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Problem 1 (Points: 5+10+10+10+10+5=50)

The fermionic Hubbard model with repulsive interactions on a lattice with N
sites, is given by the following Hamiltonian

H = −t
∑

⟨i,j⟩,σ
c†

iσcjσ − µ
∑
i,σ

ni,σ + U
∑

i

ni↑ni↓

with U > 0. Here, ⟨i, j⟩ means that the lattice sites i and and j are nearest
neighbors, and the (c†

iσ, ciσ)-operators are fermion creation- and destruction op-
erators creating/destroying a fermion at lattice site i with spin σ. They satisfy
anticommutation relations c†

iαcjβ + cjβc†
iα = δijδαβ, with δ being Kronecker deltas.

Furthermore, niσ = c†
iσciσ. µ is a chemical potential regulating the average number

of particles in the system.

a) Explain what the various terms in the Hamiltonian represent, paying special
attention to the spin-structure of the third term.

b) An antiferromagnetic insulator on a 2D square lattice may be modelled by
a Hamiltonian with nearest neighbor exchange interactions

HAFMI = −
∑

⟨i,j⟩,α
Jα SiαSjα

with Jα < 0 . The operators Si are spin-operators, and α ∈ (x, y, z) denotes
the cartesian component of the spins. We will consider the case Jz = J and
Jx = Jy = ∆J , with ∆ ≤ 1. Consider first ∆ = 1 and explain briefly how and un-
der what conditions such a spin-model could be derived from the Hubbard model
(no detailed calculations are necessary).

c) Using a Holstein-Primakoff transformation for this case and calculating to
quadratic order in bosonic magnon-operators ai and bi (and their adjoints), the
Hamiltonian may be written on the form (need not be shown!)

H = Ec
0 − 2JS

∑
⟨i,j⟩

[
a†

iai + b†
ibi + ∆(aibj + b†

ia
†
j)
]

Introduce Fourier-transformed operators and show that the Hamiltonian may be
brought onto the following form

H = Ec
0 − 2JS

∑
q

[
z(a†

qaq + b†
qbq) + ∆γ(q)(aqbq + b†

qa
†
q)
]

where z is the number of nearest neighbors, and give an explicit expression for
γ(q).
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d) For ∆ = 1, this Hamiltonian may be diagonalized by the Bogoliubov-transformation

aq = uqAq − vqB
†
q

b†
q = uqB

†
q − vqAq

with u2
q − v2

q = 1. Explicit expressions for uq, vq will not be needed here. Then the
Hamiltonian takes the form (need not be shown!)

H = Eqm
0 +

∑
q

ωq

[
A†

qAq + B†
qBq

]
ωq = 2|J |S

√
z2 − γ2(q)

Use this to compute ωq for ∆ < 1, and sketch ωq as a function of q for small q.

e) Next, we add a uniform magnetic field to the problem h = hẑ along the z-
axis. This adds a Zeeman-term −h

∑
i Siz to the Hamiltonian. To quadratic order

in the magnon-operators a and b, this term takes the form h
∑

q

[
a†

qaq − b†
qbq

]
. Show

that the Hamiltonian now becomes

H = Eqm
0 +

∑
q

[
ωA

q A†
qAq + ωB

q B†
qBq

]

and give expressions for ωA
q and ωB

q .

f) For large enough magnetic field h, ωA
q or ωB

q will become negative. Find the
lowest value of h where this happens, and give a physical interpretation of the
sign-change in ωA

q or ωB
q .

Fourier-transformed magnon-operators

aq = 1√
N

∑
i

ai eiq·r

bq = 1√
N

∑
i

bi e−iq·r

Boson commutation relation

aλa†
λ′ − a†

λ′aλ = δλλ′
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Problem 2 (Points: 5+5+10+10+10+10=50)

The fermionic Hubbard model with attractive interactions on a lattice with N
sites, is defined by the Hamiltonian (in the same notation as in Problem 1)

H = −t
∑

⟨i,j⟩,σ
c†

iσcjσ − µ
∑
i,σ

ni,σ − |U |
∑

i

ni↑ni↓

a) Give the definition of a Fermi liquid.

b) Show that the Hamiltonian above may be written on the form

H = −t
∑

⟨i,j⟩,σ
c†

iσcjσ − µ
∑
i,σ

ni,σ − |U |
∑

i

P †
i Pi

and thus determine an expression for Pi.

c) We apply a mean-field approximation to this Hamiltonian by setting Pi = bi+δbi

with bi ≡ ⟨Pi⟩, inserting this into H and neglecting terms quadratic in δbi. Show
that the Hamiltonian then takes the form

H = −t
∑

⟨i,j⟩,σ
c†

iσcjσ − µ
∑
i,σ

ni,σ + |U |
∑

i

b†
ibi − |U |

∑
i

[
P †

i bi + Pib
†
i

]

d) We now use the Ansatz bi = b†
i = b independent of i. Introduce Fourier-

transformed operators

ciσ = 1√
N

∑
k

ckσeik·ri

c†
iσ = 1√

N

∑
k

c†
kσe−ik·ri

and show that the Hamiltonian may be written on the form

H =
∑
k,σ

εkc†
kσckσ + N∆2

|U |
− ∆

∑
k

[
c†

k↑c
†
−k↓ + c−k↓ck↑

]
and give expressions for εk and ∆.

e) We next introduce a Bogoliubov transformation to a new set of fermions (γ†
k, γk)

and (η†
k, ηk).

ck↑ = ukηk − vkγk

c†
−k↓ = ukγk + vkηk
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with u2
k + v2

k = 1. The Hamiltonian may then be written on the form

H =
∑

k

εk + N∆2

|U |
+
∑

k

Ek

[
γ†

kγk − η†
kηk

]

with Ek =
√

ε2
k + ∆2. Compute the momentum distribution nk = ∑

σ⟨c†
kσckσ⟩ for

this system and decide, based on this computation, whether or not the system is
a Fermi liquid when ∆ ̸= 0. Here, you may use that u2

k − v2
k = −εk/Ek.

f) What sort of system does this Hamiltonian describe?
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Some formulas and relations that may be helpful. It is assumed that the candidate
understands the symbols that are being used.

For a non-interacting fermion system with Hamiltonian H = ∑
λ(ελ − µ)c†

λcλ,
the free energy F is given by

F = − 1
β

∑
λ

ln
(
1 + e−β(ελ−µ)

)

For a non-interacting boson system with Hamiltonian H = ∑
λ(ελ − µ)c†

λcλ, the
free energy F is given by

F = 1
β

∑
λ

ln
(
1 − e−β(ελ−µ)

)

Fermi-Dirac distribution

nλ = 1
eβ(ελ−µ) + 1

Bose distribution

nλ = 1
eβ(ελ−µ) − 1

Riemann ζ-function

ζ(z) =
∞∑

n=1

1
nz

Γ-function

Γ(z) =
∫ ∞

0
dt tz−1 e−t

∑
r

eiq·r = Nδq,0

Kronecker-δ

δαβ = 1; α = β

δαβ = 0; α ̸= β

If ad − bc = 1, then (
a b
c d

)(
d −b

−c a

)
=
(

1 0
0 1

)


