to the zero-temperature time evolution
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operator. The difference is that in the finite-temperature case, the time in-
tegration is over a finite interval along the imaginary axis. In an expansion
of the exponential in Eq. (2.20), each term would give rise to a Feynman
diagram as in the zero-temperature case. Thermal quantities also have a
diagrammatic representation [4].

2.2 Wick rotation

A Wick rotation is a rotation in the complex plane turning a real variable
into an imaginary variable. Wick rotation makes it possible to find a solution
to a problem in Minkowski space by finding a solution to a related problem
in Euclidean space. The Minkowski metric in four dimensions is

ds® = dt* — da* — dy?® — d2?, (2.22)

or ds? = —dt? +dx®+dy?*+dz?. Here, we will use Eq. (2.22). The Minkowski
metric and that of four-dimensional Euclidean space

ds% = dt* + dz* + dy* + dz* (2.23)

are not distinct if ¢ takes complex values. If w = it, the Minkowski metric
reads

ds? = (—idw)? — dz? — dy? — d2?
—dw?® — dz? — dy? — d2? (2.24)
= —ds%,

where ds2E is the Euclidean metric in real coordinates z, y, z and w.

The operator e~*" propagates a quantum state through a real time in-
terval ¢ [3]. As seen above, the operator that propagates a state through an
imaginary time interval is given by e~ ™", where 7 = it. This is not a physi-
cal propagation, but the operator is well-defined mathematically. It can be
used to find the eigenvalues e 57 of e, given by E = —L1n (e=™") [3].
Finding eigenvalues and eigenvectors of e~7"t is equivalent to finding eigen-
values of H. Thus no information is lost when rotating to Euclidean time.
The eigenvalues and eigenvectors of e "7’ can be used to find the eigenvalues
and eigenvectors of e~ M,

Integrals of the following form can be evaluated by using the routing of
the contour past the poles to perform a Wick rotation into Euclidean space

[8]:
dk 1
I_/( ™) [k2 — m2 + ie]'

d—1
/de/k dk 1 )
—m? + ie]

(2.25)
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Rotating the kg contour 90° in the complex plane does not change the value
of the integral. The rotation is shown in Fig. 2.1. By letting k° — ik%, the

|

| (N

T

\> m- 1€

Figure 2.1: Rotation of the kg contour to the imaginary axis. The rotation does
not change the value of integral.

integral in Eq. (2.25) can be written

. Qd 00 /{?d_l
= i(-1) LR
! )(27T)d/0 RTr—

- i(—l)l/ e 1

(2m)d (k% + m2]l’

(2.26)

where the subscript F indicates Euclidean space. After the rotation the ie-
term in the denominator is not included. The integral is divergent if d > 2I.
2.3 Imaginary-time Green’s Functions

In field theory, Green’s functions are the vacuum expectation values of time-
ordered products of Heisenberg operators [8]

G (21,...,2n) = (0| T {dw(x1) ... o (x,)}]0). (2.27)

For finite temperature field theories, the vacuum is replaced by a thermal
bath. The two-point thermal Green function can be defined as [4]
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Gotr, ) = (T, {ou(rsh ()}
= T [T {ou(n)aly ()]

where 7 = it. In Eq. (2.28), the spatial coordinates have been suppressed
since they are not relevant for the following discussion. Evaluating G3(0,7)
for 7 > 0 gives

(2.28)

G(0,7) = (8(0 = 7)6m (0)8}; (7) % O(r — 0)6f; (1)ém (0))
=+ (0h(n)on(0))

By using Eq. (2.5) and keeping in mind that the time is rotated to imaginary
time, the following is obtained

7 (2.29)

(@h(on() = (en(B)ely(r) = Cs(8.7). (2.30)

Thus,

Gp(0,7) = £G3(B, 7). (2.31)

The two-point thermal Green’s functions are anti-periodic for fermionic fields
and periodic for bosonic fields in the imaginary-time formalism.

The thermal Green’s functions are defined on a finite time interval with
period 8. This means that the Fourier transforms involve discrete frequencies

4]
= ; > e TGy (w),), (2.32)

IR
Colwh) = 5 / AT (r), (2.33)
where w], = ”/7” for n’ =0,+1,+2,.... Eq. (2.33) can be written as [4]

o 1B
dre*“n"Gg(T) + 2/ dre*“n"Gg(T)
0

N

ﬁ
1 iw), T 1 A wh T
= dTe Gp(t+05) + / dre*“nTGg(T)

2/ 0 (2.34)
=2 (1) / drehTGy(r)
=5 (1%

_”m>/ dTei“’;lTGg(T),

[\DM—~ [\:)\r—t
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where the upper sign is for bosons and lower sign is for fermions. When n’ is
odd, Gg(w},) vanishes for bosons, and when n' is even, G(w},) vanishes for
fermions. Thus for nonzero values of G3(w;,), even numbers of n’ are needed
for bosons, written as n’ = 2n where n = 0,4+1,42,.... Odd numbers of
n/ are needed for fermions, written as n’ = 2n + 1 where n = 0, £1,£2,.. ..
The anti-periodicity /periodicity for fermions/bosons thus gives

2”7” bosons
wn =g ( , (2.35)

2n+1 )
%)W fermions

where n € Z. The frequencies wy, are called Matsubara frequencies [4].

Including the spatial coordinates in the two-point Green’s function gives
the following expressions

d3k —i(wnT— kz) %
Gy(r, & ﬂz Glwn, k), (2.36)

Gsleon, F) = / ir / B T FDG (. 7). (2.37)
0

since the spatial coordinates are continuous as in the zero-temperature case.
For a free scalar field, the zero-temperature Green’s function satisfies

(0u0" + mQ) G(z) = —0*(x). (2.38)

Performing Wick rotations t — —ir and k° — k%, leads to G(z) — —Gp(7, T)
[4], and Eq. (2.38) reads

<8 Fvio m) Go(r. @) = —5(2)3(r). (2:39)

Inserting Eq. (2.36) into Eq. (2.39), and using the usual expression of §°(x)
as well as the representation of §(7)

— ; Z et (2.40)

the two-point Green’s function in momentum space at finite temperature is

- 1
Gﬁ(wnak) = =
2 2 2
wi + k“+m
- 1 (2.41)
wi +wd’

where w,% = k2 4+ m?2.



3 \¢* THEORY 13

3 \¢* THEORY

The Lagrangian for a A¢*-theory in Minkowski space is given by

1

1 A
L= 5(0u08)(0"0p) — gmpoh — 77 ob, (3.1)

where the last term is a self-interaction. The abbreviation ¢p(z) = ¢p,
where z = (¢, Z), is used. The subscript B indicates that the field, mass and
coupling constant are bare parameters. Bare and renormalized parameters
will be discussed in sections 3.5-3.8. When rotating to Euclidean time, ¢t —
—i7, we obtain for the Lagrangian in Eq. (3.1)

1 1 AB
£~ (G0uom? + g+ S26h

= —Lp.

(3.2)

In Eq. (3.2), we have used that in Euclidean space d,, = 0¥, and 9y = 8%'
The abbreviation ¢p(z) = ¢p is used, where now x = (7, Z).

3.1 Diagrammatic representation in the \¢*-theory

A typical diagram consists of pieces connected to external points and pieces
which are not connected to external points [9]. To see how these different
pieces contribute to the correlation functions, consider the thermal two-point
Green’s function for the A¢*-theory,

Gg(z,2') = (T: {¢H(x)¢H(x/)}>ﬂ

Tr [0S { slger@)S (M sinyer@)s) )] (33
B T [e= 70 5(5)] ’

where the relation between operators in the Heisenberg and interaction pic-
tures Ag(7) = €™ Ar(7)e” ™M has been used [4] and x = (7,Z). Since 8
is the largest value of 7, S(f) can be written inside the 7-ordering in the
numerator of Eq. (3.3). Furthermore, the order of the factors inside the
T-ordering does not matter. Thus, Eq. (3.3) can be written as

Tr [e PMOT, {¢r(x)p1(2')S(8)}]
Tr [e=FHoS(3)
(T {o1(x)e1(2)S(B)} g0
(5(8)5,0 ’

Gﬁ(l‘, .CC/) =
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where ()5, denotes the thermal average in a non-interacting ensemble.
First, consider the numerator of Eq. (3.4), which we call G%(ZE,$/). Ex-
panding the exponential of S(/3) to first order in the coupling constant, it
can be written as

Gp(z,2')

(T {p(ayo(aye W f a0t )

(1 {otarota )(1+‘AB v [ @i )}> ,

(3 5)

where the subscript I has been dropped. The first term in Eq. (3.5) is
the free field propagator, Go(z, ') = (Tr {¢(z)d(2')}) 5. Eq. (3.5) can be

written as

G/lg(l',ﬂ?/) = Go(z,2)
—1-3( A )Ggmx / dT”/d3 "Go(2", 2")Go(2", 2"

4!

#12(22) [ [ oo ol G "),
: 0

(3.6)

Eq. (3.6) is shown diagrammatically in Fig. (3.1). In the second line in Eq.

o
B
B
bl

Figure 3.1: The numerator of the thermal two-point Green’s function to first order
in the coupling constant, given in Eq. (3.6).

(3.6), the points z and 2’ are not connected with the point x”. This term
leads to the disconnected diagram which is the second diagram in the first
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line of Fig. 3.1. The last term in Eq. (3.6) connects the points z and z’
with the point 2” and leads to the third diagram in the first line of Fig. 3.1.
This is a connected diagram [9].

Expanding the denominator of Eq. (3.4) to first order in the coupling
constant gives

= (0 {1+ 52 [[or [eset@}) @

Eq. (3.7) is shown diagrammatically in Fig. 3.2. The diagrams in the

Figure 3.2: The denominator of the thermal two-point Green’s function to first
order in the coupling constant, given in Eq. (3.7).

denominator cancel the disconnected diagrams in the numerator, and the

following is obtained for the two-point Green’s function to first order in the
coupling constant

Gy(,2') = (Tr {p(x)(2)}) 4

(3.8)
= sum of connected pieces with two external lines.
Gp(x,2') to first order is shown diagrammatically in Fig. 3.3.
o L 0(2)
bid % ~ X ® % (\'f'”

Figure 3.3: The thermal two-point Green’s function to first order in the coupling
constant.

To show that Eq. (3.8) applies to all orders in the coupling constant, con-
sider the following expression for the diconnected diagrams in the numerator
of Eq. (3.4) to order n [10]:
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<TT {¢(x)¢(x,)(—73!)n /Oﬁdrl---/OﬁdTnHI(l’l)~--HI($H)}>@O

_1\» /B
:(1)/0 dn.../o A7 (T {d(2) (") Hi(21) - Hi(zm)}), (39)

n!
8 B
/ dTm+1"'/ Ao (Tr {H1(#m41) - - Hi(@n) g »
0 0

where Hy(x) is the interaction Hamiltonian. The (...), connects z and 2’ to
some of the points x; and the (...), gives the parts which have no external
lines. Redistribution of the x;’s where i = 1,...,n among the H;(x)’s in
(-..). and among the Hy(x)’s in (...)5, gives an overall factor of —

T
Thus, Eq. (3.9) can be written as
_1ym (B8
= / dﬁ.../ A (T, {$(@) ()M (1) -+~ Hi ()},
-0 0 (3.10)
U Nt J Bdm (T, {Hy (@) Hiwa) g
(n—m)! Jo 0 b

Summing the contribution from the diagrams of all orders which consist of
a particular connected part and an arbitrary disconnected part gives [10]

= /d1 /dTm<T [6(@) 6" YHi (1) -~ Hilam) }),

<1_/0 A1 Tr { M1 (Zmg1)} + - > (3.11)

B?O

Thus, all connected parts in the numerator are multiplied with a factor
(S(8)) 5,0, which cancels against the (S(8)) 3 in the denominator. The result
we obtained above for first order in the coupling constant is general, and Eq.
(3.8) applies to all orders.

Eq. (3.8) can be generalized to n-point Green’s functions [9]

Gp(x, ... ) = (Tr {d(x1) -+ dxn)})

= sum of connected pieces with n external lines.

(3.12)

(S(B)) g0 contains no external points, so the diagrams in the expansion
of (S(B)) s, have no external lines. In general, the contribution from order
n can be written as a sum of disconnected parts, each of which is a product
of connected pieces [2]. Assume that each contribution in the expansion
consists of k; diagrams of type V;. The total expansion gives [9]
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1
STk =ex v, (3.13)

1 k!

{ki} i

where {k;} is all ordered sets {kj, ks, ks...} of nonnegative integers, and
the factor k% comes from interchanging the k; V;’s. Thus, only the connected
diagrams are left, and (S(83)) g is the exponential of the sum of all connected
diagrams with no external lines. These diagrams are called vacuum diagrams,
and contribute to the thermodynamic potential as seen in the following.

From Eq. (2.7), the denominator of the two-point Green’s function reads

= (),
T [e‘ﬁHOe_ﬁHI]

R (3.14)
Tr[e "]z
- Zy - Zy
Using Eq. (3.14), the thermodynamic potential is given by
b=-TInz
=-TInZy—TIn(S(8))s, (3.15)
= (I’O =+ P’

where ®q is the potential for the non-interacting ensemble and @’ are the
corrections to the potential from the interactions. It was found above that

(S(8)) g0 = =" (3.16)

Thus, ® = —T)".V; is the sum of the connected diagrams with no external
lines.

3.2 Self-energy

At zero temperature, the self-energy is the contribution to a propagating
particle from vacuum fluctuations. At finite temperature, thermal contri-
butions must be included as well. Each contribution to the propagating
particle consists of free propagators separated by different scattering pro-
cesses. The full propagator is shown in Fig. (3.4), where 1PI represents
one-particle irreducible diagrams. A 1PI diagram is a diagram which does
not fall apart when cutting a line [9]. Each circled 1PI in Fig. (3.4) is a sum
of all 1PI diagrams. Fig. (3.5) shows the 1PI diagrams for the \¢*-theory,
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<+

Figure 3.4: The full propagator of a particle. Each circled 1PI is a sum of all 1PI
diagrams.

+ +

O
, G

Figure 3.5: One- and two-loop 1PI diagrams for A¢*-theory.
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from perturbative expansion of the S-matrix. In momentum space, the full

-

propagator Gg(wp, k) can be written as

Ga(wn, F) = G + Ga(~(k))Gp + Ga(~S(K))Gp(~S(k))Gp + ...

oo
1 (3.17)
=G kG ————
angl( (K)Go)"™ = G Em
where G is the propagator found in Eq. (2.41). X(k) is the self-energy of
the \¢*-theory, and —%(k) represents the sum of all 1PI diagrams. Using
the expression for the free thermal propagator of the A¢*-theory, Eq. (3.17)
reads

. 1
n, k) = :
Go(n k) = 2o wi + 5(k)

(3.18)

3.2.1 First-order correction

Consider the first-order correction shown in Fig. (3.6). The self-energy is

k

Figure 3.6: First-order correction to the self-energy in A¢*-theory.

given by

A 1
Y= Bg[ — - (3.19)
2 T wp +wi

where Y, =T [ (g?’T’)ﬁ, and w} = k2 +m%. To first order, the self-energy
is independent of external momenta.

To evaluate the sum in Eq. (3.19) it can be rewritten as a sum of residues
of a suitable function. The residue theorem states that for a function f(z)
which is analytic inside a simple closed path C, except for finitely many sin-

gularities in 21, 22, . . ., 2, the integral of f(z) taken counterclockwise around
C is given by [11]

k
yif(z)dz = 2mi Z Res,—.,; f(2). (3.20)
j=1
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The residues at simple poles are given by [11]

Res,—.; f(z) = lim (z — z;) f(2). (3.21)

Z—Zj

The frequency sum can written as

1 1 B .
Z m B ; (wi, — iwy) (W + iwn) - ; h(iwn). (3.22)

n

The idea behind the evaluation of the frequency sum, is to introduce a func-
tion g(z) which has simple poles at z = iw,. For bosons the Matsubara
frequency is given by w, = 27nT. The function g(z) = coth (55) can be
used to evaluate the frequency sum in the case of bosons, as it generates
poles at z = i2nTn = iw,. The function A(z) has no poles on the imaginary
axis. The contour integral of the product g(z)h(z) is given by

f}; Qdeig(z)h(z) = Reseziv, 9(2)h(2)

Z—1Wn e2T — e 2T
O (3.23)
T
=" lim (2 — iwn)h(2)
2—1Wn e T —1

where C' is given in Fig. 3.7(a). The contour can be deformed into that
shown in Fig. 3.7(b). Thus, we can write

100—€ 2m

100+€ -
+ / & ().

—100+4-€ 2mi

27" i) = / T )
n (3.24)

Doing the substitution 2 — —z in the first integral, Eq. (3.24) can be written
as
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R,

Pt I
R L N © I
e

(a)

R

(b)

e

(c)

21

Figure 3.7: Deformation of the contour in the evaluation of the Matsubara sum.
(a) The sum of residues of the function g(z)h(z) corresponds to an
integration around a contour which encloses each pole individually.
(b) The contour can be deformed to run along the imaginary axis a
distance ¢ to the right and a distance —e to the left. (c) If |g(z)h(z)|
vanishes at infinity, the contour can be closed.
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100+€ dz

oY hiwn) = [ g2 g (325)

By using that g(—z) = —¢g(z) and h(—z) = h(z), we obtain

700+€ -
9 o (hz). (3.26)

2mi

2T~ h(iwn) = 2 /

—i00+€

_1

e which gives the following

g(z) can be written as g(z) =1+ 2

2T " hfiwn) =2 /ime d—z,h(z) [1 + 26521_1] . (3.27)

—1i00+€ 2mi
h(z) has no poles on the imaginary axis. Thus, Eq. (3.27) can be written as

2T " h(iwn) = Q/ioo di,h(z)

oo 2T

100+€ dZ 1
4 ey I
+ / oA 1

—100+€

(3.28)

The frequency sum splits into a temperature-independent part and a temperature-
dependent part. The temperature-independent part can be calculated di-
rectly and gives 2 fiiooo QdTZz.h(z) = chk To calculate the temperature-dependent
part, we can close the contour in the right half plane as shown in Fig. 3.7(c).
When the radius goes to infinity, the function g(z)h(z) goes to zero, so the
contribution from the semicircle vanishes at infinity. h(z) has a pole inside

C located at z = wg. The temperature-dependent part is given by

dz 1 1
4 B 4Res._y h(z)————
7{; omi P — 1 Resz=h(2) 57
1
— 4 Tim (2 — wp)h(z)——— 3.29
ZLIle(Z Wk) (Z) eﬁz -1 ( )

2 1
wy, 09k — 1

Thus, the frequency sum can be written as

. 1 1
TZh(an) = E |:1 + 265‘%—1] . (3.30)
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Inserting the expression for the Matsubara sum, the self-energy 3 is given
by

(3.31)

_Ap [ &k [ 1 ”B(%)]j

2 (27)3 | 2wy, Wi

where np(wy) = eﬁwﬁ is the distribution function for bosons. Eq. (3.31)
has a term which is temperature-independent, corresponding to zero tem-
perature, and a term which is explicitly temperature-dependent. The zero-
temperature term is divergent when |k| — co. Sections 3.5-3.8 give a short
introduction to renormalization, and how to get rid of this divergence.

3.3 Thermodynamic potential

As seen from Eq. (3.31) the first-order correction to the self-energy is given

by
AB 1
ST
2 T wp, +wi

_@/M1+@/ 'k 11 (3.32)
4 2r)3wr 2 (27m)3 wy, eBwr — 1

Ezo—l-ET

By multiplying Eq. (3.32) by 2mp and integrating over mp, the temperature-
independent term gives

)\B/ A3k dmp 2mp

3 /=
B 3k = 2
_2/(271_)3\% +miy,

where a constant independent of mass and momentum has been omitted.
The temperature-dependent term gives

/de QmBEO =

)\B/ B3k dmp 2mp 1
2 (2m)3 \/E2 + m2B eﬁ\/EQ_,_sz 1

A [ &Pk 1
— 2B [ OF op [y
2 /(27r)3 / Ter 1

where in the last equality the substitution x = k2 + mQB has been used.
Using

/de ZmBET =
(3.34)
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¢ = (3.35)

Eq. (3.34) can be written as

A a3 k: >
/de 2mBET = 2B/ ( / Z (nt+1)z
=0
A [ &k Ram2,
=5 /(QW < (3.36)
_ s -1
= / TZ (1—w

3./ 2
where w = 1—¢ PV A constant independent of mass and momentum
is omitted. Expressing the sum in Eq. (3.36) using

In(z) = i(—l)”“(aj_nnn = Z _nl 1-2)" 0<xz<2, (3.37)
n=1

n=1

the equation can be written as

A3k 1 /E
T
Thus,
R _ep
dmp 2mpS = [ o5 | qen+ Tho (1—e T) , (3.39)

up to a mass- and momentum-independent constant. Inserting ¥ = = EEC e

on the left-hand side of Eq. (3.39) and performing the integration, the fol-
lowing is obtained

;gfkln (w2 + W] = / (;‘i’;g Bwk + Tl (1 - e—ﬂ%)] . (3.40)

The right-hand side of Eq. (3.40) can be recognized as the sum of the zero-
point vacuum energy and the grand canonical potential ® of a massive ideal
bose gas, divided by the volume.
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The thermodynamic potential can be expressed as a power series of the
coupling constant [12]:
q):(bo—i-(bl—l—q)g—l—..., (341)

where ®( is the thermodynamic potential for the free field given in Eq.
(3.40), @4 is the correction to first order in the coupling constant, and so on.
As shown above, the corrections to the grand potential come from vacuum
diagrams.

3.3.1 First-order correction

The first-order correction to the thermodynamic potential is from the double-
bubble in Fig. (3.8). This bubble diagram yields the correction

Figure 3.8: The first-order contribution to the thermodynamic potential.

b (o 1Y o
Vv 8 w2+ w? '

Using the expression for the Matsubara sum found in section 3.2.1, Eq. (3.42)
can be written as

Ap
8

Y Pr 1\ Ap @ np(R)\

% (@) 5 (o (349

() (o)

The first term in Eq. (3.43) is temperature-independent and divergent when
|E | — 00, the second term is temperature-dependent and finite, and the third
term is temperature-dependent and divergent when |E| — 00. As mentioned
above, sections 3.5-3.8 show how to get rid of the divergences.
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3.4 The idea of renormalization

Higher-order diagrams without loops are called tree diagrams, and generally
for weakly interacting theories the tree level diagrams give accurate results.
For stronger interactions, or for very precise results, higher-order diagrams
containing closed loops must be included. However, most loop diagrams are
divergent |3]. The idea of renormalization appeared due to the understand-
ing of the limited nature of the idealization of a free particle in quantum
theory [13]. Particles interact with vacuum. The result of such interactions
are the change of charge and mass of the particles. The observed charges
and masses are the sum of these interactions. Renormalization was intro-
duced to eliminate the divergences of higher-order diagrams. It is based on a
simple idea. Consider an electron. The parameters mp and ep representing
the mass and charge of the non-interacting, bare electron has no physical
meaning. Observable magnitudes, m and e, characterizing electrons are the
result of interactions between the electrons and the vacuum. The observable
magnitudes are thought of as the sums m = mp+Am and e = ep + Ae [13],
where Am and Ae absorb the infinities occuring in calculations involving
mp and ep. Infinities may be systematically eliminated by relating bare
quantities to physical quantities |3].

3.5 Regularization

For dimensions close to d = 4, many higher-order Feynman integrals diverge
when the momentum goes to infinity, or for very short wavelengths [14].
These divergences are called ultraviolet (UV) divergences and are the only
divergences for massive fields. For dimension d, integrals of the two-point
function as shown in Eq. (2.26) diverge for large momenta when 2/ < d.
This is a UV divergence.

For massless fields, another type of divergences occur at small momenta
or long wavelengths - infrared (IR) divergences. Considering Eq. (2.41) these
divergences can easily be seen. For the zeroth Matsubara mode for bosouns,
wn = 0. If the mass is also zero, integrals of the two-point function are
divergent when the momentum goes to zero. This is an IR divergence.

The divergences can be contolled by some regularization procedure. Reg-
ularization is essentially a mathematical trick to make divergent integrals
well-defined. There are several regularization procedures [14]|. Only two of
them are mentioned here, momentum cutoff and dimensional regularization.
The latter will be used throughout this thesis.

3.5.1 Momentum cutoff regularization

In this regularization procedure, a cutoff A represents a particular energy
scale. The integral
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I= /0 dk F(k), (3.44)

which is UV divergent, is written as

Iy = /OA dk F(k), (3.45)

which is finite. All momenta are limited to |k| < A, and no UV divergences
occur in Ip. The integral in Eq. (3.45) can in general be calculated as [14]

In=f(A)+g </1\> +C, (3.46)

which is divergent when A — oco. This divergence reflects the divergence of
the integral in Eq. (3.44). The regularization procedure makes it possible
to carry out the integral and writing an expression depending on the cut-
off A. However, in the limit A — oo,the expression is still divergent, and
renormalization is needed to get rid of the divergences.

An undesirable feature of the momentum cutoff procedure is that the
translation invariance is destroyed. Problems may also arise if the symme-
tries of a theory correspond to local transformations, like in gauge theories
[14].

3.5.2 Dimensional regularization

From Eq. (2.26) it is seen that the integral converges for small enough d.
Computing the Feynman integral in terms of the dimension d, and assuming
it being convergent for any value of d, the integration should be well-defined
when d = 4 — € for infinitesimal € [3]. The integral

I= /d4k F(k) — I; = /ddk F(k), (3.47)

and can be written as

L= F(O() + g (i) el (3.48)

Analytically continuing back to d = 4, i.e. ¢ — 0, the original logarithmic
divergences occur as poles in €, and power divergences disappear. This will
be shown in the end of this section.
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To take a closer look at dimensional regularization, consider the temperature-

independent term in the first-order correction to the self-energy

B Bk 1

5y =22 —
07 2 | (21)3 2wy,

(3.49)

To find an expression of the integral in Eq. (3.49), dimensional regularization
can be used. The integral in Eq. (3.49) is written as

I—u4_d/ A1k 1
(2m)d-1 2 2
2\/k*+my
4 d Qi1

dk ———
2(2m)4- 1/ \/k2+m

where k2 = k2. W is an arbitrary mass parameter introduced to make the
final expression have correct dimensions [9]. If d is small enough, the integral
converges. The d-dimensional angular integral can be found in the following

way [9]
/dda: e~ = Qd/ dx z9 e~
0

(3.50)

(3.51)
1 [ 1 d
= Q4= 27l =l (= ).
d2/0 duu? 5 d <2)
In the last line we have made the substitution 22 = u. By writing
/ddm‘ e~ / dxl/ dxo - - / dxg e~ (@t +ad+ad)
(3.52)
:</ da:ex) = (V)4
the d-dimensional angular integral reads
e
T
d= - (3.53)
r(5)
Inserting this result into Eq. (3.50), we obtain
1 3—¢
PO e o0 e (3 - 55
= g T 2 (mB) 2 T
2(2m) F@) (3.54)

2

m €
= e ? o) 0 (14 5),
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where we have used € = 4 —d. Using 2¢ = 1+ eIn(z) + O(€?) and expanding
the gamma-function around e = 0, the integral reads

m? 2 m?
I= (452 {_6 —14+vg+h <4ﬂ52>] (3.55)

in the limit € — 0. Thus, the divergent part of the first-order correction to
the self-energy reads

AB mQB 2 mQB
Yop=——=|———1 1 .
0 2 (4m)? [ € +7ve+n <47w2 (3:56)

in the limit € — 0. The integral diverges and the %—term must be canceled
by renormalization.
The integral in Eq. (3.49) goes as

A k‘2
IN/ dk ——=, 3.57
0 \/ K2 —i—mQB ( )

where A is a momentum cutoff. Expanding the integrand around mZB =0,
the integration will lead to terms ~ A2 and ~ m% In A which are divergent in
the A — oo limit. Compared to Eq. (3.55), only the logarithmic divergence
occurs after using dimensional regularization, and the power divergence has
disappeared, as claimed above.

Considering the temperature-independent term of the thermodynamic
potential given in Eq. (3.40), the following is obtained by using dimensional

regularization
Pk 1 ag [ ATk 1 5
/ PREPRS / ryr1aVE s
¢ —c T (-5 -3
=5 2#)3_67r32 (mQ )2 £ (Pz : 2 )
(27 (=2) (3.58)
m4 € €
= —3277?226/_,6 WE(mB)_ir (_2 + 7)

in the limit € — 0.

3.6 Counting of UV divergences

To localize the UV divergences, naive counting of momentum power is used.
Roughly speaking, a diagram diverges if the powers of momentum in the
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numerator is larger than or equal to the powers of the momentum in the
denominator. The superficial degree of divergence is defined as follows [9]

D = power of k in numerator — power of k in denominator.  (3.59)

Naively, it would be expected that a diagram diverges as ~ AP if D > 0 and
as ~ InA if D =0. If D < 0 no divergence occurs. However, these naive
expectations are often wrong [9].

In a scalar theory with a ¢™ interaction term, the Euclidean Lagrangian
in d dimensions reads

L= 3 (Ouon) + gl + 2o (3.60)
From dimensional analysis, the action S = [ d%z L is dimensionless, since
h = 1. In terms of mass dimension, S has dimension [S] = 0. The mass
dimension of d?x is [d’z] = —d, which leads to the mass dimension [£] = d of
the Lagrangian. From Eq. (3.60) it can be found that ¢ has mass dimension
(5] = %52, and Ap has mass dimension [Ag] = d—n%;2. Consider a diagram
with N external lines, which could originate from the interaction term a¢™.
From the mass dimension for A found above, the parameter o has mass
dimension [a| =d — N d%z. If a diagram in the A\¢"-theory has V vertices,
its divergent part is proportional to )\EAD [9], where A is some cutoff with
mass dimension [A] = 1 and D is the superficial degree of divergence. Thus,
the following is obtained

d—2 d—2
d—N2:V[d—n }—FD. (3.61)
The class of theories in which the divergences can be systematically elimi-
nated from observable quantities are called renormalizable [3]. The degree
of renormalization can be characterized as follows [9]

e If the coupling constant has positive mass dimension, the theory is
super-renormalizable.

e If the coupling constant is dimensionless, the theory is renormalizable.

e If the coupling constant has negative mass dimension, the theory is
non-renormalizable.

In super-renormalizable theories only a finite number of Feynman diagrams
superficially diverge. The same is true in renormalizable theories, but the di-
vergences occur at all orders in perturbation theory. All amplitudes are diver-
gent at a sufficiently high order in perturbation theory in non-renormalizable
theories [9].
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For d = 4 and n = 4, the superficial degree of divergence is

D=4-N, (3.62)

where N is the number of external legs in a diagram. As mentioned above,
divergences occur when D > 0. In order for this to be true N < 4. For
the A¢*-theory, the diagrams which are divergent are shown in Fig. 3.9. In

*

Figure 3.9: Divergent diagrams in A¢*-theory.

the A¢*-theory in four dimensions the coupling constant is dimensionless.
Thus, this theory is renormalizable. The amplitudes in Fig. 3.9 contain
three infinite constants [9], which could be absorbed in the bare mass, bare
coupling and bare field. In the next section, the Lagrangian is reformulated
in order for the bare quantities to not appear explicitly in the Lagrangian.

3.7 Counterterms

By adding so-called counterterms to the Lagrangian, it can be written as
[14]

= (u¢) +* 2‘752"‘ ¢4
+c¢;( Mgzb) +cm 2<Z>2+c —¢4

) (3.63)
= (1t ¢g) (00 + 51+ cp)m?

1
+ 40 +exn)Ag?
in Euclidean space. In Eq. (3.63) ¢, m and X represents the renormalized
quantities. The renormalized parameters are finite and are defined by a set
of renormalization conditions [14]. Defining Zy = 1+ ¢y, Zm = 1 + ¢, and

Zy =1+ c) the Lagrangian reads
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1 1 1
£=37, (8,0)° + §me2¢2 + EZA)\&. (3.64)

The Z’s convert the bare parameters into the renormalized parameters. To
obtain the initial bare Euclidean Lagrangian in Eq. (3.2) the following is
defined

1
¢p =72}, (3.65)
Zm
my = Z—¢m2 (3.66)
and
Z)
Ap = ?;A- (3.67)

After using dimensional regularization to write the integral in Eq. (3.49)
as the expression given in Eq. (3.55), the integral diverge in a certain way
when ¢ — 0. If the number of loops N increases, the Feynman integrals
contain singularities of the type é, where ¢ = 1,..., N [14]. In this regular-
ization procedure, it should be possible to write the Z’s in the form [14]

[

N k
Z:1+Z>\kz;. (3.68)
k=1 =0

The coefficients ci?C are chosen to cancel the divergences é, order by order in
A

The counterterms contributes to the diagrammatic expansion. The con-
tributions are shown in Fig. 3.10 [9]. The first contribution is the mass
and field counterterms ¢, and c4. The second contribution is the coupling
constant counterterm c¢). The counterterms are introduced to absorb the
infinite shift between the bare parameters and the physical parameters, and
are chosen so that all divergences are subtracted.

3.8 Minimal subtraction

After employing dimensional regularization, the Feynman integral can be
written as an expression containing poles in €. The expression can be renor-
malized by subtracting the terms containg e-poles. The minimal subtraction
(MS) scheme was invented by G. t’Hooft to renormalize nonabelian gauge
theories of weak and electromagnetic interactions [15]. In the MS scheme,
the counterterms acquire the form in Eq. (3.68) [14]. The counterterms
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4®7 k*cy-cu

Figure 3.10: Diagrammatic contributions from the counterterms.

are independent of the mass m (except for an overall factor m? in the mass
counterterm) and the renormalization parameter p. In the MS scheme, the
following is obtained

2 2
my 2 my
| 1
(4r)? { e TET “(m?ﬂ -
2

(i [””E““ <47:Zﬂ |

The first term in Eq. (3.69) is obtained from the use of dimensional regu-
larization of the bare Lagrangian. The last term is obtained from the use of
dimensional regularization of the Lagrangian with counterterms in the MS
scheme. To see how this is obtained, consider the first-order correction to
the self-energy. From the bare Lagrangian this correction reads

(3.69)

s [ Pk [ 1 np(ws) (3.70)
2 ] (27)3 | 2wy wr |’ '
where w,% = k2 + mQB. Ap and mp are the bare coupling constant and

bare mass, respectively. The first term is UV divergent. Using dimensional
regularization, we start with writing Eq. (3.70) as

A [ &k [1 nB(wk)]

2 (27T)2 2wk Wk
A d=1E [ 1 3.71
—>Bu4‘d/ k L ns(wr) (3.71)
2 (27r)d 1 2wy, Wi

=11+ I.
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The first integral is the zero-temperature integral calculated in section 3.5.2,
and gives

AB mZB 2 mQB
L =— —=-1 1 3.72
=2 [ : -%WE-%11<4WM2 , (3.72)
where € = 4 — d. The second integral in Eq. (3.71) is
AB A3k nB(wk)
Iy = —u¢ . 3.73
) 2M/Qﬂ&€wk (3.73)

The temperature-dependent term in Eq. (3.70) is UV finite, and I» con-
tains no poles in e. However, evaluating I would give O(¢e)-terms. In cases
where the temperature-independent term is multiplied with the temperature-
dependent term, such as in the double-bubble contribution to the thermody-
namic potential, the O(e)-terms in the temperature-dependent term could
cancel the e-poles in the temperature-dependent term. We will not encounter
calculations of such terms in the rest of this thesis, so in the following we let
€ — 0 and write

N )\£ d3k nB(wk)

I 3.74
T2 ) @r)P w (3:74)
In general, one should be careful when doing this.
Eq. (3.70) is thus written as
2 9 2
%= A;’(Z”;Z [_ —1+vp+In <4m32>]

T € T

a (3.75)

)\73 d?’k nB(wk)
2 (27T)3 Wi '

Starting from the Lagrangian with counterterms, the counterterm con-
tribution to first order in A is the first contribution in Fig. 3.10 [14]. This

leads to
A m?2 2 m?2
Y= =1 1
N%V[e *”*“(Mﬁﬂ

A 3k np(wy)
2/(2#)3 Wi

(3.76)

-+ counterterms,

where w,% = k%2 +m2. X and m are the renormalized parameters. There is no
term proportional to k% in Eq. (3.70), so ¢y = 0. ¢y, is fixed to cancel the

. This gives

m? 2
€

e-pole, leading to a mass counterterm equal to %( )
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A m? m?
== 3 |1+ (7)) -
+ )‘/ &’k np(we) '
2 (27T)3 Wik ’

3.9 First order correction in the massless case

In the massless case, the temperature-independent term of the self-energy
is zero by use of dimensional regularization. Considering the temperature-
dependent term and inserting m = 0, the self-energy reads

A [ dkk
2:(%)2/ T (3.78)

where k = |k|. By use of the substitution v = 8k, Eq. (3.78) reads
A Cduu 1
Y= T? — 3.79
(2m)? /0 er 1 —e v (3:79)

From Eq. (3.35) the integral in Eq. (3.79) can be expressed as

A [
Y= T2 / du u e~ (1M
(2)? nz_;) 0
A o= 1
= et nz:ln?

The sum in Eq. (3.80) is the Riemann-Zeta function of two, and is given by

(3.80)

o0

3 % - % (3.81)

n=1

Thus, the first-order correction to the self-energy in the massless case is

N2
Y= — 3.82
Using dimensional regularization, the temperature-independent term of
the thermodynamic potential given in Eq. (3.40) is zero in the massless case.

The pressure to zeroth order in X in the massless case thus reads
P:— / dkk21n 1—e" }

= 27‘(22714 7’

(3.83)
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where the sum is recognized as the Riemann-Zeta function of four, which
equals g—é. Eq. (3.83) is the pressure of an non-interacting massless bose
gas.

In Eq. (3.43), a term where the temperature-independent contribution
is multiplied with the temperature-dependent contribution occurs. As men-
tioned above, in such terms the temperature-dependent integral should not
simply be written as in Eq. (3.74). The integral should be evaluated before
taking the limit ¢ — 0. However, since the temperature-independent integral
is zero in the massless case when using dimensional regularization, the first
and the third term in Eq. (3.43) vanish in the massless case. Inserting m = 0

into the second term of Eq. (3.43) gives

d;, N[ 2 oo 1 7?2
222 dk k——| . 3.84
V8 [(27r)2/0 eﬁk_J (3.84)

By making the substitution u = Sk as above, Eq. (3.84) reads

- n=0 (3.85)
T N
1 2
8 (2m) =
AT
~1152°
The pressure in the massless case to first order in A is given by
po @ (T A (3.86)
vV 90 1152)° '

3.10 Higher-order corrections and breakdown of perturba-
tion theory

In ordinary perturbation theory the next contribution to the self-energy is
expected to go as A2, from the second and third diagrams in Fig. 3.5. This
is not correct, as will be shown in the following discussion.

When m = 0, the second diagram in Fig. 3.5 is infrared divergent for the
n = 0 mode, as it goes as ~ [;° %, where k = |k|. It is the first diagram of
an infinite series of daisy diagrams [12], each of which is increasingly infrared

divergent. The daisy diagrams are shown in Fig. 3.11
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Figure 3.11: The first two infrared divergent diagrams in the infinite series of
daisy diagrams in A¢*-theory.

The one-loop correction to the self-energy is a thermal mass generated
by the interactions with the thermal bath. In the massless case it is given by

2 . . . .
’\2%. The problem of infrared divergences arises because the bosons acquire

thermal mass, and the free, massless propagator —+= should be replaced

w2 +k2
where M? is a thermal mass. The

i [ S
by the effective propagator PRy YE
thermal fluctuations change the propagator into that of a massive particle.

As will be seen in the following, the effective propagator resums the daisy
diagrams. The effective propagator would correspond to a free Lagrangian

given by

1 1
Lpree = 5 (0u0)” + 5 M?¢%, (3.87)

The subscript B is omitted for the field, since Z4 = 1 in first-order corrections
which are considered here. In the massless A¢*-theory, the Lagrangian reads

1 A
£=3 (8,9)* + f&. (3.88)

To obtain the free Lagrangian in Eq. (3.87), we add and subtract a term
%M 22, giving an effective Lagrangian which is written as

1 1 A
Losp = (0u9) (9"9) + GM?6” = SM?6% + T (3.89)

= [:free + Ling.
L free is given by Eq. (3.87) and
AB
a4

The term —%M%Q is treated as an interaction term. To first order, the
contributions to the effective potential are shown in Fig. 3.12. The effective
potential reads

1
Lint = —§M2¢2 + =0t (3.90)
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900

Figure 3.12: First-order contributions to the effective potential.

1 M? 1
V. I 1 2 2 _#
off 2%1[ (o winr) = =5 W+ Wiy,

g 1 2
ts L e )
8 ke Wi+ Wiy

where W;% M= k2 + M2. The effective potential is minimized with respect to
M?. The following is obtained

Vers _1%[ 1
OM? 2% w2 + Wiy,

1%[ 1 MQ%[ -1
32l 35— 52 3 3.92
2T+l 2 Tk (R +wly) (3.92)

AB 1 -1
+T 2 2 # 2 =0,
kwn Wi Tk (w2 +wkM)

(3.91)

which gives

A 1 A 1
M? = B# ST & B# — (3.93)
2 Tewn+wenr 2 Thw? + k2 + M?
Expanding the right-hand side of Eq. (3.93) around M? = 0, we obtain
1 1
et L gpdugf 1
2 Tk w2 + k2 2 k(w%_i_;;Q)
(3.94)

_|_M4)‘B#1_
2 T (w%—i—l?)?)

Eq. (3.94) shows that the thermal mass which the bosons acquire, leads to a
resummation of daisy diagrams with a massless propagator. Except for the
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first diagram which is the tadpole, the diagrams are infrared divergent, but
the sum of the diagrams is infrared finite.
Eq. (3.93) can be written as

M2:AB/ &’k ( 1 _”B(“”“M)>. (3.95)

2 (27r)3 kaM WgM

The first term is UV divergent. Using dimensional regularization, Eq. (3.95)
can be written as

A M? 2 M?2
M2=12B —Z1 1
2 ()2 [ ¢ rES “<4w2ﬂ

)\B d3k nB(wk)
+ =
2 (27‘(’)3 WEk

(3.96)

In the limit ¢ — 0, the expression is divergent, and the term % should be
removed by renormalization.

How will the MS scheme work for the resummation? Compared to the
cases above, the divergent term is now _/\137%52’ where M? is temperature
dependent. This requires a temperature-dependent mass counterterm. In
general, resummation and renormalization can be in conflict. Resummation
rearranges the perturbation series and reorganizes the diagrams by their IR
relevance. The IR relevance is not necessarily the same as the UV rele-
vance, and the counterterms may be separated from the diagrams in the
resummation [16]. The UV divergences are not removed, leading to a UV
inconsistent theory. For a UV consistent theory, it is also necessary to resum
the counterterm diagrams.

Eq. (3.96) can actually be renormalized using temperature-independent
counterterms. This is done by defining the renormalized coupling constant
as

1 1 1

)\ = g + 7167‘('26' (397)

The above definition of the renormalized coupling constant is discussed for
the more general case in section 5.1. Using Eq. (3.97), the renormalized
expression for M? reads

(3.98)
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By doing the coupling constant renormalization in Eq. (3.97), the mass
counterterm in this case is zero. Thus, Eq. (3.96) has been renormalized
using counterterms which are independent of temperature.

Consider the integral in Eq. (3.98). It can be written as

A e 1
2 2 2 _
M= 5M /1 du VP —1 g (3.99)
by doing the substitution u = 4/ —16122 + 1. Using [1]

00 2
/ du /a2 — 1— :2”[1 a—|—(9(a21na)], (3.100)
1

et — 1 a2 |12 4x

M% can be written as

T2 | — — ——— 4 ... 101
[12 mT ] (3.101)

The leading order term goes as ~ AT2. Next to leading order goes as ~

A3/2T2 not ~ A2T2 as would be expected from naive perturbation theory.

This reflects the breakdown of perturbation theory due to IR divergences.
Eq. (3.98) can be solved numerically. Dividing Eq. (3.98) by T2, we

obtain the following equation for M2 = AT/[—;
— A M? —, T?
M? == —14~g +1In | M?
2 (4m)? 472 (3.102)
DN Y z? 1 '
+ P

dCC — — 9
2 272 V2 + M2 eVa+302 _

where we have used the substitution x = k M2 asa function of )\ is shown

in Fig. 3.13. Normalizing M to its weak- couphng value 2L the following is
obtained
=2 —2 9
M2:;\(fr)2 —1+9g+1In <>\§Z4ZM>
/ N 2 1 (3.103)
e Va2 + AL Ve .
where M~ = M2 Fig 3.14 shows M~ as a function of \. At some

T2 /24

given temperature, — is just a constant. Since we are interested in the

? 471',u
quahtatlve behavior of M and M as a function of A, u2 is given the value

4 =1 here.
2
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4 EFFECTIVE THEORIES

An effective theory is a theory which describes the physics at a given length
scale or energy scale. For lengths smaller than or energies larger than this
scale, one can no longer focus only on the degrees of freedom relevant at
this scale. For example, describing the Earths motion around the sun, the
correct effective theory is classical mechanics, although quantum mechanics
is a more fundamental theory. Only when the lengths become small enough,
classical mechanics cannot describe the system, and quantum mechanics is
the correct theory.

An effective theory is thus a theory where the degrees of freedom which
are relevant at higher energies, do not explicitly appear. An example is that
of a heavy particle; at energies smaller than the mass of the particle, the
particle cannot be created. The Lagrangian valid at such small energies does
not contain this degree of freedom. The advantage of constructing effective
theories is that it simplifies many calculations considerably [17].

4.1 Resummation

The free propagator in the imaginary time formalism reads where

1
w2 = (27nT)? is the Matsubara frequency for bosons and w? = k% + m?.
1

When m = 0, the free propagator is w for the n = 0 mode. For the n # 0

modes, the Matsubara frequency acts as an IR cutoff mass m? ~ T2. As
shown in the previous section, the first-order correction to the self-energy
is a thermal mass generated by thermal fluctuations and goes as ~ VAT
in the massless case. For T >> /AT, the thermal mass is just a small
perturbation to the n # 0 modes, and can be neglected for these modes.
For the n = 0 mode, the thermal mass is not negligible for momenta of
order VAT or smaller, and perturbation theory breaks down. This requires
resummation of daisy diagrams.

As explained above, there are two separated energy scales, which go
as ~ VAT and ~ T. L.s; given in Eq. (3.89) is the Lagrangian of an
effective theory which includes energies smaller than or equal to vAT. The
effective theory is appropriate for calculations for such low energies, while

the high-energy effects enter through the parameters of L.rs. For example,

: AT2
the one-loop correction to the self-energy, ¥ = 5,

n # 0 modes [12].

is determined by the

4.2 Effective theories for QCD

There are several effective theories for QCD. The goal for these theories are
to describe QCD at low temperatures to a desired accuracy. Some basic
assumptions must be made. The QCD effective theory at low temperatures
should confine the quarks and gluons; only colorless states exist. This is
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due to asymptotic freedom in QCD; the coupling constant increases as the
distance decreases or as the energy decreases. The coupling constant becomes
too large at low energies for the interaction between quarks and gluons to
be described as a small perturbation, and an effective theory is needed.

A second assumtion is that the effective theory describes a spontaneous
breaking of chiral symmetry. Consider QCD with two massless quarks, u
and d. The field is written as

o= (3) )

and the Dirac Lagrangian reads

L= (i"D,) . (4.2)

1 can be decomposed into a right-handed field, g = %(1 +95) %, and a
left-handed field, v, = % (1 —s5) 9, giving

Y= (Zi) + (Zg) =L + ¢Yr. (4.3)

This leads to the Lagrangian

L = (i7" 0u) Y1 + ¥ (iv"04) YR (4.4)

L is invariant under independent U(2) transformations, Ur(2) and Ugr(2).
The symmetry U (2) x Ur(2) can be written as SUL(2) x SUR(2) x Ua(1) x
Uy (1) [3], where the subscript A represents the axial symmetry and V rep-
resents the vector symmetry. Uy (1) is related to the conservation of baryon
number, while Uy(1) is broken by axial anomaly [9]. The symmetry which
is left, SUL(2) x SUR(2), must be spontaneously broken down to SUy (2)
for low temperatures, due to the fact that pairs of particles with opposite
parity are not found in nature. For example, there is no parity partner of the
proton. The three broken generators correspond to three massless Goldstone
bosons.

In QCD, the quarks do have nonzero masses. The nonzero masses of
the quarks explicitly breaks the SUA(2) x SUy (2) symmetry. However, the
masses of v and d quarks are small, so the axial symmetry can be considered
as approximate. Three pseudo-Goldstonde bosons with small, but nonzero
masses, should appear. All hadrons have masses > 0.5 GeV [18], except
the pions. Pions have much smaller masses than other hadrons, and are
interpreted as pseudo-Goldstone bosons.
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4.3 The linear sigma model

The linear sigma model has been widely used as an effective QCD model
at low temperatures. The model is a theory of fermions (quarks and nucle-
ons) interacting with mesons [5]|, and is an effective theory well-suited for
describing both the physics of mesons and the chiral phase transition. The
mesonic part of the model contains four scalar fields, the sigma field and
three pion fields. They form the chiral field (o, ®)” [5]. The order parameter
of the chiral phase transition is the quark condensate <@1/1> where v is the
quark field [1]. In the O(4) linear sigma model, the sigma field can be used
to represent the quark condensate since both behave in the same manner
under chiral phase transition [5]. The symmetry of QCD with two massless
flavors is SUR(2) x SUL(2), which is isomorphic to O(4). The mesonic part
of the linear sigma model is invariant under O(4) symmetry, and considering
mesons only, the O(4) linear sigma model can be used as an effective theory.
By studying the phase transition when O(4) is broken down to O(3), one
might gain insight into the chiral symmetry breaking of QCD. The phase
transition in the O(4) linear sigma model will be closer examined in section
5.
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5 PHASE TRANSITIONS AT FINITE TEMPER-
ATURE

Spontaneous symmetry breaking and phase transitions induced by temper-
ature are important ingredients of the early Universe. The period from the
Planck time ¢, ~ 10~*3 s corresponding to the temperature T, =~ 10" GeV,
to the time tgcp ~ 107° s corresponding to Tocop ~ 200 — 300 MeV can be
divided into intervals separated by the phase transitions which characterize
them, as follows [19]

o T,y >T>Tgur =~ 1015 GeV

In this period, the physics is described by a grand unified theory
(GUT), which unifies the strong and electroweak interactions. At
T = Tgyr corresponding to t = tqur ~ 10737 s, there is a spon-
taneous breaking of the GUT symmetry and a phase transition takes
place.

o Toyr > T > Trw =~ 100 GeV

In this period the strong and electroweak interactions are no longer
unified. Due to the large temperature range of this period, it is possi-
ble that other phase transitions occur for temperatures between Tgyr
and Tgy. At T = Tgw corresponding to t = tpy ~ 107! s, the
electroweak phase transition takes place. Leptons acquire masses, and
the intermediate vector bosons give rise to photons and the massive
WT, W~ and Z bosons.

o Trw >T>TQCD

Electromagnetic and weak interactions are no longer unified. W™,
W~ and Z bosons disappears rapidly through decay and annihilation
when the temperature falls below 90 GeV. Quarks and gluons occur as
quark-gluon plasma, and the chiral symmetry applies. At T" = Tocp
corresponding to t = tgcp, the QCD phase transition takes place.
The quarks and gluons are confined and the chiral symmetry is bro-
ken. As mentioned in the introduction, the relation between the chiral
phase transition and confinement is only partially understood. It is
not known if Toop finement = Tehiral- Compared to the large temper-
ature ranges between the various phase transitions mentioned above,
it is sufficient to assume that the chiral phase transition and confine-
ment takes place at the same temperature 1" = Thcop in this rough
description of the early Universe.

In this section the O(4) linear sigma model will be studied. This model is
an effective model of QCD, and by studying the phase transition when O(4)
symmetry is broken down to O(3) symmetry, one might gain some insight
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into the chiral phase transition of QCD. We start with the A¢*-theory for
one scalar field as a simple example. Then the O(4) linear sigma model will
be studied in the Hartree and large- N approximations.

The finite-temperature terms do not introduce any new UV divergences
in ordinary perturbation, so renormalization of zero-temperature UV diver-
gences is sufficient to make the theory finite. As discussed in section 3.10,
resummation leads to a breakdown of perturbation theory, and temperature-
dependent counterterms seem necessary to renormalize the theory. It was

shown that defining the renormalized coupling constant % ==+ ﬁ and

B
the renormalized mass m? = ﬁmZB, the gap equation Eq. (3.93) could be

renormalized with temperature-independent counterterms. Andersen uses
this approach in [20] to renormalize the gap equations for the two-particle
irreducible (2PI) 4 expansion. The 2PI formalism, also called the Cornwall-
Jackiw-Tomboulis (CJT) formalism, only takes into account 2PI diagrams.
The 2PI formalism will not be further discussed here, and the reader is re-
ferred to e.g. [21]. The renormalized coupling constant and mass defined
above are used to renormalize the large-N approximation, but it does not
work in the Hartree approximation. To renormalize the Hartree approxima-
tion, temperature-dependent counterterms are used. In [22], Lenaghan and
Rischke study the O(N) model using the 2PI formalism. They renormalize
the gap equations by using temperature-dependent counterterms, both for
the Hartree and the large-N approximations.

The results of the renormalized thermal masses for the sigma and pion
fields are compared to the case where the the zero temperature contributions
have been discarded, referred to as the nonrenormalized case.

5.1 One scalar field

The Lagrangian density of A¢*-theory at zero temperature is given in Eq.
(3.1) and reads

1 1 A
L= 5 (040) (0"9) — ympe® — 76", (5.1)

where the abbreviation ¢(x) = ¢ is used. The subscript B on the field is
omitted since to first order Z, = 1, and we will only consider first-order
corrections here. The Lagrangian density in Eq. (5.1) is invariant when
¢ — —¢. The potential is

1 A
V(g) = gmbe” + 70" (5.2)
The potential has a minimum at ¢o = (0|¢|0) = 0 if m% > 0, and two
minima at ¢o = (0]/¢|0) = + —% if m% < 0. In the latter case, invariance

under the symmetry operation ¢ — —¢ no longer applies when the system
is in the vacuum state. The symmetry is spontaneously broken. At finite
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temperature, interactions with the thermal bath contributes to the mass
proportional to T'. At some temperature T, the vacuum expectation value
of the field changes from nonzero to zero due to the thermal fluctuations.

To evaluate the symmetry breaking at finite temperature, the Euclidean
Lagrangian density for a single scalar field is considered

1 1 A
LE::§ah¢f—%§m%¢l+Z$¢? (5.3)

As in section 3.10, a term %MQQZ)Q is added and subtracted,

1 1 1 1
Lp= 3 (0u9) (0"9) + §m23¢2 + §M2¢2 - §M2¢2 +

AB

Z&' (5.4)

Assuming m% < 0, the Lagrangian density in Eq. (5.4) has (at least at
low temperatures) a nonzero value ¢ of the vacuum expectation value. By
making the shift ¢ — ¢g + ¢, where ¢ are fluctuations about the classical
vacuum ¢y with zero vacuum expectation value such that (0|¢g + ¢|0) = ¢,
the Lagrangian can be separated into the free part

1 1
Lo = 5 (040) (0"6) + 5 M*0*, (55)
and the interaction part
1 A
Lint = Vo — 5 (M2 —mp — QB¢%> ¢

) ) (5.6)
Ap s AB
+ 5 b0d” + Pt

where Vy = %mQqu% + );T’fgbé. In Eq. (5.6) the terms linear in ¢ have been
omitted since they only enter as a constant in the minimum of the potential.
Up to two loops, the contribution to the potential is shown in Fig. 5.1. In
the Hartree approximation, the contributions to the potential come from the
diagrams on the first line in Fig. 5.1. The potential reads

1
k

1 AB
- (art - )

A5 1 2
s\ )
8 ke Wi+ Wiy

where w,%M = k? 4+ M?2. Minimizing Vs with respect to ¢g and M 2 gives
the following equations

1
%fk wi +wi,, (5.7)
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O CO

Figure 5.1: One- and two-loop contributions to the effective potential of one scalar

field.
A A 1
2 B 2 B

2B 42 4 %t ) =0 .

b0 <mB + 6 o 2 % 2 sz> (5.8)
AB AB 1

M2 = m2 2 %f _

BT % 2 w2 +wi,’ (5.9)

respectively. The first two terms in Eq. (5.9) are the tree-level mass, and
the third term is the tadpole correction. Eq. (5.9) is the general case of
Eq. (3.93), where the tree level mass was zero. To see that Eq. (5.9) can
be renormalized with temperature-independent counterterms, we start with
writing the equation as

e 1

2 - .
2 Thw2+k2+my+ 28R+ 3

(5.10)

In Eq. (5.10) we have used that M? = m% + /\TB% + X, where ¥ is the
self-energy. Eq. (5.10) can be expanded around ¥ = 0 to give
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S !
2 Th w2+ k2 mE o+ AEg2
Z)\B 1
T Ty o 2

# w2—|—k2+m +AB¢O)

Eq. (5.11) is a series of daisy diagrams with a massive propagator. The
self-energy is written as a power series in the coupling constant

2:21—1—22—1—---, (512)

where 31 ~ Apg, Yo ~ )\QB, and so on. The bare parameters can be written
as [20]

my =m? + Zémi (5.13)
n=1

A=A+ 6\ (5.14)
n=1

Inserting Eqs. (5.12), (5.13) and (5.14) into Eq. (5.11), we can find %,,, 6m2
and dA, by iteration. The first iteration gives

> )\j 1
1= 3 =
2 kw2+k2+m2+%¢%

) (5.15)
+0m + =65,
Using dimensional regularization, Eq. (5.15) can be written as
Am?+ 362 | 2 m? + 342
oo AP 2y [T 2%
177 (4m)? € +tyetin A7 p?
3

+ % / 'k = ! (5.16)

3 - =
N T

S\
+0mi + ~JE 5,
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. : o 2
Thus, the counterterms in the first iteration is chosen as dm? = 1/\67:25 and

oA = 16?‘—7:26 in order to cancel the divergent terms. The renormalization
procedure can be carried out iteratively to all orders. The n’th counterterms
are given by [20]

L}
m2 = (5.17)
(1672€)™
)\n+1
0Ny = ——5——. 5.18
(1672¢)n (5.18)
Summing the counterterms to all orders gives
m% =m —i—Z mQZ 5 = > (5.19)
167r = (167 €) 1 — oo
> A"“ — A" A
=A = = .
+ Z (1672¢) Z;) (16w2e) 1 — 716:;26 (5.20)

Egs. (5.19) and (5.20) give the following relation between the renormalized
and bare parameters

Mp 1 (5.21)
AB A
Returning to Eq. (5.9), we get
A\ M? 2 M?
M = B+7¢O 2B(47r)2 _6_1+7E+1n<47r 2)}
a (5.22)

A d®k np(wri)
2 ) 2n)3 wkn

when using dimensional regularization. Dividing the equation by Ap and
inserting Egs. (5.20) and (5.21), the following renormalized expression for
M? is obtained

A A M? M?
M2:m2+*¢g+*72 —1+vg+1In 5
2907 2 (4n) Arpu (5.23)
)\/ d®k np(win) '
27m)%  wem

2

Eq. (5.8) has the trivial solution ¢¢ = 0 and the solution
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5 %0 mE -5 2 2t (5.24)

From Egs. (5.9) and (5.24), it is found that )‘TBQ% = 2M? before renormal-
ization, and

2ot =M (5.25)

after renormalization. Inserting Eq. (5.25) into Eq. (5.23), the expression
for M? reads

M? M?
M? = —2m? -\ —14+vg+1n
(4m)? A7 p?
(5.26)

) / &Pk np(win)

(27T)3 WM

when T < T,. A¢*-theory is not a physical modezl, so there is no particular
value to assign to m. Instead, defining M? = _]\74712 and T? = _Tmz makes it
possible to write

— M2 M?2(—m2)
M?=2-)\— |-1 In| ——
(4m)? Tyt < A7 p?
2 e 1 (5.27)
A du
272 / E 372 ’
° \/u2 B % e\/uQ_% -1

by making the substitution u = £ in the integral in Eq. (5.26).

When T = 0 the last term in Eq. (5.27) vanishes and
— M
M?* =M =2\

g | et (W)] (5.28)

Choosing Mg = 2 gives 4mp® = 1571 (—m2]\7§>. With this value inserted

2

in Eq. (5.27), the following expression for M? at finite temperature is ob-

tained
]\72
-1 In
(47)? HECRE T

TZ u? 1

o0
—)\/ du —
272 Jo 2 M2 foa
T2 ¢ 2

™ _q

N M2
M?=2- )\

(5.29)
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2
From Eq. (5.25) the expression A(bo 3]\42 is derived, where qﬁo = Q:%z.
When ¢y = 0 the symmetry is restored In this case the expression for
M? reads

X M2 M2
M?2=m24+2 -1 1
" *2(4@2[ e “(W)]

5.30
)\/ d®k np(win) (5.30)
2) @273 wrnm
By using the definition of M and T above, the following is obtained
—~ A M2 M?
M=—-1+42"_ |21 In|-——
3 (47)2 e (2€VE1>]
(5.31)

>\ T2 / 1

227T \/U2 M2 e\/2 Ai{; -1
Egs. (5.29) and (5.31) can be solved numerically. A plot of M _as a function
of T is shown in Fig. 5.2, and a plot of ¢y as a function of T is shown in
Fig. 5.3. The coupling constant has been given the value A = 3. The results
are compared with the case where the zero temperature integrals have been
discarded. Renormalization does not affect the mass or order parameter. For
a small interval of ZF, both solutions (?50 =0 and q% # 0 exist. This means
that there are two local minima. At the start of the interval, ¢g # 0 is the
global minimum of the potential, and at the end of the interval 50 = 0 is the
global minimum. At some point in the interval, the global minimum goes
from ¢y # 0 to QSO = 0 and a phase transition occurs. The phase transition
is of first order.

5.1.1 Explicitly broken symmetry

By subtracting a term h¢ from the Lagrangian in Eq. (5.3), the symmetry
¢ — —¢ is explicitly broken. The result of this is that the solution ¢y = 0
no longer exists, and instead of Eq. (5.8) the following is obtained

(5.32)

M? is given by Eq. (5.9), as before. After renormalization, M? is given by
Eq. (5.23). Eq. (5.32) can be rewritten to give
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Figure 5.2: M as a function of 7. The renormalized case (solid line) does not
differ from the nonrenormalized case (dotted line).
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., renorm
16 ?D ]
___________ ¢D 110 TETLOLTTL

Figure 5.3: ¢ as a function of 7. The renormalized case (solid line) does not differ
from the nonrenormalized case (dotted line). The order parameter
indicates a first order phase transition.
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3 h
2 2
=— M- — 5.33
D [ ¢0] (533)
after renormalization. With the above definitions of M , T and 50, Eq. (5.23)
can be written as

— A M2 M2(—m?)

M? = -1 In|{————5—

2(ame | Tt < Ampi?

)\ T2 2 1 (5.34)

du .
T3 2772/ \/ \/ 2o M2
T2 _ 1

When T = 0, M2 = M2 and ¢y = qbo. ¢, can be found from the minimum
of the classical potential Vo and is given by

Go =~ (~m?). (5.35)

~2
Thus ¢ = g, and inserting this into Eq. (5.34) at zero temperature gives

AT2( 2
14+ +1In (JW(J(T))

A

(5.36)

Again, choosing Mg = 2 gives 4rp? = B! (—mQMg). The expressions

for nonzero temperature thus read

~ A M2 M2
M? = -1 1
2(47r) R n<2 WE—1>
)\ 72 ] (5.37)
2 27['2 / 2 M2 M2 ’
\/u T2 e\/ ’ = _ 1
and
~ 3|~ &
2 2
=—|M - = 5.38
where h = — . Egs. (5.37) and (5.38) can be solved numerically. A plot

—m2)2

of M as a function of T' is shown in Fig. 5.4, and a plot of 50 as a function
T is shown in Fig. 5.5. As above, the coupling constant has the value A = 3,
and h is given the value h = 0.01. There is no phase transition for h # 0,
but rather a smooth crossover. Again, renormalization does not affect the
results.
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Figure 5.4: M as a function of T for h = 0.01. There is no difference between the
case where M is renormalized (solid line) and the nonrenormalized
case (dotted line).
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Figure 5.5: 50 as a function of T for h = 0.01. There is no phase transition, but
rather a smooth crossover. The renormalized case (solid line) does
not differ from the nonrenormalized case (dotted line).
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5.2 N scalar fields

The Euclidean Lagrangian density of an IN-component scalar field gg =

(b0, b)) 7 s

Lo = 5(0u60 + gy + 2P, (539

where repeated indices indicates summation and (52 = ZZI\L 1 gb?. Expanding
around the classical field gb_E) = (¢0,0,...,0)T, the Lagrangian density reads

1 1 1
5( u¢z) m23¢(2) + 5

28 (46863 + 68 + (627 + 4006, + 20357

LEg m2Bg52

(5.40)

In Eq. (5.40) the terms C¢,, where C is some constant, has been omit-
ted. Adding and subtracting the terms 2M2¢2 and 1M2¢ the Lagrangian
density can be separated into the free parts

1 1
£§ = 5(0u00)* + M7} (5.41)

and

1 1
L5 = 5(0u)” + 5 M7}, (5.42)

and the interaction part

1 2\ 1 _ 6A
z:mt:%—(M,%—mQB—%o)«z‘s? 2( 2 —m quo)qﬁ

2
2\ 2 B
+ 57 P0dl + 7 G0de bt + (0 + 62)
1—
- VYO - 7M ¢0' - 7M7r¢7‘r
2\ 2\
+ 7B¢0¢0 + 7B¢O¢U¢ﬂ + 7((?3' + (5727)27
(5.43)
where V = 2m3¢0 —|— ¢>4, 72 = Mgz - 2 6/\3@50 = M72r -

mQB 2])‘\,3 gi)o. The one- and two- loop correctlons to the potentlal are shown

in Fig. 5.6. Solid lines correspond to ¢, and dashed lines correspond to ¢;.
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Figure 5.6: One- and two-loop corrections to the effective potential for N scalar
fields. Solid lines correspond to ¢, and dashed lines correspond to

Pr-

5.2.1 Hartree approximation

The contributions in the Hartree approximation are the diagrams in the first
two lines of Fig. 5.6. This gives the following expression of the effective
potential

1 N -1
V;ff = Vb + Q%ID (UJ?L +w130) + 2%1ﬂ (wi +wl§ﬂ')

1 1 N1 1
_Mi%f 2 2 Mi%l[ﬂ

2 kWi Wi, 2 kWi T Wi

3\p ;( 1\ Ap 1 %L[ 1
+ +2(N-1)2E

2N< kw%—l—w%g) ( )2N w2 4w w2 +wi

B 1 2
n km

(5.44)

where w? = k2 +M2and wi_ = k> + M2. Minimizing the effective potential
with respect to ¢g gives

8Veff_ 9 2\B ,3  6AB j 1
8¢0 _mB¢0+ N¢O+ N¢O kw%—i—w’%ﬂ_

(5.45)
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Eq. (5.45) has the trivial solution ¢¢ = 0 and the solution

25
N

6 1
2 2 B
= —m —
GRS e e
2\B 1
N F, w2+ w,%w‘

(5.46)

- (V-1

Minimizing the effective potential with respect to M2 and M? gives

OWery 1—2 -1
oz — 2o 52 )2
o k (wn + wkg)
3B 1 # -1
N T wi +wi, T (w2 + w,%g)z (5.47)

(N — 1)Ag 1 1
+ 2 2 2
N E Wy Wi Tk (w% + wgg)

=0

and

8Vejff _ N — 1M2# -1
oM2 — 2 ™ 2 2 )2
T k (wn—i-wkﬂ)
N (N —1)(N + 1))\3# 1 gf -1
N hwn Wi T (w2 +w?)” (5.48)

(N —DAp 1 1
+ N 2 2 2
kWit Wio Tk (w2 +w? )

=0.

Eq. (5.47) gives the following expression for M?

6)5 o GAp 1
M2 = m2 2
o =Mt N0t T

2(N — 1)Ag 1
+ 2 2
N kwn—i-w,m

and Eq. (5.48) gives the following expression for M2

(5.49)

2\p 2\B 1

ng + 2 2
N N k Wy +U.)k0
2(N + 1)Ap 1

N k w% + wiﬂ ’

Mﬁ = mQB +
(5.50)
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For temperatures T < T., ¢ is given by Eq. (5.46) and the O(N)
symmetry of the Lagrangian density is broken down to O(N —1). N —1
massless bosons should occur according to Goldstone’s theorem; M2 should
be zero. Inserting Eq. (5.46) into Eq. (5.50), M2 can be written as

I\p 2‘( 1 ;{ 1 )
M? = -5 ——— ). 5.51
i N < w2 4 w2 w2 4wl ( )

If M2 =0, then Y, m =, ﬁ’ which implies M2 = M2. First,
this is undesirable since the masses should not be equal in the broken phase.
We know this from the zero temperature values of M, and M, which are not
equal. In the real world, pions are interpreted as pseudo-Goldstone bosons
with small masses m, = 139.6 MeV [18]. The zero temperature value of the
sigma mass is in the range m, = 400 — 1200 MeV [18]. Second, M2 is given
by

6 2\ 4\
M; = =78~ 5P dh = 3 9% # 0, (5.52)

and thus M2 = 0 is not a solution. Goldstone’s theorem is not satiesfied at
all temperatures in the Hartree approximation. As will be shown in section
5.3, after proper renormalization M, can be chosen to be zero at zero tem-
perature, but it will become nonzero at nonzero temperatures in the broken
phase [22].

For N >> 1 in the Hartree approximation, the following expression is
obtained for qb% in the broken phase

2 1
oh= -y~ 203 o (5.53)

2
ws + Wir

The expressions for M2 and M2 are given by

6Ap 1
M7 = mj + 7% + 2AB§LIi el (5.54)

9 9 2\B
M2 =mp+ ¢0+2)\B%wg+wzw.
Inserting Eq. (5.53) into Eq. (5.55) we see that M2 = 0 in the broken phase.
Goldstone’s theorem is satisfied when N >> 1 in the Hartree approximation.
Subtracting Eq. (5.55) from Eq. (5.54) gives

(5.55)

M2 - M2 = Mi% (5.56)

¢o = 0 in the phase where the O(N) symmetry is restored, which implies
M? = M2. The masses become degenerate in this phase.
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5.2.2 Large-N approximation

Consider all diagrams in Fig. 5.6. For large N, 1/N contributions are
ignored, and the effective potential reads

1 N-1
%ff:%+2%]f1n(wi+wza)+2 %tln(w%—i—wzﬂ)
k k
12?‘( 1 N—12# 1
—--M — M
2 kw%%—w%g 2 T kw%—i—wzﬂ (557)

) o
NAB s B .
2 kw%—kwiw kw%—i—wio_ kw%%—wfm

Minimizing this potential as above, leads to Egs. (5.53), (5.54) and (5.55).
The large-N approximation leads to the same expressions for d)%, M? and
M? as the Hartree approximation with N >> 1. Thus, Goldstone’s theorem
is satisfied in the large- N approximation.

5.3 The O(4) linear sigma model in the Hartree approxima-
tion

The Euclidean Lagrangian of the O(4) linear sigma model is obtained from
Eq. (5.39) by inserting N = 4. In addition, a term h¢, is subtracted, giving

Lo = 50,60 + gmhd + “Z(F) ~ ho. (5.58)
In the real world, pions have small, but nonzero masses. The term h¢, is
introduced to generate masses for the pions [5]. As discussed in section 4.2,
the masses of the pions explicitly break the chiral symmetry. However, the
pion masses are small compared to other hadrons, and the chiral symmetry
can be considered as approximate. In the following sections, the chiral limit

where h = 0 and the physical point where h # 0, are studied.

5.3.1 The chiral limit

The equations for M2, M2 and ¢3 in the chiral limit are obtained by inserting
N =4in Egs. (5.46), (5.49) and (5.50). The following is found for the order
parameter in the broken phase

AB 3\B 1
7¢(2) = _mQB - # 2 2
2 2 e Wi+ Wi,

3)\3%[ 1
2 kw%—i—wzw'

(5.59)
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The sigma and pion masses are given by

A A 1
oy By a1
b T Yk (5.60)
+3)\B 1 )
2 kw%—i_wl%ﬂ
and
AB 1
M2 = 2B S
4 + ¢0 2 %l,iw%—i-wi
o (5.61)

5AB 1
+ 2 2 -
2 & Wh Wi

The first two terms in Eqgs. (5.60) and (5.61) are the tree-level masses of the
sigma and pions, respectively. The last two terms are tadpole corrections of
the sigma and pion fields. As was shown in the previous section, the gap
equation in the case of one scalar ﬁeld could be renormalized by defining

the renormalized coupling constant as /\ )\ + 16”26 and the renormalized

mass as m? = ﬁmB. In the following we show that defining 5= )\13 + 1gezc

where a is a constant of order unity, and m? = %sz, does not work in the

Hartree approximation. Using dimensional regularization, we obtain

3B 3\p M? 2 M?
M2 _ 2 OB 2 el =3 o -1 1 o
o =Mt %+ 2 (4m)? | e e+ 47

3\p M2 [ 2 M?
—— | —=—1 | - 5.62
T (47)? [ € tyet+in <47T/L2 (562)

3)\3/ d®k np(wie) 3)\3/ d®k np(wir)
2 (27)3  wie 2 2m)3  wpr

and

Ap o Ap M2 [ 2 M2
M? = m? = -~ -1 1 g
REmE Ot (47r)2[ ¢ +7E+n<4m2

5Ap M? 2 M?
S ik LV ——— ul 9.63
P [ ()| (563
)\B d3k‘ nB(w;m) 5)\3 d3]<: TLB(wkﬂ-)
2/ i ( |

2 27)3 Wiy 2 27)3 Wi

_|_

Dividing Eq. (5.62) and Eq. (5.63) by Ap and inserting 3 = 5= =+ Tgrzc 8ives
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1, @ 2 1o 3M2  3M?2
- _ M - g _ T
DT P + ¢0 1672e¢  1672%€
3 M? M?
_ g _1 1 ag
"2y { et ()| .
CEME T (2 o
2(4 )2 TE T 47
3/ 3k np wko)+3/ A3k nB(w;m)
2 2] P w
and

1, 1., M2 5M

1 a
A s 167r26M72r: A +§¢0_ 16m2¢ 1672 N
1 M2
+ 5 [ 1+VE+1n< ﬂ
o2 ] 1 (5.65)
T2 (2 [ ”““( ﬂ
1 d®k np(wry,) 5 d3k ng(wWer)
+2/(2w)3 ro +2/(2 ER

From Egs. (5.64) and (5.65), renormalizing by absorbing the divergences in
the coupling constant and mass can only be done if M2 = M2, which gives
a = 6. As mentioned above, this is undesirable since we know that the in the
broken phase, the masses are not equal. The definition of the renormalized
coupling constant and mass used above is not the proper way to renormalize
since it gives only symmetric solutions.

In the following, the equations are renormalized by adding temperature
dependent counterterms. This approach was also used by Lenaghan and
Rischke in [22]|. The use of such terms is discussed in section 5.5. Dimensional
regularization and the MS scheme are used. The counterterms are chosen

to cancel both the e pole proportional to M2 and that proportional to M?2.
2M?

—. The renormalized
1674¢

Each integral 2 L requires a counterterm
271' 2w

equations for M7 2 and M? are given by

3\ 3\ M? M?
2 _ .2 o2 il o _ o
Mo =ms 500+ 5 (4@2[ “”““(mmﬂ
3N M2
> 1 1 5.66
i | ()| (569
32 d®k np(wie) )\/ 3k np(wir)
2

(271')3 Wko ? (2 ) Wk ’
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and

A A M2 M?2
M7 =m?+Zd+ 52 [1+7E+ln< 2)]

2 (47)2 A
51 M2 M?
— |1 1 - 5.67
=3 [ () 647
)\/ d?’k‘ nB(wkU) 5)\/ dgk' nB(w;m)
2 ) (27)3  Wie 2 ) 27)? wix

Adding Eq. (5.59) to Eq. (5.60) gives M2 = Ap¢3 from the bare Lagrangian,
and

M2 = \¢p? (5.68)

from the Lagrangian with counterterms. In the phase of broken symmetry,
the expression for M2 thus reads

M?2 M?2
M? = —2m? —3\—2 | -1 1 o
o = M= <4w>2[ e “<4mﬂﬂ
M? M2
- LS 1 L 5.69
?)A(M)2 [ e n<47w2>] (5.69)

3 3
_3)\/ d°k nB(wka) _3)\/ dk nB(wkw)'

(27)3  wie (27)3  wir

Inserting Eq. (5.68) into Eq. (5.67) the expression for M2 reads

MZ XN M? M?
M2 — 2 o N Mo -1 1 o
TS T ) [ e “(m?)]
5\ M? M?
i S | 1 us 5.70
+2(4W)2[ +7E+n<4w2ﬂ (5.70)
)\/ d®k np(wie) +5)\/ d®k np(wir)
2) @ e 2 ) @ e
At T = 0 the equations for M2 and M2 read
2 2
mZ = —2m* — 3/\(;”‘32 [—1 +76+1n <4m02>]
T T
a (5.71)

2
s

Tr 114 9p+1n s
(4m)? TE A7 p?

-3

and
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respectively, where m, is the zero temperature sigma mass and m, is the
zero temperature pion mass. In the chiral limit, the pions are massless at
zero temperature. Inserting m, = 0 in Egs. (5.71) and (5.72) leads to
m? = —2m? = m?2 and

drp? = m2eEL (5.73)

The zero temperature sigma mass is in the range m2 = 400 — 1200 MeV
[18], and here the value m, = 600 MeV is chosen. ¢g = fr at T' = 0, where
fr = 93 MeV is the pion decay constant [5]. From the minimum of the
classical potential Vp, a value for the coupling constant can be found,

2m? m2

The following is obtained for M2 at finite temperature

2 2 M2
o g
= =i [ o (s )
M2
b <mzlﬂ
/ 1 (5.75)
2772 M2 2
\/u2 70 \/ 2_% _ 1
u? 1
/ du e
2 e ™ -1

and for M?2
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1 M2 X M? M?
el MR [ (Y]

2 2 (47) 2g7E—1
5\ M2 ) | M?
Ty [T et
2
A T2/ Ju 1 (5.76)
2 2 a M2
\/ \/ e g

LA 1° / 1
2 272 2
\/ \/ s 1
#3 is given by Eq. (5.68).

When ¢¢ = 0 the O(4) symmetry is restored. By inserting ¢y9 = 0 into
Egs. (5.66) and (5.67) and subtracting the latter from the former, it is easy
to see that M2 = M2 = M? in this phase. The masses become degenerate.
The renormalized expression for M? is given by

1 M? M?
2_ -2 _
e 2”’”*‘”( 7| ””E““(maew*)]
) (5.77)
2 2/ du - Mz 2 M2
N

To find a value of the lowest temperature at which ¢y9 = 0 is a minimum of
the effective potential, M = 0 is inserted into Eq. (5.77). The following is
obtained

2
L2 Ao (5.78)

which gives

2 2
T = T" ~ 131.6 MeV. (5.79)

The results from solving Egs. (5.75), (5.76) and (5.77) numerically are
shown in Fig. 5.7. A plot ¢g in shown in Fig. 5.8. For values of T" between
T.1 =~ 131.6 MeV and T,.o ~ 235 MeV in the renormalized case, and T, =
131.6 MeV and T.s ~ 190 MeV in the nonrenormalized case, ¢g has several
values for the same temperature. There are two local minima and a local
maximum of the potential [5]. At T" = T, ¢ occurs as a local minimum
of the effective potential, but the global minimum is ¢g # 0. At T = T,



5 PHASE TRANSITIONS AT FINITE TEMPERATURE 66
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Figure 5.7: The sigma mass M,, pion mass M, and the mass in the symmetric
phase, M, as functions of temperature in the Hartree approximation.
The renormalized masses (solid lines) are qualitatively the same as
the nonrenormalized masses (dotted lines).
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Figure 5.8: ¢ as a function of temperature in the renormalized (solid line) case
and in the nonrenormalized (dotted line) case. The order parameter is
qualitatively the same in the two cases. ¢q indicates that a first-order
phase transition takes place in the Hartree approximation.
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¢o = 0 is the global minimum. At some temperature T = T, between T
and T2, the global minimum changes from being located at ¢g # 0 to being
located at ¢g = 0. A first order phase transition takes place at T = T..

Renormalization does not qualitatively change the order parameter or the
masses. T, is the same for the renormalized case and the nonrenormalized
case, since when M = 0 the contribution from the temperature-independent
term disappears. T, and T are different in the two cases. The temperature
at which the phase transition occurs is larger in the renormalized case than
in the case where the zero-temperature contributions have been omitted.

5.3.2 The physical point

The result of a nonzero value of h is that ¢9 = 0 is no longer a minimum

of the potential since 8;/;’; L 8{‘9/;{) L — h. The equation for ¢ in the broken

phase reads

AB h 3B 1
7¢%:7_m23_ j 2 2
0 2 i Wy Wi,

3)\35[ 1
2 ]</’<")721_‘_("}lz7r7

The equations for M2 and M2 remain the same and are given by Egs. (5.60)
and (5.61). The renormalized equations are given by Egs. (5.66) and (5.67)
Adding Eq. (5.60) to Eq. (5.80) gives h = ¢g [Mg - )\Bqﬁg], or from the
Lagrangian with counterterms

(5.80)

h=¢o [M2— g . (5.81)

At zero temperature ¢g = fr, M2 = m2 and M2 = m2. In this case the

zero temperature pion mass is m, = 139.6 MeV [18]. The zero temperature
values of m, and ¢g are m, = 600 MeV and ¢; = 93 MeV as before. From
Eq. (5.81) the following is obtained at zero temperature

(5.82)

Subtracting Eq. (5.67) from Eq. (5.66) at zero temperature, A can be written
as

2 2
o~ Mz

= 2 2 2 2 :
124 [t yp +In (25)] - 2 [t p +n (2 )]
(5.83)

m

A
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For Egs. (5.82) and (5.83) to be consistent, m2 = f% and

2 m2 m2 m?
o _ o — 7r . s 5.84
e [0 (i) | = i [ e e ()| o0

A= Mo~ Mr (5.85)

g

By rearranging the terms in Eq. (5.84), the following is obtained

2 2
2 mg 2 My
mg In (477'#2) —mzln <47W2>

2 2 2 2
o2 (SOPOEVPY (139, 62(MeV) (5.86)
A p? 4

=mz (yp — 1) —mg (vp — 1)

giving

m2(vg—1)—m2 (vg—1)+m2 In 6002 —m2 In 139.52

drp? = e mg —mi (MeV)?. (5.87)

An expression for the renormalized mass parameter m can be found from
Egs. (5.66) and (5.67) at zero temperature and reads

m? = —2m? = m2 — 3m72T
m2 m2 (5.88)
6 AT 1 T .
Oy [ e <47w2>]

From the values of the zero temperature parameters given above, the follow-
ing is obtained; 47pu? = (527.9 MeV)2, X\ = 39.37, h = (121.9 MeV)? and
m = 460.1 MeV.

The results from solving Egs. (5.66), (5.67) and (5.81) numerically are
shown in Figs. 5.9 and 5.10. At zero temperature, the sigma and pion
effective masses appear as the observed masses. At high temperatures the
sigma and pions have the same effective mass. They become degenerate
when the thermal contributions to the effective masses dominate, since h
is a constant and does not contribute when T — oc0. ¢ decreases with
temperature and approaches zero smoothly at high temperatures. There is
no phase transition in this case, but rather a smooth crossover. Qualitatively,
renormalization does not change the results.
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Figure 5.9: M, and M, as functions of temperature in the case of explicitly bro-
ken symmetry. The renormalized masses (solid lines) and the non-
renormalized masses (dotted lines) are not qualitatively different.
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Figure 5.10: ¢ as a function of temperature in the case of explicitly broken sym-
metry. The renormalized order parameter (solid line) is not qualita-
tively different from the nonrenormalized order parameter (dotted
line). When the symmetry is explicitly broken, there is no phase
transition, but rather a smooth crossover.
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5.4 The O(4) linear sigma model in the large-N approxima-
tion

Above we found that renormalizing the gap equations in the Hartree approx-

imation by defining the renormalized coupling constant as % = i + {5z
and the renormalized mass as m? = ﬁmQB, does not work. In the following

section, it is shown that the above definitions of the renormalized coupling
constant and mass can be used to renormalize the gap equations in the large-
N approximation. Andersen used this approach in [20]. Both the chiral limit
and the physical point will be studied.

5.4.1 The chiral limit

The equations for gb%, M? and M? in the large-N approximation in the
broken phase are found by inserting N = 4 in Egs. (5.53), (5.54) and (5.55).
The following equation is obtained for the order parameter in the broken
phase

2B = —m2 -2 R —
5 o mp — 2B o7l (5.89)

The equations for M2 and M? are given by

3\
M? = m? P52 420 # .
s=mp+ 5 oo + 2B kw%+w%ﬂ (5.90)
and
B 1
M? = m? ZZ 42 4+ 2) j .
“=mgi+ > oo + 2AB kW%+W1%7T (5.91)

As seen from Egs. (5.89) and (5.91), M2 = 0 in the broken phase. Using
dimensional regularization, the expression for M2 can be written as

3\p MZ [ 2 M?
M? =m% + 202 +2) G | 1 u
p mB—i- 9 (ﬁo"‘ B(47[_)2|: p +YE + n<4ﬂ_,u2
3k nB(wkﬂ')
2\ —_ 5.92
* B/ (27T)3 Wk ( )
3B d*k np(k)
2 2
= — 2\ .
mp 500+ B/(2w)3 k
The integral in the last line in Eq. (5.92) has been calculated in section 3.9.
It gives % Dividing Eq. (5.92) by Ap and using the expression we found
2 _ A

in section 5.1 for the renormalized mass, m* = Em%, gives
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1 1 3 T2
S M? = —m?+ S+ 5.93
Mo = 3m 5%+ (5.93)

Adding Eq. (5.89) to Eq. (5.90), M2 can be related to the order parameter
by
Apdpy = M. (5.94)

By inserting this into Eq. (5.93) the following is obtained

A 5  AT?
Ao = —m2 — 5.95
2(;50 m 6 ( )
and
2
M? = —2m? — % (5.96)

At T =0, ¢g = fr and M2 = m?2, which have the values m, = 600 MeV
and fr = 93 MeV as before. From Eq. (5.96) at zero temperature it is found
that m? = —2m? = m2. As in the Hartree approximation, ) is calculated
from the minimum of the classical potential V; and is given by A = 41.6. In
this case, however, it is not possible to find a value of 47u? from the zero-
temperature parameters. Thus p is a free parameter. The finite-temperature
equation for M2 in the broken phase is given by

(5.97)

2
and the order parameter in the broken phase is given by ¢3 = %

When ¢2 = 0, Egs. (5.90) and (5.91) gives M2 = M2 = M?. The masses
become degenerate in the symmetric phase. The equation for M? is given
by

1
M? =m% + 2/\B¥[ : (5.98)

2 2
k Wn Wiy

Eq. (5.98) can be renormalized in the same way we renormalized Eq. (5.9).
Using dimensional regularization the equation can be written as
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M? 2 M?
M?=m% +2—— |—-= -1 1
"t B(W[ ‘ ”E+“<4w2>]

dgk' nB(wkM)

2A —_—
* B/(QW)3 WkM

A 2

Dividing by Ap and using the expressions % = i + ﬁ and m? = 5B
for the renormalized coupling constant and mass, respectively, the following
renormalized equation for M? is obtained

(5.99)

1 M? M?
= 2 e (2]
2 (4) Ay (5.100)
+2)\/ d3k‘ nB(wkM)
(27T)3 WeEM ’
where we have used that m? = —%mg. Inserting M? = 0 in Eq. (5.100)
gives
2
. (5.101)
2 6

Thus, the value for the critical temperature is

3m2
A

The results from solving Eq. (5.100) numerically are shown in Fig. 5.11,
together with the masses in the broken phase. A plot of ¢q is shown in Fig.
5.12. Here, the renormalization parameter p is given the value p =1 GeV.
This is the value of the symmetry breaking scale, given by A ~ 4nf; ~
1 GeV. The O(4) linear sigma model is a low-energy effective theory and the
only particles involved are the sigma and pion mesons with masses smaller
than A.

In this approximation Goldstone’s theorem is satisfied since the pions
are massless in the broken phase. At high temperatures the masses become
degenerate due to the thermal contributions. The plot of ¢g indicates a
second-order phase transition as it vanishes continuously at 7.

In the large-N approximation the only divergence in the expression for
M, is proportional to M;. Since M; = 0 in the broken phase, the re-
sults from renormalizing are the same as simply dropping the temperature-
independent term. This is seen in Fig. 5.11. In the symmetric case, the
masses are qualitatively the same in the renormalized case and the non-
renormalized case, but in the renormalized case the masses depend on the
choice of u. Renormalization does not affect the order parameter.

T. = ~ 161 MeV. (5.102)
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Figure 5.11: The sigma mass M, pion mass M, and the mass, M, in the sym-
metric phase as functions of temperature. In the broken phase, there
is no difference between the renormalized (solid line) and the non-
renormalized (dotted lines) cases. In the phase of restored symmetry,

the renormalized mass depends on the choice of p.
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Figure 5.12: ¢( as a function of temperature. There is no difference between the
renormalized and the nonrenormalized cases. The order parameter

indicates a second-order phase transition.
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5.4.2 The physical point

By subtracting a term h¢, from the Lagrangian, the ¢y = 0 solution no
longer exists. Instead, the equation for ¢3 in the broken phase reads

AB h 1
5= e mf — 2AB§L[ ——— (5.103)

The equations for M2 and M2 are given by Eqgs. (5.90) and (5.91), respec-
tively. Subtracting Eq. (5.91) from Eq. (5.90) gives

M2 — M? = \p¢?. (5.104)

Eq. (5.91) can be renormalized by using dimensional regularization and

inserting % = i + 47326 and m? = ﬁm%. The renormalized equation for
M? reads
M? :m2+i¢8+2>\ My [—1 +7E+ln< My >]
2 (4m)? dmpi® (5.105)
n 2)\/ Pk np(Wir)
(277)3 Wi .

Eq. (5.104) holds in any renormalization scheme. If the left-hand side is a
renormalized expression, so is the right-hand side. This gives the following
renormalized equation for M2

M7 = M2+ \¢j

3\ M? M?2
— 2 T 2 2 s _1 1 s
m” + 5 o + )\(47r)2 [ +9e +1n T2 (5.106)
d3k nB(ka)
2\ _
+ /(27r)3 on

From Egs. (5.91) and (5.103) the order parameter can be related to M, by

h

b0 =175 (5.107)

At zero temperature, ¢g = fr, M2 = m2 and M2 = m2. Asin the explic-
itly broken symmetry case in the Hartree approximation m, = 139.6 MeV,

h = m2f, = (121.9 MeV)? and \ = m?,;szr = 39.37. The pion decay
constant and zero-temperature sigma mass are given by fr = 93 MeV and
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me = 600 MeV, as before. p is a free parameter as in the chiral limit in the
large- N approximation, and is again chosen to be 4 = 1 GeV. An expression
for m? is found from Eqs. (5.105) and (5.106) at zero temperature and is
given by

m2 = —2m?
= mg - 3mfr
m2 m2 (5.108)
AND—T21-1 | s
Ty [ T <47w2>]

= (409.4 MeV)?.

The results from solving Eqgs. (5.105), (5.106) and (5.107) numerically are
shown in Figs. 5.13 and 5.14. As in the explicitly broken case in the Hartree
approximation, the pion and sigma masses start at their observed values at
zero temperature. At high temperatures they become degenerate due to the
contribution from the thermal bath. As mentioned in the explicitly broken
case in the Hartree approximation, this happens because h is independent of
temperature and does not matter when " — oo. There is no phase transition,
but a smooth crossover. Renormalization does not qualitatively change the
results.
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Figure 5.13: M, and M, as functions of temperature in the case of explicitly
broken symmetry. The renormalized masses (solid lines) does not
differ qualitatively from the nonrenormalized masses (dotted lines).
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Figure 5.14: ¢ as a function of temperature. The order parameter is not qualita-
tively different in the renormalized (solid line) and nonrenormalized
(dotted line) cases. There is no phase transition when the symmetry
is explicitly broken, but rather a smooth crossover.

5.5 Results and discussion of the Hartree and large-N ap-
proximations

Above, the O(4) linear sigma model has been studied in the Hartree and
large- N approximations, both with and without an explicitly symmetry
breaking term h¢,. The term h¢, generates mass for the low temperature
pions [5]. The gap equations are renormalized, and the results are compared
with the case where the zero-temperature contributions have been omitted.
Both approximations restore chiral symmetry at high temperatures, as ex-
pected. The results agree with those obtained by other authors, e.g. [5, 22].

When h = 0 the Hartree approximation predicts a first-order phase tran-
sition. At temperature T, ¢g # 0 and ¢g = 0 change role as the global
minimum of the potential. At T, there are thus two values of the order
parameter ¢ giving the same minimum, which signals a first-order phase
transition. In the large-N approximation for h = 0, the order parameter
approaches zero continuously for 7' < 7; and is zero for 7' > T,. In this ap-
proximation the phase transition takes place at T, = 161 MeV. The large-INV
approximation predicts a second-order phase transition. Lattice calculations
and other effective models suggest that the chiral phase transition when
considering two massless quarks, is of second order [5|. Thus, the large-N
approximation seems to be in agreement with other models concerning the
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order of the phase transition.

In the Hartree approximation, the pions in the broken phase are not
massless except at T' = 0, where m,; = 0 was chosen. Thus, Goldstone’s
theorem is violated, and no Goldstone bosons occur in the broken phase.
Throughout this thesis we have used i = 1. Restoring % gives £ — %E. The
propagator is the inverse of the differential operator in the quadratic terms
occurring in %E. Thus, each line I contains a factor of h. Each vertex V
contains a factor % This gives the power P in h as P =1 — V. The number
of loops L is the number of internal momentum integrations, correspond-
ing to the number of internal lines minus the number of vertices due to the
momentum conserving d-functions there. Including the overall momentum
conservation of the graph at one of the vertices, gives L=1—-V +1 = P+1.
Thus, counting the power of & counts the number of loops and a loop expan-
sion is essentially an expansion in powers of the Lagrangian. This feature
is important for theories containing some symmetry, such as the O(4) linear
sigma model. Individual graphs of such theories do not necessarily obey the
symmetry, but the sum of all graphs containing the same number of loops
represents the symmetry [23]. For a fixed number of loops n, the symmetry
of the Lagrangian is respected if all diagrams containing n loops are included.
In the Hartree approximation, only the double-bubble diagram is included
in the calculations, and the sunset diagram is not considered even though is
has as many loops as the double-bubble. The Hartree approximation is not
consistent in the number of loops. Thus the symmetry of the Lagrangian is
not respected, leading to violation of Goldstone’s theorem [2]. The Hartree
approximation includes some, but not all next-to-leading order contributions
in %, and is thus not consistent in % either.

In the broken phase in the large- N approximation, the pions are mass-
less and Goldstone’s theorem is satisfied. All diagrams with two-loops are
included, although only the double-bubble diagrams survive the N — oo
limit. The sunset diagram is not just simply dropped as in the Hartree
approximation, it disappears when the % terms are neglected.

When h # 0, the O(4) symmetry is explicitly broken down to O(3). In
this case there is no phase transition, but rather a smooth crossover. The
pion and sigma masses start at the experimental values at zero temperature.
The masses become degenerate at high temperatures since at high tempera-
tures the thermal contributions dominate. When h = 0 the phase transition
is of first order in the Hartree approximation and of second order in the
large- N approximation. This is seen in Fig. 5.15, as the first-order phase
transition at A = 0 leaves the order parameter ¢y at h # 0 steeper in the
Hartree approximation compared to the large-N approximation. The case
of nonzero h gives a better description of the real world, since pions have
nonzero masses and are considered as pseudo-Goldstone bosons.

As was seen in section 5.3, the gap equations in the Hartree approxima-

tion cannot be renormalized by defining } = i + w5 and m? = ﬁm%,
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Figure 5.15: The order parameter in Hartree and large N approximation when
h # 0. The first-order phase transition which is predicted in the
Hartree approximation when h = 0 leaves the order parameter at
h # 0 steeper than in the large- N approximation.

because it required M, = M, for all values of ¢y3. The equations in the
Hartree approximation are renormalized by adding temperature-dependent
counterterms. However, counterterms should in general not depend on tem-
perature, as the counterterms depend on € as % This is in contradiction
with the physical picture where short distance physics cannot be affected by
the physics in the infrared [16]. In addition to the inconsistencies mentioned
above, the Hartree approximation suffers from renormalization problems.

Renormalization by absorbing the divergence in the coupling constant
and mass does work in the large- N approximation. This approximation does
not suffer from the renormalization problems which the Hartree approxima-
tions suffers from, and can be renormalized with temperature-independent
counterterms.

Compared to the case where the zero-temperature contributions are not
included in the calculations, renormalization does not qualitatively change
the results. In the broken phase in the large- N approximation, the renormal-
ization does not affect the results at all. The reason for this is that M, =0
for all temperatures in the broken phase. As the temperature-independent
integral in the equation for M, is proportional to M, after using dimensional
regularization, this contribution disappears. This is thus the same as simply
dropping the temperature-independent contribution. In this approximation,
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u is a free parameter, and in the phase of restored symmetry, the masses
of the sigma and pions depend on the choice of pu. In the Hartree approxi-
mation, the renormalization parameter p is fixed in order for the equations
to be consistent with zero-temperature parameters. The figures throughout
this section show that renormalization quantitatively changes the results in
the Hartree approximation more than in the large-N approximation.
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6 SUMMARY

In section 3.10 it was seen that the finite-temperature scalar A¢*-theory
suffers from IR divergences. These divergences arise because the bosons ac-
quire thermal mass when they propagate through the thermal bath. The free
propagator — + P should be replaced by the effective propagator W’
which 1ncludes the thermal mass M. The problems with IR d1vergences
lead to a breakdown of ordinary perturbation theory, and a resummation of
an infinite set of Feynman diagrams, daisy diagrams, is needed. The effec-
tive propagator represents the resummation of daisy diagrams. In the high
temperature limit, where the temperature is much larger than the zero tem-
perature mass, thermal fluctuations contribute to the mass as VAT at one
loop.

The contribution to the mass from thermal fluctuations is also important
when studying phase transitions. As seen in section 5.1, the symmetry of the
\¢*-theory is spontaneously broken at zero temperature when the parameter
mQB < 0. As the temperature increases, the thermal fluctuations contribute
increasingly to the mass. At some critical temperature the thermal contri-
butions dominate and the symmetry is restored.

A series of phase transitions is believed to have taken place in the early
Universe. The QCD phase transition is one of them. Deconfinement of
quarks and gluons and restoration of chiral symmetry are related to the
QCD phase transition. The O(4) linear sigma model can be used as an effec-
tive theory for QCD at low temperatures. It describes the physics of mesons
and makes it possible to study the chiral phase transition. The model dis-
plays many important aspects of the phase transition. In section 5, the O(4)
linear sigma model was considered in both Hartree and large-IN approxi-
mations. The self-consistent equations for the sigma and pion masses were
renormalized. As was seen, the divergent terms depended on the temper-
ature through the effective mass M, as the divergences occured as ~ M?Q
Using temperature-dependent counterterms is not a good way to renormal-
ize. The large-N approximation could however be renormalized by defining

the renormalized coupling constant % = i + 47}26 and the renormalized
mass m? = ﬁmZB. This approach did not work in the Hartree approxi-

mation, and the gap equations in this approximation was renormalized by
using temperature-dependent counterterms. In addition to the renormaliza-
tion problems, the results obtained in the Hartree approximation are not
consistent with the results obtained in other models as it predicts a first-
order phase transition. Goldstone’s theorem is violated in this approxima-
tion. The large-N approximation agree with other models, as it predicts
a phase transition of second order. Goldstone’s theorem is satisfied in this
approximation.

Including a term in the Lagrangian which represents the mass of pions,
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there is no phase transition but rather a smooth crossover. Pions are inter-
preted as pseudo-Goldstone bosons with small, but nonzero mass. This case
gives a better description of the real world.

The linear sigma model is only an approximation to the underlying the-
ory, which is QCD, but studying the phase transition in this model might
help in the understanding of the QCD phase transition in the early Universe.
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