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Problem 1 (Points: 10+15+10=35)

A two-dimensional antiferromagnetic insulator may be modelled by a Hamilto-
nian with nearest neighbor exchange interaction defined on a square lattice

HAFMI = −
∑
α,〈i,j〉

Jα SαiSαj;α ∈ (x, y, z)

Here, Jα < 0, Jz = J , and Jx/J = Jy/J = ∆, with ∆ > 0.

a) Use the Holstein-Primakoff transformation to find the excitation-spectrum for
the magnons of the model given above, calculating to quadratic order in magnon-
operators. Sketch the spectrum for small momenta for ∆ = 1 and ∆ < 1.

Hint: You may find it helpful to use relevant results from the lectures for the
case ∆ = 1. You do not need to present a derivation of the latter.

b) Consider low temperatures β|J | � 1, and compute the leading thermal cor-
rections to the magnetization for ∆ < 1. Here, β = 1/kBT , kB is Boltzmann’s
constant, and T is the temperature.

Hint: Keep the magnon-spectrum on the form ∼
√
a+ bq2 for small q.

c) Give a brief physical explanation for the difference in the magnon-spectrum
for ∆ < 1 and ∆ > 1.

1
ex − 1 = e−x

∞∑
n=0

e−nx;x > 0

∫ ∞
0

dx√
a+ bx

e−c
√
a+bx = 2

bc
e−c
√
a
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Problem 2 (Points: 5+10+10+10+10=45)

The BCS-model of superconductivity in a system with a single energy band cross-
ing the Fermi-level, is defined by an effective Hamiltonian of the form

H =
∑
k,σ

(εk − µ) c†k,σ ck,σ +
∑
k,k′

Vk,k′P †k Pk′

where Pk = c−k,↓ck,↑ and P †k is the corresponding adjoint operator. Vk,k′ is an
effective interaction, the c-operators are fermionic creation- and destruction oper-
ators, εk is the single-particle excitation energy of the non-interacting system, and
µ is the chemical potential.

a) Describe under what restrictions this effective model is derived.

b) We now assume that the effective interaction scattering pairs of electrons is
given on the form

Vk,k′ = −V g(k) g(k′); V > 0

where g(k) is a given function which we assume is known. Define the super-
conducting gap-function ∆(k) in the standard way and write down an equation
determining ∆(k). You do not need to derive this equation.

c) Show that ∆(k) may be written on the form

∆(k) = ∆0(T ) F (k)

and give an expression for F (k) and an equation determining ∆0(T ).

d) Consider now the model defined on a two-dimensional square lattice with lattice
constant a = 1. Which of the following forms of g(k) are permissible expressions in
the Hamiltonian given above, if we consider only spin-singlet pairing? Give reasons
for your answer. An answer without reasoning will not be given any points.

g(k) = sin(kx)
g(k) = sin

(
ky
)

g(k) = sin
(
ky
)

sin(kx)

g(k) = cos(kx) + cos
(
ky
)

g(k) = cos(kx)− cos
(
ky
)
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e) Use a permissible function g(k) form the set given in d) and sketch ∆(k)
on the Fermi-surface for a situation where εk = −2t

(
cos(kx) + cos

(
ky
))

and the
system has an average number of particles per site less than unity. Here, t is a
nearest neighbor hopping matrix element.


