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Problem 1 (Points: 5410-+10+10410+5=50)

The fermionic Hubbard model with repulsive interactions on a lattice with N
sites, is given by the following Hamiltonian

H=—-1 Z czgcja — uZni,g + Uznmnu

<i,j>,0 7;70. 7’

with U > 0. Here, (i,j) means that the lattice sites ¢ and and j are nearest
neighbors, and the (cl,, ¢;»)-operators are fermion creation- and destruction op-
erators creating/destroying a fermion at lattice site ¢ with spin o. They satisfy
anticommutation relations cjacjg + cj/gc;ra = 0;;008, With 6 being Kronecker deltas.
Furthermore, n;, = czocig. 1 is a chemical potential regulating the average number
of particles in the system.

a) Explain what the various terms in the Hamiltonian represent, paying special
attention to the spin-structure of the third term.

b) An antiferromagnetic insulator on a 2D square lattice may be modelled by
a Hamiltonian with nearest neighbor exchange interactions

Harvr = — Z Jo Siasja

(i,4)

with J, < 0 . The operators S; are spin-operators, and a € (z,y,z) denotes
the cartesian component of the spins. We will consider the case J, = J and
Jr = Jy, = AJ, with A <1. Consider first A = 1 and explain briefly how and un-
der what conditions such a spin-model could be derived from the Hubbard model
(no detailed calculations are necessary).

c) Using a Holstein-Primakoff transformation for this case and calculating to
quadratic order in bosonic magnon-operators a; and b; (and their adjoints), the
Hamiltonian may be written on the form (need not be shown!)

H = E§—2JS Y |ala; + blbi + Aaib; + blal)]
(4,9)
Introduce Fourier-transformed operators and show that the Hamiltonian may be
brought onto the following form

H=E;-2J5> [z(aflaq + b;bq) + Avy(q)(agb, + b;a;)]
q

where z is the number of nearest neighbors, and give an explicit expression for
7(q)-
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d) For A = 1, this Hamiltonian may be diagonalized by the Bogoliubov-transformation

a, = quq—qug
bg = qug—quq

with ug — ?Jg = 1. Explicit expressions for u,, v, will not be needed here. Then the
Hamiltonian takes the form (need not be shown!)

H = E{™+Y w, |AlA, + B}B,]
q

wy = 2J][8y/22 —v%(q)

Use this to compute w, for A < 1, and sketch w, as a function of ¢ for small g.

e) Next, we add a uniform magnetic field to the problem h = hZ along the z-
axis. This adds a Zeeman-term —h Y, .S;, to the Hamiltonian. To quadratic order
in the magnon-operators a and b, this term takes the form i -, [a];aq — blb,|. Show
that the Hamiltonian now becomes

H = E™+Y |wfAlA, +wlBlB,]
q

and give expressions for wj? and wf.

f) For large enough magnetic field h, w;;‘ or wf will become negative. Find the
lowest value of h where this happens, and give a physical interpretation of the

. . A B
sign-change in w;’ or w,’.

Fourier-transformed magnon-operators

1 iq-r
a, = N Z a; e
b — 1 —iq-r

—_— E b; e
I VN 5 !
Boson commutation relation

a>\6LJ>r\/ - CLLGA = (5»\/
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Problem 2 (Points: 54+5+10+10410+10=50)

The fermionic Hubbard model with attractive interactions on a lattice with N
sites, is defined by the Hamiltonian (in the same notation as in Problem 1)

H=—t Z c}acja —,uan — |U|an¢nz¢
1,0 7

(i.4),0

a) Give the definition of a Fermi liquid.

b) Show that the Hamiltonian above may be written on the form
H=—tY ccjo—pd ni,—|UY PP
(id),0 i i

and thus determine an expression for P;.

c) We apply a mean-field approximation to this Hamiltonian by setting P, = b;+0b;
with b; = (P;), inserting this into H and neglecting terms quadratic in db;. Show
that the Hamiltonian then takes the form

H=—t> cyejo—pY nig+|UY blbi— U] [Blbi + Pb]

<i,j>,0 ’L’,O’ (

d) We now use the Ansatz b; = bzT = b independent of i. Introduce Fourier-
transformed operators

’Lkl‘7

1
= ﬁ zk:Cko—e

T

1
o T ﬁ zkzczae

—ikr;

and show that the Hamiltonian may be written on the form

NA?
H = ngc};gcka + W - A E {C;LTCJL]Q + C_k|Cikt
k,o k

and give expressions for €, and A.

e) We next introduce a Bogoliubov transformation to a new set of fermions (’y,i, k)
and (), 1)

Ckt = UMk — VkVk

CT—m = UpYk T Uk
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with u? + v = 1. The Hamiltonian may then be written on the form

NA? f f
H = ngJFW*'ZEk [%”Yk —771@774
k k

with Ej = /e + A2. Compute the momentum distribution nj, = 3, (czgckﬁ for
this system and decide, based on this computation, whether or not the system is
a Fermi liquid when A # 0. Here, you may use that uj — v} = —¢&;./E.

f) What sort of system does this Hamiltonian describe?
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Some formulas and relations that may be helpful. It is assumed that the candidate
understands the symbols that are being used.

For a non-interacting fermion system with Hamiltonian H = 3, (ex — p)chen,
the free energy F' is given by

F = —; ; In (1 + 6_5(5*_”))

For a non-interacting boson system with Hamiltonian H = Y, (e — u)ch\cA, the
free energy F' is given by

F= ;;ln (1 — e_ﬁ(“_“)>

Fermi-Dirac distribution

1
= eﬁ(ax_ﬂ) +1
Bose distribution
B 1
= eﬁ(az\_lﬁ) —1
Riemann ¢-function
() =3 —
N n=1 n®
I'-function
['(z) = dt e

Z eiqr _ N5q70
Kronecker-9

504,8 = 1,@25
0;a # 8

a6

dap
If ad — bc = 1, then



