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SOLUTION Exam June 10, 2010

Problem 1

a) The primitive translation vectors of a hexagonal lattice may be written (other choices are also
possible and are equally valid):

a = (J3a/2)x +(a/2)y b = —(J/3a/2)x + (a/2)y C = cz
The angles between the vectors are given by:

_ (.3, 3.1y _ 1 — 1900
a-b=abcosd = cose—(—4+4)/(4+4)— > = 0 =120
The volume is given by:

~ ~ ac~ ac- J3a’c
a-(bxc) = ((Ba/2)%+(a/2))) (5 + &) = S8

The reciprocal lattice vectors becomes

gro 2mbxc _ _4m (—ﬁ’a§<+9§/)xc2 _ _A4n (a_c;HJéacA) _ 2mg , 2mc
a-(bxc) Jéazc 2 2 2 a

y
J3a’c 2 2

o 2mCxa _ 4n2 N (@;H g@ _ 4n2 (_a_g;H ﬁacj - _2mg,2m
a-(bxc) J3a’c 2 2 J3a’c 2 2 J3a a
2
c*= 27'[3. al b = 47'C (/\/éa)’% + g‘g}) X (_ﬁgi + g‘g}) = ———4TC ———Jéa 2 = Z_EE
a-(bxc) ﬁa2c 2 2 2 2 ﬁ’;azc 2 c

b) There are 6 GEP in the NH; molecule.

Therefore there are 6 symmetry elements in the point group: E, Cs, 032, 3oy
identity, three-fold rotation axes, mirror planes

. : : iK-R : :
¢) The Laue condition for x-ray diffraction e "™ = 1 where K is the scattering vector and
Ruvw IS @ real space lattice vector. This means that the scattering vector K must be a reciprocal

lattice vector.

The extinction rules (norsk: utslokkingregler) for the BCC structure may be found by noting
that this structure may be viewed as a simple cubic structure with a basis (0,0,0), (*2,%,%).
The structure factor (or scattering amplitude) is then:

Fhkl - f(1+eni(h+k+l))

which becomes zero for h+k+1 = 2n+1 is an odd number.

d) The common types of bonding in a solid are:

(1) ionic bonding, centrosymmetric, long ranged

(2) metallic bonding, centrosymmetric, long ranged

(3) covalent bonding, directional, short ranged

(4) van der Waals bonding, weak, centrosymmetric, short ranged

(5) hydrogen bonding, short ranged, crystalline ice, biological systems
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Problem 2

ik
(a) We consider the Bloch function w(X) = e"*u () and use periodic boundary conditions to

ik(x + N ikN
realize that w(x + Na) = e "y, x+Na) = e ™ y(x) = w(k) since uy is periodic.
Therefore a requirement is that ekNa = 1 and we get
k = |’]2—7t =0 +2_TC +22_TE +7_'C = Z;H N/2
Na Na’ Na’ "7 a Na

since k=+n/a and k=-rt/a are connected by a reciprocal lattice vector and represent the same state, we
find that there are N distinct states.

(b)

(i) 3D free electron density of states:

e = 'Y ) = n2n=k = nglj—T periodic boundary conditions
L3 : : :
(Z) is the number of states per unit volume in k —space

3
g(kydk = 2(5) 4nk’ - dk = g(E)dE

3 1
2,2 3 1
_ % _g _mL® Vv 2m\2.
E=om =9B) =g = 5 oK = 2( 2) E
— h™n 2 A
dk
(ii) Fermi-energy:
Er ¢
Vv (2mEg h? (37°N)3
N = g(E)dE:—( J:E = —
'('; 3l h? - Zm( v )
(iii) Average electron energy at T =0 K:
= 3
_ _ V([2mEg)2 3 2. 3
(E) = J'Eg(E)dE = 3712( 2 ] 5 £EF = ENEg

0

(c) Empty-lattice approximation in 1D.
The “empty lattice” approximation describes “free” electrons that are confined to a periodic lattice.
The wavevector of the electron is determined moduli a reciprocal lattice vector.

The electronic band structure E(k) for a one-dimensional system of lattice spacing a is given by:
2

E() = 1= (k+ G’

2m

where G = in;
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The lowest energybands:

Empty lattice approximation in 1D

energy E(k), arb. units

.S
<

NFE model (qualitative changes)

-4 -3 -2 -1 0 1 2 3 4
wavevector (a=1)

(d) Fermi wave- vector in 2D (N, is the number of electrons in unit cell):

g'(E) = ma 2D—-density of states(per unit cell)
W
- ﬁ
[ MEe ¢ 2Ne _ = _
NC—Ig(E)dE——EF:k el K (N, =2)

Problem 3
a) The concentration n of electrons in the conduction band of an intrinsic semiconductor at T =
300 K, a value of the energy gap of 1.42 eV, and an effective masses mg* = 0.07mg,, my* =

0.05mg:

3

§ ~Egap/2ks T

2mkg
] (m*m,*)’e =4310"Mm3=p

The chemical potential p is found by n = p which gives:
_Ec+E, 3 my,*
u = 5 + 4kBTIn(me*

b) Mobility

_ ~Egop/2kgT
G = nep, +pep, and noe

Numerical value ¢ = 3.2.108 Q'Im1

Egap/2keT

The conductivity increases with temperature as e



c)

d)

Page 9

The position of the donor level relative to the bottom of the conduction band for the
semiconductor as shown in the figure, when the effective mass of the electron
me* = 0.1 m, and the dielectric constant of the semiconductor ¢ = 10 g may be found by
using the expression for the Rydberg constant. The radius of the orbital may be found from
the expression of the Bohr radius:

2 e4me
-Rg/n where Rg = —=—=— = 13,6eV

327[28§h2

E

n

80)2 _ Ry

E,. =R me*( = 13,6meV
d = Rot T ~ 7000 ~ “oome

€

me
rg = | ——|eay~5,3nm
m.*

e

Negative effective mass.

A negative mass would be unphysical for a free electron. However, for an electron in a solid
the motion is linked to the lattice. Let us consider an electron in a band with wavevector k
near the zone boundary. An increase in k by an electric field takes the electron closer to the
condition of Bragg-reflection (k=n/a), therefore momentum transfer from the electron to the
lattice following elastic back scattering is greater than the increase in k by the electric field.
Thus the effective mass is negative. Therefore negative mass effects are only significant for
nearly full bands.





