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Home exam FY3464 Quantum Field Theory 1

Polarised muon decay.

Aim of the exam is to derive the differential decay rate of muon decay, µ−(p1) →
e−(p4)νµ(p3)ν̄e(p2), via the exchange of a W -boson described by the vertex

− ig√
2
f̄γµ(1 − γ5)f W µ ,

and to show its spin dependence.
a.) Draw the Feynman diagram and write down the matrix element Mfi of this process
at lowest order perturbation theory. Use the Dirac equation to simplify Mfi.
b.) Show that the projection operator on states with definite energy and spin are given by

ua(p, s)ūb(p, s) =
[

(p/ + m)
(

1 + γ5s/
)]

ab
(1)

va(p, s)v̄b(p, s) =
[

(p/ − m)
(

1 + γ5s/
)]

ab
. (2)

[I use the normalisation ūu = 1 and thus fermion have the same phase space as bosons in
the final state. The fermion polarisation vector s was discussed in exercise 4.4.]
c.) Neglect all terms of order m2

e/m
2
W ,m2

µ/m
2
W . Account for the polarisation of the leptons

by including projection operators on their spin, 1 + γ5s/. Show that

|M|2 =
g4

64M4
W

LνµN
νµ =

g4

M4
W

[p3 · (p4 − m4s4) p2 · (p1 − m1s1)]

with
Lµν = pα

3 (p1 − m1s1)
β tr[γαγµγβγν(1 − γ5)]

d.) Evaluate the phase space integration over momenta of the unobserved neutrinos. [Note
that you can not use Eq. (7.159) from the notes, because it is valid only for spin-averaged
decays.] It is useful to write the required integral in a covariant way,

Iαβ =

∫

d3p2d
3p3 p3αp2βδ(4)(p − p2 − p3)

E2E3

(3)

and to express it using the “tensor method” as

I =

∫

d3p2d
3p3δ

(4)(p − p2 − p3)

E2E3

(4)

and two scalar functions. Next evaluate I in an easy frame, e.g. the cm frame of the two
neutrinos.
e.) Neglect finally the electron mass, simplify the formula for a decay of a muon at rest,
and introduce the angle cos ϑ = p̂4s1 and x = E4/E

max
4 in the differential decay width

dΓ/(dx d cos ϑ dφ).
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