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Problem (1)

(i) Compute the matrix element:
(O] datpiiaj | 0) ()

for Fermions and for Bosons.
Distinguish the case o # § and o = f.

Solution:

The definition of Fermion creation and annihilation operators is as follows:

al | ny,ng, N, ..y = 6na70(i1)5“\/na + 1| ny,ne,..,ng +1,..) (2)
Ao | M1, N2y ey Mgy ey = (5710[71(7:1)5‘*«/71& | 1, N2y ey g — 1,000 (3)

where:

Sa = Z Ny (4)

y<a

There is no sign factor and no delta-function factor in the case of Bosons:

al | ni,ngy e Ny o) = Vg + 1| np,ng, yng +1,..) (5)

Qo | M1, N9y ey Ny o) = AN | M1, My g — 1,00 (6)
Hence:
(i) a # 8, Fermions:
ag | 0) =[ B)
al, | B) =[ aB)
ag | af) = —|a)

Qo | @) =] 0) = 0| dadgalal | 0) = ~1

A different way would be to interchange (once) the operators using the anti-commutation
rule, to obtain:

(O] atpiyal | 0y = =0 | (1= fia)(1 = 25) | 0) (7)
giving again (0 | dadgdgdg | 0) = —1.

The case a = f3 is trivial for Fermions, since the double application of af to | 0)
annihilates the state.



The Boson case gives (nearly) the same result for the o # [ case, only the sign
being different (result = +1), because of the commutation relations replacig anti-
commutation.

There is a slight difference for the a = 8 case:
al, | 0) =l o

al, | a) =2 | aa)

V2aq | ) = 2| @)

200 | @) =21 0) = 0| Gadaalal | 0) =2

(ii) Consider a many-electron system.
The number of particles is given by the operator:

N =)l aq (8)
«
where @, a, are creation and annihilation operators for the state a.

Show that:

Solutions:
We need to compute:

The first term vanishes because a2 = 0. We consider the second term:

~ A A

—Ga0) b, = —a(1 — aqal) = —a

where the anti-commutation relation of Fermions has been used, and the last term
has been neglected for the same a2 = 0 reason.

The [N ,al] = al is completely analogous to the previous one.



(iii) Let us consider the Boson operators a| and ay, and let f(al) or f(ay) be
polynomial functions of their argument.
For instance:

flay) = co + cray + c2ai... + c,a (12)
Show that: ;
of(a
ax, f(a})] = L (13
A
and:
df(ay)
i
= — 14
[a)\a f(a)\)] aaA ( )
Solution:
The starting point is the relation:
[A, B"] = nB”’l[A, B] (15)

which is valid provided B commutes with the [A, B] commutator. The relation is
easy to very, using for instance the induction principle. If A, B are creation and
annihilation operators, then their commutator is a number (zero or a delta), and this
commutes with any remaining product of operators. The relation above, therefore,is
valid.

Let us consider the commutator between ag and f(ay):

[al, flan)] = cl[ai\,a,\] + cz[ag,ai]... + cn[af\,aﬁ] (16)

where I neglected the commutator of ag with the complex number ¢g. The result is:
[a:(\,f(a,\)] = cl[ai\,a,\] + 202a,\[af\,a)\]... + ncna’;’l[ai,m] (17)

Since [a),a,] = =0, we obtain:

df(ax)

c?a,\

[al, flax)] = —{e1 + 2c2ax + ... + nepal ™'} = — (18)

The derivation for [ay, f (af\)] iscompletely analogous.



Problem (2)

The time ordered correlation function of two operators A and B is defined as:

Xhp(t) = =¥ | T[A()B(0)] | o) (19)

where | ¥y) is the ground state, the time dependence in the Heisenberg representation
is:

A(t) = e Ae=tHt (20)
and the time ordering operator is by:

~

A<t1>B(t2) tl > tg

(Notice: there is no (-1) factor associated to the interchange of Fermion operators).

(i) Compute the Fourier transform:
+00 ]
Xap(w) = lim Xap(t)e ™ Mdt (22)
n—0* —0
and show that it is given by:

w zZ( on B ° ) (23)

w — wng—I—zn W+ Wpo — 1N

n

where Ao, = (¥ | A | U,,), {Uy, ¥y, ...} are eigenstates of the Hamiltonian, and
hwno = En — Eo > (.

Solution:

There is a slight subtlety in the way to translate the time ordering of ¢; and t, into
the single time argument of x5 (t).
According to the definition:

A(tl)é(tg) tl > tg

T[A(t:)B(t2)] = B(t)A(t)) ty >t



Let us change variables, from t; and t5 to t = t; — t5 and t5. Then:

At +1))B(ty) t>0

T[A(t +t2)B(t2)] = { =+, 25
[Alt+ ) B(t)] B(ty)A(t +t3) t<0 (25)
In these relations ¢, plays the role of an irrelevant origin, ad we re-write:
AHB t>0
) =2 4 26
G =1 5ie <0 (26)

Let us now compute:

+00 0 Q0
f (B et gy — J Wy | BA() | \110>e“"”"tdt+J (o | A(t)B | Uode—md
—00

—0 0
(27)
Inserting the explicit time-dependence:

O 3 A - T . DO .- 7y A~ .- 7y A .
= f (W | Be'™* Ae™ 1" | Wope 1t + f (Wo | e A B | Wope™"dt (28)

0 r ~ . w . ~ . 7 A .
_ f e—iE0t<\IjO ‘ BethA ’ \Do>ezwt+77tdt + f 61E0t<\p0 ’ Ae—thB ’ \Ijo>ezwt—ntdt
—0 0

Inserting a complete basis of eigenfunctions of the Hamiltonian:

0
-y f B G | B 0T, | A | Wttt (29)
n —00

0
+)) f e En B | A | WXV, | B | Toye™ Mt
n J0

0
_ Z BOnAnO eiwnot giwt+nt 1y (30)

o
o . .
+ 3 AouBuo J ¢ iwnot it
0
n

eiwnoteiwt+nt

“N'Bo Ay — =
Z on noiwn0+iw+n

n

+ 2 AOanO

n

(31)

67iwn0t6iwtf17t

—iWpo + W — 1

. BOnAnO
_ nsnd 32
! zn: Wno + w — 10 (32)

0



A
+i Z on n(]
W — Wpo + 17
Now multiplying times —z, we obtaln:

Viate) = 3 (e - ) 33

W—Wpo +1M W+ Wy — 1N

where it is understood that 7 is an infinitesimal positive quantity.

The causal version of the same correlation function is given by:

~

Xag(t) = —i0(t)(Wo | [A(t), B(O)] | Vo) (34)

where [..,..] is the commutator.

(ii) Compute the Fourier transform of yap(t) and compare it to that of x7% 5.

Solution:

The Fourier transform of y4p(t) is:

400

Xap(w) = lim xap(t)e™t =M at (35)
77"0+ —0
Let us compute:
w . w A A A A .
f ap (Bt g J (o | A(H)B — BA(#) | Wode™ (36)
—00 0

w S ~ .3 A A . 3 A . ¥ .
_ J <\IIO | ethAesztB . Be'LHtAeszt ’ \I]0>€1wt77]tdt
0
Inserting a complete set of eigenfunctions of the Hamiltonian:

o0 o0
_ Z AOano J efi(Enon)teiwtfntdt o Z AnOBOn f ei(Enon)teiwtfntdt (37)
n 0 n 0

0

- Z AnO BOn

fzwnotezwt nt iwnot 0

e
= A - -
Z 0n Bno — W + W — Wpo + 1w — 1
. ZZ AOn n0 . 2 nOBOn
W — Wpo + 10 W + Wy + 10

Multiplying not times —¢ we obtain:
(Note: I need to check whether this —i is correct or not!)

YAB (CU) Z AOn n0 i Z nOBOn

W — Wpo + 17 W + Wpo + 17

wwt—mnt

(& (&

0



where again 7 is an infinitesimal positive quantity.

This is the same expression of x% 5(w) apart from changing the sign of in in the
second sum.

iii) Comment on the position of the poles in the complex w plane for XT w) and
AB
XAB(W)-

Solution:

The poles of % z(w) in the complex w plane are at w = w,g—in and at w = —wy,g + 7.
Therefore, x’\z(w) has poles both in the upper and in the lower imaginary half-plane.
By contrast, y4p(w) has poles only in the negative imaginary half-plane.



Problem (3)

(i) The exchange-correlation energy functional of a many-electron system in 1D
is given by:

Bxclpl = [alpl e + 5 [ Ko [dfl—“]daz (39)

where « is a positive numerical coefficient.
Compute the exchange-correlation potential:

pxela) = 5 (39

Solution:

To determine the functional derivative we need to make the change:

p(x) — p(x) + dp(x) (40)
d d d
T (z) — e (z) + %(M(x) (41)

into Eq. 77, keeping the linear terms in the integrand.

Exclp+ 9] = f alp(z) + 5p(a)] ¥ da (42)

+%JK(;)+ dp) (dz(xx) + d5§f)>2d:p

— Ja[p4/3(x) + %p1/3(x)5,0(x) + ...]dz

3
v [+ P aptan () 4 2D R
Linear terms (in dp(z)) in the integrand are:
jor o575 (%) @

These are terms appearing in the XC potential.

We have also: 2) do
f K(p 5 )14 (44)




that needs to be transformed into a term linear in dp while now it is linear in ddp/dz.
We achieve our aim integrating by parts:

5 [ HoRLD A, - (45)
k0 spw| - [ 4 |£0 G | sotwa

The first term vanishes because the variation dp(x) vanishes at +oo. The full XC
potential is:

4
Hxc = goépl/?’(l’)

_15K0ﬁ<dM@)2_}qmd%@ﬁ (46)

2 0op dx dz?

(ii) According to Hartree-Fock, the total energy e(rs) per particle of the spin
unpolarised homogeneous electron liquid is:

221 0916

2
ry Ts

e(rs) = eg(rs) + ex(rs) = (47)

where 7, is the Wigner-Seitz radius (r, = [3/(47p)]"/%), p being the electron density),
ex(rs) is the kinetic energy per particle and e, (r;) is the exchange energy per particle.
Numerical coefficients are in Rydberg energy units.

Compute the pressure P as a function of the density, with pressure defined as:

where F is the system ground state energy, V is the volume, and the derivative is
computed at constant number of particles.

Is there an optimal density for the homogeneous electron liquid, and, in such a
case, could you estimate this optimal density?

Solution:

For a homogeneous system:

or Oe
P=-(—) =-N 4
(aV)N <aV)N 49)




where € is the total energy per particle. (One could argue that E is always N times
the energy per electron, a fortiori for indistinguishable particles; in any case we need
the energy to be a unique function of the average density).
All the partial derivatives are computed at fixed number of particles V.
It is useful to consider: 5 A
C C
g _9ra (50)
ov. oV op
Since p = N/V, 0p/dV = —N/V?. Therefore:

N\? oe , Oe
= — —_— —_— = — —_— 1
P (V> op p op (51)

At point (ii) it has been shown that:

de  rode(ry)

= 52
'Oap 3 drg (52)
Hence: P 0 d (221 0916
€ T . )
e (53)
p op 3 drg | 12 T
T 221 0916 2221 10916
3 73 72 3 72 3
When this expression vanishes at:
2.21  0.916
2—— — =0 —> ry~5H (54)

2
T Ts

P =0, implying that at this density the total energy as a function of V' is stationary.
A quick sketch of E(rs) shows that the stationary point is a minimum of E versus
V' (or vs p,or vs rg). In this sense, according to Hartree-Fock, s ~ 5 is a natural
reference state for the homogeneous electron liquid.



Problem (4)

The order n term in the perturbative expansion of the time ordered correlation
function x% 5 (¢) is:

! (_1’)” j T f "t (@0 | TIAL) By B (0) (). F ()] | B0 (55)

n! h w —w

For the sake of definiteness, assume that A and B are single particle operators:

A=) Aupiilag (56)
ap

B =) Bilas (57)
%)

and the perturbation Hamiltonian contains a pair interaction term:

B 1 bt
Hy; = 3 Z vabcdaLaZacad (58)
abed

(i) List all the pairing schemes of creation and annihilation operator for the order
n = 0 term of Eq. 55.

Solution

Pairing schemes for the term of order n, containing 2n + 2 destruction operators and
2n + 2 creation operators are obtained by list creation and annihilation operators in
two parallel columns;

choose any one of the (2n + 2)! ways of pairing an element from the first column with
one of the right column.

Hence, at order n = 0 one has:

(59)

ool
Q>
(=9
Q>
L

and we have two pairing schemes: {ag(t)al,(t)){asal), and {as(t)al )(asal,(t)). The
original sequence in Eq. 55 was: al,(t)as(t)alas. Therefore, the first pairing has (+)
sign (even number of interchanges needed to obtain the ordering in the pairs), while
the second pairing has (—) sign, because the number of interchanges (3) to go from
the original to the pairing ordering is odd.



(ii) Count all the pairing schemes for the n = 1 term (you don’t need to write
them down) and verify that they are 4! = 24
Argue that in general the number of all pairing schemes is (2n + 2)! for the order n
term of Eq. 55.

Solution:

At order n = 1 one has eight operators, four creation and four annihilation operators.
Each term arising from Wick’s theorem contains four pairs, each made of an annihi-
lation and a creation operator (otherwise the contribution vanishes).

To be more detailed, each contributing term (or "pairing") is of the form:

(agal Y asal }a.al ) aaaly (60)

To find all possible terms, we resort again to the two-column scheme:

(61)
Hy  ac(t) al(t)

Hy  aq(ty)  aj(t)

We pick the first operator on the left column, and pair with any of the (2n + 2)
operators on the right column. There are (2n+2) x (2n+2) choices to do so ((2n+1)
choices from the first column, times (2n + 2) choices from the second column).
Then, we pick a second operator from the remaining (2n + 1) on the left, and pair it
to one of the (2n + 1) operators on the right: (2n + 1) x (2n + 1) choices.

ete.

At the end, we identified [(2n + 2)!]? choices. However, many of these are simply
permutations of the same pairs. With the construction above, for instance, we pick
both:

(il )asal Xacal)aaal) (62)
and:
(g}, )acil ) asal ) aaa}) (63)
that however are identical.
This however is easy to compensate: one only needs to divide by the number of
permutations of pairs in each term, that is (2n + 2)!.

Therefore, the number of distinct terms, or "pairings", is [(2n + 2)!]?/(2n + 2)! =
(2n + 2)!.



In the n = 1 case, the number of distinct pairings is 4! = 24.

(iii) Write down the integral corresponding to the zero order diagram:

k+q,e+m

=5
=>

k.e

Figure 1: Zero order diagram

Please use the reciprocal space notation (consistent with the labels on the figure).

Solution:

The diagram corresponds to the integral:

dk [ 0) 0
—ZZJ J G J(k, )GV (k + q, € + w) (64)

The numerical factor includes a (i)™ =

loop,giving —1.

Matrix elements associated to the external vertices are not specified (one could use
the ngq and n_q operators shown in the figure) since we are not told of the origin of
the diagram.

i, and a (—1) for a single Fermionic

As a complement (not required), one can add that using the expression:

1
GOk, w) = — (65)
W — €ko Mk,o

(where the definition m, = nsign(k — kr) has been introduced), it is possible to

compute explicitly:
— Nk+qo
= , 66
EJ w + €ko — €k+qo + M ( )

where now 7, = nsign(w).




Problem (5)

Consider a system of Fermions interacting through the pair potential:

) e—)\r
v(r)=e (67)
r
whose Fourier transform is: tre?
e
L (68)

To first order in the interaction strength, the energy of the state that arises from the
non-interacting state with momentum occupation numbers Ny, is given by:

h2k? 1
E [Nk = Z - Neo + = [vo — Vk—x 050 | NkoNiror (69)

(i) Substitute Ny = M + 6Ny, (where M = O(kp — k) are the ground
state occupation numbers) to obtain the Landau energy functional. Give explicit
expressions for the quasi-particle energy and for the Landau interaction function.

Solution:

The energy functional is:

E[5Niw] = Y % [N 5ng]+i S oo — vc10s0] [NIE?,) 4 5/\/1&2)] [Mi?;, + (w@j_,]

ko 2V kok’/o’
(70)
= E0+2 h2k2 Z Vo — Uk— k'5oa]N/ / 5-/\fka-|rL Z [Uo - 'kak’(sao’] 5NkoNk'a'
ko 2m QV Ko « 2V kok’o’
where:
h2k2 0 0
EO = Z om ko’ 2V Z Vo — Vk— klégg ]NIEIO)JNIEU) (71)
ko kok/o’
The bare quasi-particle energy is:
h2k2 1
gka [ 7 Z Vo — Vk— k/(saa ] N ] (72)
k/ !

This could be defined more explicitly by computing the integral. This is not strictly
required by the exercise. The Landau interaction function is:

1
fko‘;k’o" = V [UO - Uk—k’(;acr’] (73)



(ii) Calculate the Landau parameter F} and the effective mass of the quasi-
particle.

What happens for A — 07

Solution:

According to the definition:

N(0)* Q) N(0)* in OdOd
Fy = (0) f[vo — Vg_x + Vo] Pi(cos@)— = — ©) Jvk—k’ cos 981n—¢ (74)
2 Q 2 s
4 4
Vk—k! = " = T (75)

(k—k')2+ X k2 + k2?4 N2 —2kk cosf

The terms in vg are neglected because the integral from 0 to 7 of a constant times
Py (cos 6) vanishes.
k, k' have nearly the same modulus (= kr) and span all possible relative angles.

27N(0)* (™  cosfsinfdhde
F} = —
! 2 L 2k2 + A2 — 2k2 cos ) (76)
Change variable from 6 to u = cosf, du = —sinfd#.
b udu
FS = —nN * _
L e (1)

where a = 2k} + N2, b= —2k7.

* rl . *
o = _7rNb(0) J (a+bu—a)du  7N(0) {2 B %1
1

a+ bu b
N(0)* 2k2 + \? A2
_T (0) 2+ L —Z log 5
2kF 2k3, Ak + N2

Then it is obvious how to compute the effective mass m* = m(1 + F}).
For A — 0 the F} coefficient diverges.

a+b
|25}




Some useful relations:

Commutation relations for Bosons:
[ta, ag] = [af, a}] = 0 (79)

% ag] = 0up (80)

Anti-commutation relations for Fermions:

(0,25} = {al, ) = 0 )
(0,21} = b (2
Fourier transform: .
fe) = | s (53)
10 = [ et (5

Special relation:

L _p (1) T iro(x) (85)

T L£in x

Chain-rule for thermodynamic derivatives:

0 0 re d
Vav =P8, " 3. (86)

In this equation r, is the Wigner-Seitz radius r, = [3/(47p)]/?), p being the electron
density.

Landau energy functional for the normal electron liquid:

1
E[Nk,o] = EO + Z gk,oéNk,o + 5 Z fk,o,k’,o’éNk,U(SNk’,a’ (87)
k,o

! !
k,0.k',o

o & is the isolated quasi-particle energy;
® fxox o is the Landau interaction function;

e 0Ny, is the deviation of the quasi-particle distribution from the ground state
one (T'=0 K).



