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This exam consists of 4 problems. Each problem has several subproblems. Problems typi-
cally have an introduction. Some times, context and some explanation is needed also between
subproblems. This is indicated by starting the paragraph with a box ( ). The last page of
this exam contains some formulae that may be of use.

Good luck!

1: Quick questions

The questions in this problem should be answered very brie
y. One sentence may be enough,
but your answer should not be longer than roughly three sentences. Strive to make your
answers concise, and focus on the most important points. Use equations if appropriate.

a) What is a single particle operator, and how do you obtain the single particle opera-
tor in second quantization, assuming you know what this operator looks like in �rst
quantization?

b) Consider a system consisting of 2 identical bosons described by coordinates x1; x2 and
interacting with 2 identical fermions described by coordinates y1; y2. What are the
symmetry properties of the many-particle wave function describing this system?

c) What is the di�erence between a Mott insulator and a band insulator?

d) How is the generator of a continuous unitary symmetry related to Noethers theorem?

e) How do you obtain the Lehmann representation for a Greens function?

f) What is analytic continuation in the context of Greens functions?

g) What is the Bogoliubov approximation in the context of Bose-Einstein condensates?

h) What is the main idea behind the derviation of the Landau criterion of super
uidity?

2: Su-Schrie�er-Heeger model

The Su-Schrie�er-Heeger (SSH) model is a one-dimensional hopping model that was de-
veloped to describe conduction of electrons in polymer chains. It is known as one of the
simplest models to exhibit so-called topological features. In this problem, we consider the

electrons to be spinless.

Consider a one-dimensional lattice with L unit cells, and let each unit cell consist of two
lattice sites. We consider hopping only between nearest neighbour lattice sites. The SSH
model is characterized by di�erent hopping amplitudes for hopping between lattice sites
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within the same (amplitude �) and in di�erent (amplitude �) unit cells. The Hamiltonian
can therefore be modelled as

H = ��
X
i

�
ayibi + h:c:

�
� �

X
i

�
byiai+1 + h:c:

�
; (1)

where �; � > 0 are two di�erent real hopping amplitudes, and where ai and bi are annihila-
tion operators for an electron at the two di�erent lattice sites inside unit cell i. Let d be the
distance between lattice sites, and let a = 2d be the distance between unit cells.

We �rst consider periodic boundary conditions, i.e. i + L = i and the sums running from
i = 1 to i = L. Then, in subproblem (d), we switch to a chain with an edge. Then, the �rst
sum in the Hamiltonian of Eq. (1) (amplitude �) still runs from i = 1 to i = L, while the
second sum (amplitude �) runs from i = 1 to i = L� 1.

(a) Diagonalize the Hamiltonian and show that it can be brought to the form

H =
X
k

�k(c
y
kck � dykdk); (2)

where ck and dk are some new Fermion operators, and where

�k =
p
�2 + �2 + 2�� cos ka: (3)

You do not have to give explicit expressions for the new operators ck and dk. The sum over
k is over the reduced Brillouin zone (��=a; �=a).

(b) Sketch the single particle dispersion relation as function of the quasimomentum.

(c) Assume the system has N = L (spinless) electrons, i.e. half �lling with one electron per
unit cell. For what values of � and � is the system a conductor at low temperature? When
is it an insulator?

(d) The system is invariant under � $ �. This is not the case when we let the sys-

tem have edges instead of using periodic boundary conditions (see introduction
to problem). Explain why and determine the energy eigenvalues in the two special cases
� 6= 0; � = 0 (case 1) and � = 0; � 6= 0 (case 2). Compare with the bulk dispersion relation
from subproblem (a). (Hint: It may be useful to make a �gure.)

An edge state is an energy eigenstate where an electron in this state is localized at the
edge of the sample. The probability amplitude typically decays exponentially with the dis-
tance from the edge. For the Su-Schrie�er-Heeger model, edge states are only possible in one
out of the two cases � > � and � < �. These two cases are said to topologically inequivalent.

(e) Explain how one may demonstrate the presence of edge states choosing some appropriate
�nite system size and using numerical tools. You should include relevant equations and
matrices in your answer. What properties do you expect the edge states to have based on
subproblem (d).
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3: Spin currents in the Heisenberg model

Consider the ferromagnetic Heisenberg model in a magnetic �eld on a qubic, d-dimensional
lattice,

H = �J
X
hiji

Si � Sj �
X
i

hzi (t)S
z
i : (4)

Applying a static magnetic �eld gradient rh, one may induce a spin current j. To linear
order,

hji = �rh; (5)

where � is the spin conductivity. The determination of this conductivity is very similar to
what we did in the impurity scattering problem.

(a) Consider �rst a static, homogeneous magnetic �eld hzi (t) = h. Derive the excitation
spectrum in linear spin wave theory and discuss the result in light of Goldstones theorem.
You may use that the excitation spectrum of the ferromagnetic Heisenberg model is

!h=0
k = 2JS

X
�

(1� cosk � �) ; (6)

where � are the nearest neighbour vectors in one direction, e.g. � 2 fx̂; ŷg in d = 2.

We now return to the general case of a magnetic �eld that can be both time- and spatially
dependent. The total magnetization M =

P
i S

z
i is a conserved quantity, and we must

therefore have a continuity equation

_Sz
l +

X
�

(j�(l)� j�(l � �)) = 0; (7)

where j�(l) is the spin current 
owing from lattice site l to lattice site l + �.

(b) Use the Heisenberg equation of motion i@tA = [A;H] to identify the spin current. Ex-
press it in terms of the spin raising and lowering operators S+

i and S�
i . Brie
y discuss

whether the obtained expression is reasonable.

(c) Express the total spin current j� =
P

l j�(l) in terms of the magnon creation and annihi-

lation operators ayk and ak. You may disregard terms that correspond to interaction between
magnons. Check that hj�i = 0 when we set hi = 0 for all i.

Using linear response theory, one may show that

hj�(q; !)i = �(q; !)hz(q; !); (8)

with response function
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��(q; !) =
i

N

Z 1

0

dt ei!th[j�(q; t); Sz(�q; 0)]i; (9)

where the second argument of Sz is a time argument. The expectation value is with respect
to the unperturbed Hamiltonian, i.e. without the magnetic �eld. The spatial and temporal
Fourier transformations are given by

A(q) =
1p
N

X
l

e�iq�rlA(l) (10)

A(!) =

Z 1

�1

dt ei!tA(t): (11)

(d) How do you obtain the spin conductivity �, assuming we have calculated �(q; !)? (Hint:
Fourier transform equation (5).)

(e) The Kubo formula relates the electrical conductivity for the electrical current to the
current-current response function. Explain how one may use the continuity equation to
show that the current-spin response function � of equation (9) can be written as a current-
current response function, and with this how one may obtain the spin current analog of the
Kubo formula. Do not try to perform the calculation, simply identify and describe the main
steps. (Hint: ei!t = (1=i!)(d=dt)ei!t. )

4: Greens functions and impurity scattering

(a) The Matsubara Greens function of a time translational invariant system is de�ned as
G(�; � 0; �) = �hT�c�(�)cy�0(0)i, where we restrict the argument � to the interval �� < � � �.
Show that

G(�; � 0; � + �) = �G(�; � 0; �) (12)

with � = 1 for bosons and � = �1 for fermions.

The Matsubara Greens functions in the imaginary time and frequency domains are related
through

G(�; � 0; �) =
1

�

X
!n

e�i!n�G(�; � 0; i!n) (13)

G(�; � 0; i!n) =

Z �

0

ei!n�G(�; � 0; �) (14)

(b) Determine the possible values of !n for fermions (case 1) and bosons (case 2).
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We now consider the impurity scattering problem, as discussed in the lectures and lecture
notes. We have developed Feynman diagrams and Feynman rules for the impurity averaged
single particle Greens function in this problem. For a given diagram, we let n be the order
of the diagram in the impurity potential, while m is the order in the impurity density nimp.

(c) Draw all Feynman diagrams for the impurity averaged single particle Greens function
up to order n = 3 in the impurity potential. Identify the irreducible diagrams. Write down
the expressions for the irreducible diagrams at order n = 3. Do not try to evaluate the
momentum sums.

(d) Assume we calculate the self energy � up to order n = 3 and use the Dyson equation
to obtain the impurity averaged Greens function. This corresponds to summing up a given
subset of all possible diagrams for the impurity averaged Greens function. Draw all inequiv-
alent1 diagrams that belong to this subset, are of order n = 5, and have m = 3 impurity
crosses. Explain your reasoning.

1With inequivalent diagrams, we mean diagrams that do not correspond to the same expression.
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Formulae

The meaning and domain of applicability for the formulae and symbols below is assumed to
be known.

Spins:
S� = Sx � iSy (15)

Spin commutation relations:

[S�; S�] = i
X



���
S

; [Sz; S�] = �S� (16)

Holstein-Primako� representation:

S+
i =

q
2S � ayiai ai ; S�

i = ayi

q
2S � ayiai ; Sz

i = S � ayiai (17)

Lattice fourier transform:

di =
1p
N

X
q

eiq�ridq (18)

Lattice sum:

1

N

X
i

ei(k�q)�ri = �kq (19)

Time ordering:

T� fA(�)B(� 0)g =
�

A(�)B(� 0); � 0 < �
�B(� 0)A(�); � < � 0

�
(20)

Kubo formula:

���(q; !) =
i

!

�
�R

��(q; !) +
ne2

m
���

�
(21)

with current-current response function de�ned as the Fourier transform of

�R
��(r� r0; t� t0) = �i�(t� t0)h[jP� (r; t); jP� (r0; t0)]i (22)
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