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Problem 1

A one-dimensional Bravais lattice consists of identical atoms with mass m that interact
through through harmonic forces with spring constant K. The lattice constant is a.

a) Show that the equations of motion are

d?u,,

pTe = K(’U,n_l + Up41 — 2un) , (1.1)

m

for all n. Determine the dispersion relation and group velocity for vibrations in the
lattice.

b) Demonstrate the connection between Eq. (1.1) and the macroscopic wave equation
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What is the connection between ¢, a, m, and K?

¢) Determine the density of states g(w) for the one-dimensional lattice in a).
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Problem 2

a) Define the reciprocal lattice of a Bravais lattice. Show that the reciprocal lattice may
be generated by the primitive vectors

I‘)’ —
=2 — S (2.1)
a-bxc
bt =on C29 (2.2)
a-bxc
and o
axb
&= 222 (2.3)
i-bxé

where a, b and ¢ are the primitive vectors of the Bravais lattice.

b) What is the reciprocal of a reciprocal lattice?
¢) Define primitive cell, the Wigner-Seitz cell and the 1st Brillouin cell.

Problem 3

In a semiconductor in thermal equillibrium at a temperature 7", the bottom of the conduction
band has the form

- h?k?
e
The density of states in the conduction band is given by
1 [/2m.*\*/?
9(E) = 9.2 (7) (E — E)'? (3.2)
and the Fermi-Dirac distribution is given by
E) = ___ 3.3
f( )_e(E_M)/kBT_}_]_' ()

Hint: You may find the integral [;° z'/2e *dx = \/m/2 useful in the following.

a) Find an expression for the electron density n of electrons in the conduction band. Show
that when the chemical potential y is sufficiently far below the bottom of the conduction
band, E. — p > kpT, we have

n = Ne=Ee)/ksT (3.4)
where

2mme kgT\ */?
NC:Q(%> . (3.5)
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b)

d)

The semiconductor is n-type with N; dopant atoms per unit volume. The density ng4
of excited donor electrons depends on temperature as

_ Ng
" 14 2e(u—Ea)/kBT ~

ng (3.6)
Here E; is the donor level. Derive this result keeping in mind that the electron can
either have spin up or spin down.

Between what bounds must u lie when 7" = 07 Construct an equation that determines
the connection between the chemical potential and the temperature when the valence
band is assumed to be fully occupied. Make the assumption that there are few electrons
in the conduction band.

Show that with the assumptions made above, the chemical potential is given by

p= E4+ kpTlog %\/1 + SJJ\Zd e(Be—Eq) [kpT _ % . (3.7)
What is g at T = 07
Show that n is given by
n= 2Na . (3.8)

" 14 /1 + 8NN, e(Be—Ea)/ksT

When the temperature is high, at least one of the assumptions made so far breaks down
and the semiconductor changes from extrinsic to intrinsic behavior. What does this
mean? Sketch the development of 1 and n as a function of T', also outside the range of
validity of Egs. (3.7) and (3.8).



