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Part I (~ 30%)

Answer the following questions in Inspera.

Problem 1 Multiple choice problems

Choose only one of the options for each problem.

a) In a system consisting of four electrons with spin %, which option below lists all the
possible values for the total spin of the system?
A Oand1

B()and%
C 1and?2
D %1and%
E 0,1 and 2

b) Consider the normalized state vector [¢) = 1 [(1 — 24)|1) + 2i[2)], where |1) and |2) are
orthonormal basis vectors. What is (1|, the dual vector of [¢)?

A (Y] = [(1+2i)[1) + 2i2)]

B (y] = 3[(1] + (2]

C (W] = 1[(1+ 2i)(1] — 2i(2[]
D (¢] = 3[(1—2i)(1] + 2i(2|]
E (| = 3[(1 4 2i)(1] + 2i(2[]



c) A particle is in a state described by

[¥) = A[[1) = 12) + V33)], (1)

where |n) are orthonormal energy eigenstates. What is the normalization constant A when
chosen real and positive?

- L
A A=
B A=1
C A=5
D A=1
EA=1

d) The energy eigenvalue of the state |n) is
E, = en?. (2)

where n = 1,2,3,.... What is the energy expectation value of the state |¢) in Eq. (1)7?

e) Four identical non-interacting particles are placed in a system with single-particle energy
levels E,, in Eq. (2). When measuring the total energy and total spin of the system, you get
FEiot = Te and SZ; = 2h%. Which one of the following statements is true?

A The particles have spin s =0

B The particles must be bosons
C The particles must be fermions
D The particles must have spin s =1

E The system is not in the ground state

f) Two non-interacting electrons with spin % are placed in a system with single-particle

eigenenergies E, in Eq. (2). What are the three lowest energies of the total system?
A € ,4¢,9¢

B 2¢, 5e, be
C 2¢, be, 8¢
D 2e¢,2¢, be
E 5¢,10¢, 13¢



g) A rectangular box with dimensions L,, L, and L, contains 5 identical, non-interacting
fermions with spin % The single-particle eigenenergies are given by

x Y z
= Z+—=+=2
Nty L2 L2 L?

: (3)

m2n? | n2 n2 p?
2m

where ng,ny,n, = 1,2,3,...,and L, = Ly = L and L, = 2L What are the quantum
numbers (ng,ny,n,) of the ﬁlled single-particle states of the ground state of the system?
A 5 particles in (1,1,1)

C 1 particle in (1,1,1); 1 particle in (2,1,1), (1,2,1) and (1,1, 2); 1 particle in (2,2,1)

)
(1,
B 2 particles in (1,1, 1); 2 particles in (2,1,1) and 1 in (1,2, 1) or vice versa
1
D 2 particles in (1,1,1); 2 particles in (1,1,2); 1 in (2,1,1) or (1,2,1)

(1,

E 2 particles in (1,1,1); 3 particles in any combination of states with n, +mn, +n, =4

h) A static magnetic field is applied to the system in g), such that the single-particle
energies become spin-dependent:

Enxnynz,a = Enggnyngg —Ho (4)

where 0 = +1(—1) for spin-up (spin-down) particles. For |H| > H. the state (1,1,2) is
occupied in the ground state. What is H.?

A H. =0
29 h2n?
B Hc:* 7r2
4 2mL
3h22
C HC:§2m722
15 h2n?
DHc:i 7T2
8 2mL
3522
E HC:?QWZEQ

Problem 2 Short answer questions

Give a short answer (maximum 2-3 sentences) to only two of the three questions below.
If three answers are given, the first two will be graded. You may use simple equations in
your answers.

a) Why is the variational method such a useful and powerful tool?

b) What is the physical interpretation of a Dirac bra-ket (a|b)?

c) What is the Fermi energy and Fermi momentum in a free fermion gas?



Part II  (~ 70%)

Write your calculations and answers to the following problems on paper. Clearly mark each
page and answer with the problem number.

Problem 3 Spin in a magnetic field

Consider a spin % particle in a constant magnetic field B = Bé,, described by the Hamiltonian

2upB 4

H= - S, (5)

where S, is the operator for the z-component of the spin, and up is the Bohr magneton.

a) Solve the time-dependent Schrédinger equation to find the two eigenenergies and eigen-
states of the system. You are free to use either abstract spin state vectors or spin spinors.
Hint: The Pauli matrices are given in the formula sheet.

b) At time ¢ = 0, the spin is measured to be in the state

1 1

W=ty e x=0(_tg). )

where | ) and | |) are the states with spin up and down with respect to the z direction.
Calculate the spin and energy expectation values (S) and (H) for this state.

c) What is the spin state at times ¢ > 07

Problem 4 Variational principle

A particle with mass m moves within the one-dimensional potential

vz, forxz >0,
Vi(z) = (7)
oo, forx <0.

a) Use the trial wavefunction

Aze **  forz >0
) = ’ = 8
Vi) {0, for x < 0, (®)



to calculate the expectation value of the energy, (H). Hint: The following integral might be
useful:

/ 2" P dp = g7l (9)
0

b) Why is this a good trial function for this system?

c) Use the variational method to find an upper bound for the ground state energy.

Problem 5 3D isotropic harmonic oscillator
A three-dimensional (3D) isotropic harmonic oscillator is described by the Hamiltonian

52 52 52
SR S RN ZENE SV SR
H=———F+_-mw (2" + 79"+ 27), 10
TR (@ + P+ ) (10)
where m is the mass of the particle, and w = \/k/m with spring constant k. The momentum
operator p; and position operator &; along direction j € {x,y, 2} satisfy the commutation
relation [#;, p;] = ih, while operators in different directions commute, for instance, [p,, 9] = 0.

a) The solutions to the Schrédinger equation for a one-dimensional harmonic oscillator are

Py 1
[272 + Qmwzﬁjﬂ [n) = Ey|n), (11)
with eigenenergies E,, = hw (n + %) and eigenvectors |n), where n =0,1,2,.... Show that
the 3D harmonic oscillator has eigenenergies
3
Enpngn, = hw | ng +ny +n; + 3 (12)
and eigenvectors
N2y 1y, 12) = |n) |1y ) |12). (13)

b) The orbital angular momentum operator is L = ¢ x p, where ¢ = (z,9,%2) and p =
(Pz, Py, D=). Show that the Hamiltonian commutes with the z component of the orbital
angular momentum, L,= &Py —Yp,. Use this to argue/show that the Hamiltonian commutes
with all components of L as well as L2.

Hint: The commutation relations in the formula sheet might be useful.



¢) The position and momentum operators along direction j can be used to define ladder

operators
mw [, P
a; = 1/—271 (a:j +i=L > , (14)
T L Dj
a; = 1/—271 (a:] - z> , (15)

which lower or raise the quantum number n; with 1, respectively. For instance

aw’nmnyanz) = \/nx’na: - 17nyanz>>
al|ng, ny,n.) = Vg + Lng + 1,ny,n2).

Find expressions for the position and momentum operators in terms of the ladder
operators, and use them to show that the angular momentum operator L, can be expressed
in terms of ladder operators in the following way:

L.=ih (amaL — alay> . (16)

d) Find simultaneous eigenstates of H and L. with energy F' = %hw What are the angular
momentum quantum numbers m of the states?

Hint: It might be useful to remember that a general state with energy E can be expressed
as a superposition of states with quantum numbers n;, ny, n, such that £, n .. = E:

W}> = Z Crgnyn, [Nz, Ty, nz>
{nxynyynz|Engcnynz:E}
Problem 6 Anisotropic harmonic oscillator
Consider a system described by H = Hy + V, where Hy is the Hamiltonian in Eq. (10) and
V = rz% (17)

If k is sufficiently small, we can use perturbation theory to find the corrections to the energy
eigenvalues Eq. (12).

a) Calculate the first order correction to the ground state energy using non-degenerate
perturbation theory

EW = (p|V|y), (18)

with |¢)) = 0,0,0). Hint: Express Z in terms of the ladder operators a., al.



b) For three-fold degenerate bands, the first order corrections are generally given by the
equation

Vip — EW Viz Vis
det Vo Vg — EW Vas =0, (19)
Va1 Vaz Vaz — B

with matrix elements V;; = <wi|f/\¢j>, where |1;), 7 = 1,2,3 label the three degenerate
states.

Calculate the first order corrections to the first excited states due to the perturbation V.
Is the degeneracy lifted by the perturbation?

c) Show that the exact eigenenergies for k > —mw?/2 are

1
Enpngn, = hw (ng +ny +1) + hw, <nz + 2) , (20)
with w, = /w? + %”“ Does this agree with what you found using perturbation theory?



A  Formula sheet

Schrédinger equation (time-dependent and time-independent)

L, 0 A
ih 1) = )

Hg) = B|Y)
Thermodynamics
dW = PdV
Eigenvalues and eigenvectors
det(A—XI)=0
(A= X)v=0

Some properties of the Dirac delta function and Heaviside step function

[tz f@5(e ~ ) = f(@)

% / dz e k0T — §(k — ko)
o - {7
[ [d&;% ii: ] 5(3:)/% i 8(a) | 3 1(0)
—so dx - oo dx

Various physical constants

h=1.054571817 x 1073 Js = 6.582119569 x 10 1%eVs
me = 9.1093837015 x 1073 kg

e=1.602176634 x 107 C

c=299792458ms ! ~ 3 x 105 ms™!

1 drah
o= —5 = — 2 = 1.25663706212 x 10 N A2
€0C e ¢
T Ureohe T 137
4meoh?
ap = — O~ 599 %10 ' m
e2me



B he
MB—2

=9.2740100783 x 107 JT~! = 5.788 3818060 x 102 eV T 1,

Me

Commutators and anticommutators
[A,B] = AB — BA
[AB,C] = [A,C|B + A[B, (]
[A+ B,C] =[A,C]+ [B,C]
{A,B} = AB+ BA
[‘@aﬁx] =ih
Sz, 8] = ihS.

Pauli matrices

Taylor expansion

.ww=§;;<$)"ﬂm

Some potentially useful integrals

/OO dy e~ @ H0)* = \/?
o a
\/?

a

)
/ dz efa12+b:r+c —

— 00

/ dx 22" = <—8> / dx e~
oo oa oo

Cylindrical coordinates

r=rcos¢, y=rsing, z=2=z

0 190f~ 0
Vf:—ff’-i—fff(b-i-—fé
or T 0z

10 104, 0A,
VA= oo A+ TS,
2, 10 (Of\ 10  0*f
vf_r@r T@T +r28¢2+3z2

/dr—/dquﬁdrr

9




Spherical coordinates

x = rsinf cos ¢,

=o' Trae’
10

1 a ,0f

2 - = ZJ

Vi =gy (T or
d

y=rsinfsing, 2z =rcosf
1 of -
rsm66¢¢
1 9 1 04,
A 79
rsm«989( osinf) + rsinf O0¢

1 g sin gi + #ﬁ
r2sin 00 00 r2sin? § O¢?

/dr— / & df dr sinOr?

10
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