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Problem 1 Multiple choice problems

a) The rule for addition two angular momenta with quantum numbers j; and j3 is that the
total angular momentum quantum number j can take the values
J=g1+je, g +je—1,... 51 — jal-
With j; =4 and jy = 3/2, we therefore get
.11
J= 37
Hence, alternative C is the correct answer.
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b) We require

(Yly) =1
= |A]P[(2]2) + 2%(4]4) + (6]6)] = |A]*[1 + 4+ 1] = 6|A|>.

Choosing A positive and real, we therefore get A = 1//6, which is option E.

¢) The energy expectation value is
. 1 ) N .
(WIANW) = ¢ [ (@1H[2) + 22 (4 H]4) + (6]H]6)]

huw 1 1 1 1
=2+ =44 (4+= S| =hw |4+ =
6[+2+ <+2>+6+2] ﬁw[—l—Q]

= Y.
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Hence, E is the correct answer.



d) Taking the complex conjugate of the prefactors, we get

(W = 2 [(1 =20 (A + 2i(2]],

Wl

which is option D.

e) The ground state of a symmetric potential should be symmetric and have zero notes,
excluding options C, D and E.

Since the potential with n = 3 increases faster than the potential with n = 1 when x > 1,
the wavefunction should decrease more rapidly for n = 3 compared to n = 1. Comparing
14 and Yp with ¥y, we see that this is the case for ¢ 4. Therefore, 14 is the best option for
a trial wavefunction for the ground state, making A the correct answer.

f) We consider each statement:

A: If (n]y)) is nonzero only for n = 1, we must have |¢)) = |1). Therefore, since [1) is an
energy eigenstate, 1 is also an energy eigenstate, making this statement true.

B: A state vector can be written as a superposition of any complete set of basis vectors,
not only position basis vectors. Hence, this statement if false.

C: Though the Heisenberg uncertainty principle only sets restrictions on the product of
the variance of p, and x, we can always calculate their expectation values, which in fact are
needed to calculate the variance. Hence, this is statement not true.

D: The outcome of a measurement of the energy will leave the system in an energy
eigenstate with energy equal to the outcome of the measurement. When the state before the
measurement is a superposition of energy eigenstates with different eigenenergies, the states
of the system before and after the measurement necessarily have to be different, making this
statement is false.

E: For a Hermitian Hamiltonian, probability is conserved, and hence the normalization is
always (¢|¢) = 1. Since this is independent of time, this statement is false.

Conclusion: Option A is correct.

g) Since the Hamiltonian is diagonal, we directly read off the energy eigenvalues as F1 =
+hw, with corresponding eigenspinors

) ()



A general solution to the Schrédinger equation is therefore x = ay e Bt/ pq_y_e tE-t/h,

At t = 0, the given state can be written as a superposition of the two energy eigenstates
with coefficients a+ = 1/4/2, meaning that at times ¢ > 0 we have

1 R A gy L e
x(t) = EXJFQ + \ﬁXi = NACCIA (1)

Alternative D is the correct answer.
h) We consider each statement.

A: Even though the particle is in the eigenstate of S, with eigenvalue %/2 at t = 0, S, and
H do not commute, making the expectation value of S, time-dependent. We will therefore
not always measure S, = i/2. This is clear also from the answer in e), where the spin state
is proportional to the eigenspinor of S, with eigenvalue +%4/2 only at certain times. Not
true.

B: We insert ¢t = J- into the time-dependent state found in e), Eq. (1),

(- ()0

Operating on this state with S, = gay, we get

—im/4 s —im/4
() =3 (0 0) () =37 ()= (D)

Hence, we see that x(t) at t = ;- is an eigenstate of S, with eigenvalue i/2, making the
statement true.

C: At certain times the state in Eq. (1) will be an eigenstate of Sy, e.g. at t = 7/4w
as found above. If we measure at exactly these times, we will know the outcome of a
measurement of the spin along the y direction. Hence, this is not true.

D: We found above that x(t) at t = /4w is an eigenvector of .S, with eigenvalue /2. Since
the operators for Sy and S, do not commute, the an eigenstate of S, cannot simultaneously
be an eigenstate of S;, and this statement is, therefore, not true.

E: The energy eigenstates are simultaneous eigenstates of H and S, and a measurement
of the energy would therefore also determine the component of the spin along z. Hence we
do not lose all information about the spin state when measuring the energy. Not true.

Conclusion: Option B is the correct answer.



i) The momentum eigenstates are delta-function normalized,
(p2|p1) = 6(p2 — p1).
Hence, we get
(p2[plp1) = p1(p2lp1) = p1(p2 — p1) = P20(p2 — p1),

where we can move p; outside the bracket since it is a number, not an operator. Hence, the
correct answer is alternative E.

Problem 2 Short answer questions

a) Physical observables should be real quantities. Since Hermitian operators have real
eigenvalues, a physical observable f must be represented by a Hermitian operator f = fT:

=L = LI = LA = £~

b) Bosons states must be symmetric under exchange of identical particles, which allows
many identical bosons to occupy the same single-particle state. Fermion states must be
completely antisymmetric under exchange of identical particles, which means that identical
fermions cannot occupy the same single-particle state (Pauli exclusion principle). In three
dimensions bosons have integer spin, while fermions have half-integer spin.

c) Superposition of different energy eigenstates can give time-dependent wavefunctions due
to the different energies in the exponentials. For instance,

U = ¢1e—iE1t/ﬁ + w2e—iE2t/ﬁ

gives

Ei—FE
P = 1+ [l + 2 Refrug) cos (2120,

which has a time-dependent term. Only one term or a superposition of degenerate energy
eigenstates gives no time-dependence.

Problem 3 Normalization condition

Since the state is normalized, we have (1|¢)) = 1. The position eigenstates form a complete
basis set, meaning that we have the completeness relation

1= /_de |z)(z].



By inserting a completeness relation, we get
L= l) = [ do @la)lalo) = | do (el (alu) = [ do wla) ol
- [ @@

Hence, the wavefunction () is also normalized.

Problem 4 Identical particles in a box

a) From the formula sheet we have
dW = PdV,

where W, P and V are the work, pressure and volume, respectively. Since only L, can
change, we have

dV = LyL.dL,,
and, therefore,
dW = PLyL.dL, = F,dL,,

where we have used the fact that the pressure in the x direction is defined as the force F,
per unit area.

Finally, the work done on the piston by the particle is equal to the reduction in the
particles energy,

dW = —dFE.
Hence,
dE
Fx = T 37 >
dL,

which we could also have used directly. We then get, for a general energy state Ey, n n,

Epeme —

dL, TomdL, \12 12T 12 mL3

27T

2
dE”wnyni = . (ng Ty ni) = h27T2n326

Hence, for the ground state (n, = n, =n, = 1) we get

h2 2
Fy=—"T
mL3



b) We first need to find the ground state of the system when the box contains 8 identical

non-interacting particles. Since the particles have spin %, each energy eigenstate labeled

by (nz,ny,n.) can be occupied with four particles with m, = :i:%, :I:%. The lowest energy
eigenstates are

2mL?

Ny My Ny | 555 Engngn, Order
1 1 1 9/4 1
2 1 1 3 2
1 2 1 21/4 4
1 1 2 21/4 4
31 1 17/4 3

We only need the two lowest states, with four particles in each, giving the total force

h272

mL3

T

L.=21 5h*m?
 2mL3’

F, =4FM 4 4p2t = [4 + 16

Problem 5 Spin %

a) Since ﬁo x SZ, ro and S’Z commute and the eigenstates of S”Z are also eigenstates of ffo.
Therefore, we get

_ 2upBy ¢

Holt) = — F2205,19) = —unBol1) = /1), (32

and

Hol 1) = el 4). (3b)

Hence, the energy eigenstates of the system are the spin-up and -down states |1) and |]),
with eigenenergies —e and ¢, respectively.

b) The expectation values are

(S.) = (x]S.|x) = g ((ﬂ cosa + (||e”sin a) <cos alt) — e sina|¢>>

=3 [cos2 o — sin? o] = g [2 cos o — 1], (4)
2By 9 )
(Ho) = — 3 (S:) = —uBBoy [2 cos” o — 1] = —¢€ [2 cos” o — 1]. (5)

.

|x) is an energy eigenstate when it is proportional to only | 1) or |]), meaning for a = J

with n € Z and any ¢ € R.

n



c) To simplify the calculations we write the state as

eiuB Bot/h i
B0 = — 75— (I +<710] (6)
where
¢ = ¢ — 2ippBot/h. (7)

Expressing the 5’33 /y 0 terms of the ladder operators, we get

S, = %, (8a)
. S-§
Sy = — (8b)
The expectation values are then readily calculated:
1 o\ o . o
(Sad(t) = 7 (¢11+ He™ ) 185+ S (1) + |4
1 " o,
= 7 (14 (e (Bl ) +he|1)
= Z [ei‘b/ + e_i‘z’/} = gcos ¢
= gcos (d) — 2MBhBOt>, (9a)
h Py s A
(S = [ — ]
= gsin <¢ — 2HE;BOt) , (9b)
h ., . B
(S0 = 3 (¢H1+ Gem) (I —e9l) = 31 -1 =0 (9)

The oscillating expectation values of the x and y components of the spin spin describes
Larmor precession in a static magnetic field.

Problem 6 Perturbation theory

a) When A\ =0, H and Hy are identical, and the expansion in powers of A should be equal
to the exact solutions of the unperturbed system, giving

ETSO) = €p.



b) We need the matrix element

- A2k 0 1\ /1
Wit =25 ws =0 1 (7 ) (5) =
Hence
Wy _ (011 AR
IX=) = B, E|¢> 2€!¢>,
E® _ [(OIDP A%
- E—E 2

and the ground state to first order in A is
AR

Ix-) =11 - 27’@,
and eigenenergy to second order in A is
22
E_ =—e— .
¢ 2¢

c¢) We rewrite the Hamiltonian

. 2 € A AR A
N v S S )
V2 + N\2k2 V2 + N\2k2

h
where
(= JETz
R MK € .
n= — ?ex + gez.

A ~

Using 7 as the spin quantization axis, defining the operator S,, =S -n

Sult) = £01),
we find
Al = 268, 1+) = F¢l).
Therefore, the eigenenergies are
By = F¢.

For small A\, we get

)\22
E. = Vet X2m—e— 2" +...,

2e

which agrees with our result from perturbation theory.

(15)

(16)
(17)

with eigenstates

(18)
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