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Part I (∼ 30%)
Answer the following questions in Inspera.

Problem 1 Multiple choice problems
Choose only one of the options for each problem.

a) In a system consisting of four electrons with spin 1
2 , which option below lists all the

possible values for the total spin of the system?
A 0 and 1

B 0 and 1
2

C 1 and 2

D 1
2 1 and 3

2

E 0, 1 and 2

b) Consider the normalized state vector |ψ⟩ = 1
3 [(1− 2i)|1⟩+ 2i|2⟩] , where |1⟩ and |2⟩ are

orthonormal basis vectors. What is ⟨ψ|, the dual vector of |ψ⟩?
A ⟨ψ| = 1

3

[
(1 + 2i)|1⟩+ 2i|2⟩

]
B ⟨ψ| = 1

3

[
⟨1|+ ⟨2|

]
C ⟨ψ| = 1

3

[
(1 + 2i)⟨1| − 2i⟨2|

]
D ⟨ψ| = 1

3

[
(1− 2i)⟨1|+ 2i⟨2|

]
E ⟨ψ| = 1

3

[
(1 + 2i)⟨1|+ 2i⟨2|

]
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c) A particle is in a state described by

|ψ⟩ = A
[
|1⟩ − |2⟩+

√
3|3⟩

]
, (1)

where |n⟩ are orthonormal energy eigenstates. What is the normalization constant A when
chosen real and positive?

A A = 1√
5

B A = 1

C A = 5

D A = 1
5

E A = 1
3

d) The energy eigenvalue of the state |n⟩ is

En = ϵn2. (2)

where n = 1, 2, 3, . . . . What is the energy expectation value of the state |ψ⟩ in Eq. (1)?
A ⟨E⟩ = 14ϵ

B ⟨E⟩ = 14
25ϵ

C ⟨E⟩ = 14
5 ϵ

D ⟨E⟩ = 32ϵ

E ⟨E⟩ = 32
5 ϵ

e) Four identical non-interacting particles are placed in a system with single-particle energy
levels En in Eq. (2). When measuring the total energy and total spin of the system, you get
Etot = 7ϵ and S2

tot = 2ℏ2. Which one of the following statements is true?
A The particles have spin s = 0

B The particles must be bosons

C The particles must be fermions

D The particles must have spin s = 1

E The system is not in the ground state

f) Two non-interacting electrons with spin 1
2 are placed in a system with single-particle

eigenenergies En in Eq. (2). What are the three lowest energies of the total system?
A ϵ, 4ϵ, 9ϵ

B 2ϵ, 5ϵ, 5ϵ

C 2ϵ, 5ϵ, 8ϵ

D 2ϵ, 2ϵ, 5ϵ

E 5ϵ, 10ϵ, 13ϵ
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g) A rectangular box with dimensions Lx, Ly and Lz contains 5 identical, non-interacting
fermions with spin 1

2 . The single-particle eigenenergies are given by

Enxnynz =
ℏ2π2

2m

[
n2x
L2
x

+
n2y
L2
y

+
n2z
L2
z

]
, (3)

where nx, ny, nz = 1, 2, 3, . . . , and Lx = Ly = L and Lz = 2
3L. What are the quantum

numbers (nx, ny, nz) of the filled single-particle states of the ground state of the system?
A 5 particles in (1, 1, 1)

B 2 particles in (1, 1, 1); 2 particles in (2, 1, 1) and 1 in (1, 2, 1) or vice versa

C 1 particle in (1, 1, 1); 1 particle in (2, 1, 1), (1, 2, 1) and (1, 1, 2); 1 particle in (2, 2, 1)

D 2 particles in (1, 1, 1); 2 particles in (1, 1, 2); 1 in (2, 1, 1) or (1, 2, 1)

E 2 particles in (1, 1, 1); 3 particles in any combination of states with nx + ny + nz = 4

h) A static magnetic field is applied to the system in g), such that the single-particle
energies become spin-dependent:

Enxnynz ,σ = Enxnynx −Hσ (4)

where σ = +1(−1) for spin-up (spin-down) particles. For |H| > Hc the state (1, 1, 2) is
occupied in the ground state. What is Hc?

A Hc = 0

B Hc =
29
4

ℏ2π2

2mL2

C Hc =
3
8

ℏ2π2

2mL2

D Hc =
15
8

ℏ2π2

2mL2

E Hc =
3
2

ℏ2π2

2mL2

Problem 2 Short answer questions
Give a short answer (maximum 2-3 sentences) to only two of the three questions below.
If three answers are given, the first two will be graded. You may use simple equations in
your answers.

a) Why is the variational method such a useful and powerful tool?

b) What is the physical interpretation of a Dirac bra-ket ⟨a|b⟩?
c) What is the Fermi energy and Fermi momentum in a free fermion gas?
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Part II (∼ 70%)
Write your calculations and answers to the following problems on paper. Clearly mark each
page and answer with the problem number.

Problem 3 Spin in a magnetic field

Consider a spin 1
2 particle in a constant magnetic fieldB = Bêz, described by the Hamiltonian

Ĥ = −2µBB

ℏ
Ŝz, (5)

where Ŝz is the operator for the z-component of the spin, and µB is the Bohr magneton.

a) Solve the time-dependent Schrödinger equation to find the two eigenenergies and eigen-
states of the system. You are free to use either abstract spin state vectors or spin spinors.
Hint: The Pauli matrices are given in the formula sheet.

b) At time t = 0, the spin is measured to be in the state

|χ⟩ = 1√
3
| ↑⟩ −

√
2

3
i| ↓⟩ ⇔ χ =

1√
3

(
1

−i
√
2

)
, (6)

where | ↑⟩ and | ↓⟩ are the states with spin up and down with respect to the z direction.
Calculate the spin and energy expectation values ⟨S⟩ and ⟨H⟩ for this state.

c) What is the spin state at times t > 0?

Problem 4 Variational principle

A particle with mass m moves within the one-dimensional potential

V (x) =

{
γx, for x ≥ 0,

∞, for x < 0.
(7)

a) Use the trial wavefunction

ψ(x) =

{
Axe−αx, for x ≥ 0,

0, for x < 0,
(8)
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to calculate the expectation value of the energy, ⟨H⟩. Hint: The following integral might be
useful: ∫ ∞

0
xne−βx dx = β−n−1n!. (9)

b) Why is this a good trial function for this system?

c) Use the variational method to find an upper bound for the ground state energy.

Problem 5 3D isotropic harmonic oscillator

A three-dimensional (3D) isotropic harmonic oscillator is described by the Hamiltonian

Ĥ =
p̂2x + p̂2y + p̂2z

2m
+

1

2
mω2(x̂2 + ŷ2 + ẑ2), (10)

where m is the mass of the particle, and ω =
√
k/m with spring constant k. The momentum

operator p̂j and position operator x̂j along direction j ∈ {x, y, z} satisfy the commutation
relation [x̂j , p̂j ] = iℏ, while operators in different directions commute, for instance, [p̂x, ŷ] = 0.

a) The solutions to the Schrödinger equation for a one-dimensional harmonic oscillator are

[
p̂2x
2m

+
1

2
mω2x̂2

]
|n⟩ = En|n⟩, (11)

with eigenenergies En = ℏω
(
n+ 1

2

)
and eigenvectors |n⟩, where n = 0, 1, 2, . . . . Show that

the 3D harmonic oscillator has eigenenergies

Enxnynz = ℏω
(
nx + ny + nz +

3

2

)
(12)

and eigenvectors

|nx, ny, nz⟩ ≡ |nx⟩|ny⟩|nz⟩. (13)

b) The orbital angular momentum operator is L̂ = r̂ × p̂, where r̂ = (x̂, ŷ, ẑ) and p̂ =
(p̂x, p̂y, p̂z). Show that the Hamiltonian commutes with the z component of the orbital
angular momentum, L̂z = x̂p̂y− ŷp̂x. Use this to argue/show that the Hamiltonian commutes

with all components of L̂ as well as L̂2.
Hint: The commutation relations in the formula sheet might be useful.

5



c) The position and momentum operators along direction j can be used to define ladder
operators

aj =

√
mω

2ℏ

(
x̂j + i

p̂j
mω

)
, (14)

a†j =

√
mω

2ℏ

(
x̂j − i

p̂j
mω

)
, (15)

which lower or raise the quantum number nj with 1, respectively. For instance

ax|nx, ny, nz⟩ =
√
nx|nx − 1, ny, nz⟩,

a†x|nx, ny, nz⟩ =
√
nx + 1|nx + 1, ny, nz⟩.

Find expressions for the position and momentum operators in terms of the ladder
operators, and use them to show that the angular momentum operator L̂z can be expressed
in terms of ladder operators in the following way:

L̂z = iℏ
(
axa

†
y − a†xay

)
. (16)

d) Find simultaneous eigenstates of Ĥ and L̂z with energy E = 5
2ℏω. What are the angular

momentum quantum numbers m of the states?
Hint: It might be useful to remember that a general state with energy E can be expressed

as a superposition of states with quantum numbers nx, ny, nz such that Enxnynz = E:

|ψ⟩ =
∑

{nx,ny ,nz |Enxnynz=E}

cnxnynz |nx, ny, nz⟩.

Problem 6 Anisotropic harmonic oscillator

Consider a system described by H = H0 + V , where H0 is the Hamiltonian in Eq. (10) and

V̂ = κẑ2. (17)

If κ is sufficiently small, we can use perturbation theory to find the corrections to the energy
eigenvalues Eq. (12).

a) Calculate the first order correction to the ground state energy using non-degenerate
perturbation theory

E(1) = ⟨ψ|V̂ |ψ⟩, (18)

with |ψ⟩ = |0, 0, 0⟩. Hint: Express ẑ in terms of the ladder operators az, a
†
z.
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b) For three-fold degenerate bands, the first order corrections are generally given by the
equation

det

V11 − E(1) V12 V13
V21 V22 − E(1) V23
V31 V32 V33 − E(1)

 = 0, (19)

with matrix elements Vij = ⟨ψi|V̂ |ψj⟩, where |ψj⟩, j = 1, 2, 3 label the three degenerate
states.

Calculate the first order corrections to the first excited states due to the perturbation V̂ .
Is the degeneracy lifted by the perturbation?

c) Show that the exact eigenenergies for κ > −mω2/2 are

Enxnynz = ℏω (nx + ny + 1) + ℏωz

(
nz +

1

2

)
, (20)

with ωz =
√
ω2 + 2κ

m . Does this agree with what you found using perturbation theory?
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A Formula sheet

Schrödinger equation (time-dependent and time-independent)

iℏ
∂

∂t
|ψ⟩ = Ĥ|ψ⟩

Ĥ|ψ⟩ = E|ψ⟩

Thermodynamics

dW = PdV

Eigenvalues and eigenvectors

det(A− λI) = 0

(A− λI)v = 0

Some properties of the Dirac delta function and Heaviside step function∫
dx f(x)δ(x− a) = f(a)

1

2π

∫
dx ei(k−k0)x = δ(k − k0)

Θ(x) =

{
1, x > 0,

0, x ≤ 0.

d

dx
Θ(x) = δ(x)∫ ∞

−∞
dx

[
d

dx
δ(x)

]
f(x) = −

∫ ∞

−∞
dx δ(x)

[
d

dx
f(x)

]
Various physical constants

ℏ = 1.054 571 817× 10−34 J s = 6.582 119 569× 10−16 eV s

me = 9.109 383 701 5× 10−31 kg

e = 1.602 176 634× 10−19C

c = 299 792 458m s−1 ≈ 3× 108ms−1

µ0 =
1

ϵ0c2
=

4πα

e2
ℏ
c
= 1.256 637 062 12× 10−6NA−2

α =
e2

4πϵ0ℏc
≈ 1

137

a0 =
4πϵ0ℏ2

e2me
= 5.29× 10−11m
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µB =
ℏe
2me

= 9.274 010 078 3× 10−24 JT−1 = 5.788 381 806 0× 10−5 eVT−1,

Commutators and anticommutators

[A,B] ≡ AB −BA

[AB,C] = [A,C]B +A[B,C]

[A+B,C] = [A,C] + [B,C]

{A,B} ≡ AB +BA

[x̂, p̂x] = iℏ

[Ŝx, Ŝy] = iℏŜz

Pauli matrices

σx =

(
0 1
1 0

)
σy =

(
0 −i
i 0

)
σz =

(
1 0
0 −1

)
Taylor expansion

f(x) =
∞∑
n=0

1

n!

(
d

dx

)n

f(x)

∣∣∣∣
x=a

(x− a)n

Some potentially useful integrals∫ ∞

−∞
dx e−a(x+b)2 =

√
π

a∫ ∞

−∞
dx e−ax2+bx+c =

√
π

a
e

b2

4a
+c

∫ ∞

−∞
dx x2ne−ax2

=

(
− ∂

∂a

)n ∫ ∞

−∞
dx e−ax2

Cylindrical coordinates

x = r cosϕ, y = r sinϕ, z = z

∇f =
∂f

∂r
r̂ +

1

r

∂f

∂ϕ
ϕ̂+

∂f

∂z
ẑ

∇ ·A =
1

r

∂

∂r
(rAr) +

1

r

∂Aϕ

∂ϕ
+
∂Az

∂z

∇2f =
1

r

∂

∂r

(
r
∂f

∂r

)
+

1

r2
∂2f

∂ϕ2
+
∂2f

∂z2∫
dr =

∫
dz dϕ dr r
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Spherical coordinates

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ

∇f =
∂f

∂r
r̂ +

1

r

∂f

∂θ
θ̂ +

1

r sin θ

∂f

∂ϕ
ϕ̂

∇ ·A =
1

r2
∂

∂r
(r2Ar) +

1

r sin θ

∂

∂θ
(Aθ sin θ) +

1

r sin θ

∂Aϕ

∂ϕ

∇2f =
1

r2
∂

∂r

(
r2
∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂ϕ2∫
dr =

∫
dϕ dθ dr sin θr2
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