TFY4210/FY8916 Quantum theory of many-particle systems
Solution sketch to the exam May 22, 2019

Problem 1-1

a) The assumptions made in the approximation are: 1) Only one electron (or-
bital) per site. 2) There is a small amplitude for hopping between sites
(characterized by ?), in this particular case only nearest-neighbour jumps
are allowed.

b) t is the hopping amplitude. a§ (aj) are creation (annihilation) operators for

electrons on sublattice A, and b} ¢ (bj1¢) creation (annihilation) operators
for electrons on sublattice B.

Problem 1-2
Start with the Hamiltonian:
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Considering only the first sum, and substituting
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The second sum is just the Hermitian conjugate of the first sum, so
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the Hamiltonian (1) can be written
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as was to be shown.

Problem 1-3
Substituting
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Problem 2-1

Setting the mass equal to zero in the Dirac equation we get
ihy"0,¥ =0
which can be written
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where 0, = — = —3Jy and p, = —ih0,. Expressing ¥ in terms of two two-
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I 0 0 o
0 __ E__ k
(0 h) = (05)

(ifi@t 0 )(@A):( 0 Ukpk) (@A)
0 —ihd; ) \ ¢B —ope 0 B

which is equivalent to the set of equations:

and using

we get

ih0,pa = orPrPB (10)
ihypp = okprPa (11)

Adding (10) and (11), we get
1h0(pa + ¢B) = orpr(pa + vB) (12)

Subtracting (11) from (10), we get

ihd,(pa — ¢B) = —okpr(a — ¥B) (13)
Introducing ¢+ = w4 = ¢p and o - p = 0Pk, Eqs. (12) and (13) can be written
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which was to be shown.



Problem 2-2

a) Substituting the plane-wave solution ¢ = N e~ FPTy where u is a
two-component spinor into the Weyl-equation, we get

c(oups + oypy)u = Eu
The eigenvalues can be found from solving the secular equation

—F c(pe + ipy)
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E? — Cz(p:v + ipy)(p:v - ipy) =0
E*=c(p} + 1)) (14)
That is,

Ey = *c|p|

which was to be shown.

b) Close to the K-point of graphene, the electrons behave as effectively mass-
less relativistic particles, with a velocity vg (which is approximately 1/300c¢).

Problem 3-1 The Matsubara Green function for noninteracting electron is

= —e ST r(0)(1 —np(&) — 0(—=7)np(£)] (15)

where

is the Fermi-Dirac-distribiution. Fourier-transfoming ) (v, 7), we get
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Finally, we get the retarded Green function for noninteracting electrons by substi-
tuting ip,, — w + in in the Matsubara Green function:
1

Gé%(%w) = m

Problem 3-2

After averaging the position of the impurities, the electrons will ’see’ the same
environment everywhere in the system, thus the system is made translationally
invariant, and the Green functions will be diagonal in k.

Problem 3-3

a) A reducible diagram is a diagram which may be divided into two parts by
cutting an internal line. Following this definition, diagram (A) is reducible,
and (B) is irreducible.

b) Mathematical expression:
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Problem 3-4

a) The spectral function of the retarded Green function is

Ak, w) = —~ImG" (I, w)
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which was to be shown.

b) We shall show that the spectral function satisfy the sum rule
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Now, changing variable
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