
1 Exam TFY4230 - Autumn 2020

Solution 1

〈~∆2
i 〉 = 1

〈~∆i · ~∆j〉 = p2 + (1− p)2 for i 6= j

〈~R2
N〉 =

〈
N∑
i=1

N∑
j=1

~∆i · ~∆j

〉
=

N∑
i=1

N∑
j=1

〈
~∆i · ~∆j

〉
= N + (N2 −N)

[
p2 + (1− p)2

]
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Solution 2

∫ √2mE

−
√

2mE

dpx

∫ ∞
−∞

dxC δ[
p2
x

2m
− E +K|x|] =

∫ √2mE

−
√

2mE

dpx
2

K
=

4C
√

2mE

K
⇒ C =

K

4
√

2mE

Solution 3

dS

dE
=

1

T
⇒ E = CT
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Solution 4

Z =
1

h2

∫
d2pe−β

p2

2m

∫
d2re−βU =

1

h2

(∫ ∞
−∞

dpxe
−β p2x

2m

)2(∫ ∞
−∞

dxe−βK|x|
)2

=
2πm

h2
(kBT )3 4

K2

Solution 5
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Z =
1

N !h3N

∫ ∞
0

dE CNe−βE =
CN

N !h3N

1

β

〈E〉 = − ∂

∂β
lnZ =

1

β
= kBT

Solution 6

Z =
1

h

∫
dpx

∫
dx e−βH =

1

h

(
2πm

β

)1/2 [
`e−βε + (L− `)

]
〈E〉 = − ∂

∂β
lnZ =

1

2
kBT +

`ε

`+ (L− l)eβε

〈U〉 =
`ε

`+ (L− l)eβε
→ 0 when L→∞
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Solution 7

Z =
∞∑
n=0

e−βnε =
1

1− e−βε

p2 =
e−2βε

Z
= e−2βε − e−3βε

Solution 8 The phase space trajectory of a harmonic oscillator is an ellipse in the (x, px) space with

−
√

2mE ≤ px ≤
√

2mE and −
√

2E
mω2 ≤ x ≤

√
2E
mω2 . Since the two oscillators have different different

mass the two ellipses cross in 4 points.
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Solution 9

Z =
1

h22!

∫
dpx

∫
dpy

∫
dx1

∫
dx2 e

−β[
p21

2m1
+

p22
2m2

+K(x1−x2)2]

〈(x1 − x2)2〉 = − ∂

β∂K
lnZ

〈(x1 − x2)2〉 = − ∂

β∂K
ln

[∫
dx1

∫
dx2 e−βK(x1−x2)2

]
= − ∂

β∂K
ln

√
π

βK

〈(x1 − x2)2〉 =
kBT

2K
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Solution 10 Probability that one particle is on the prescribed interval:

p1 =

∫ L

0

P (y)dy

where the Boltzmann distribution is P (y) = Ce−βU(y), normalization of the probability distribution
determines the constant C, which gives P (y) = mgβe−βmgy and

p1 = 1− e−βmgL

hence the probabilty that all particles is in the interval is

p = pN1 =
[
1− e−βmgL

]N
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Solution 11 N ways of choosing particle for the ground state. The remaining N − 1 particles are
distributed on two energy leves, giving the total number of configurations N × 2N−1

Solution 12
F = Nε− kBT ln (N)⇒ Z = e−βF = Ne−βNε

The system has only one energy level E = Nε, and hence ∆E2 = 0.

Solution 13
There are four states of the spins (s1, s2) = (1, 1), (1,−1), (−1, 1), (−1,−1) with corresponding

energies H = −J, J − 2h, J + 2h,−J . Since h > 2J the lowest energy is H = J − 2h which is the
ground state at zero temperature, i.e. 〈E〉 = J − 2h at T = 0.
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Solution 14 There are four states of the spins (s1, s2) = (1, 1), (1,−1), (−1, 1), (−1,−1) with cor-
responding energies H = −J, 3J,−J,−J . At T = 0 there are therefore 3 ground states with lowest
energy H = −J , and the entropy is S = kB ln 3.

Solution 15 At infinite temperature there is no correlation between the spins and 〈sisj〉 = 〈si〉〈sj〉 =
0 when i 6= j, hence 〈H〉 = 0. There are 23 configurations of the spins hence:

〈E〉 = 0 and S = kB ln (8) = kB3 ln (2)
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Solution 16

Z =
∑
s1=±1

∑
s2=±1

∑
s3=±1

eβε(s1+s1s2+s1s2s3)

=
∑
s1=±1

∑
s2=±1

eβε(s1+s1s2)(eβεs1s2 + e−βεs1s2)

=
∑
s1=±1

∑
s2=±1

eβε(s1+s1s2)(eβε + e−βε)

=
∑
s1=±1

eβεs1(eβε + e−βε)2

= (eβε + e−βε)3

Z = e3βε + 3eβε + 3e−βε + e−3βε
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Solution 17
Z =

∑
φ1=0,1

∑
φ2=0,1

eβJφ1φ2 = 3 + eβJ

〈E〉 = − J

1 + 3e−βJ

Solution 18 At T = 0 the average energy is the minimum energy of the Hamiltonian. The minimum
of −hq1 + εq2

1 is −h2

4ε
, hence:

〈E〉 = −N h2

4ε
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Solution 19 The Hamiltonian favors anti-alignment of the spins, the minimum energy is when
θ1 − θ2 = ±π, hence 〈(θ1 − θ2)2〉 ≈ π2 at low temperatures.

Solution 20 Thermal equilibrium implies:

∂F

∂N
= µ⇒ 1000ε− 2εN = µ

Hence:
N = 500 +

µ

2ε
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Solution 21 Partition function:

Z =
1

h3NN !

(∫
d3pe−β

p2

2m

)N ( ∑
s1=±1

eβBs1

)N

=
1

h3NN !

(
2πm

β

)3N/2 (
eβB + e−βB

)N
Free energy:

F = −kBT lnZ

Chemical potential:

µ =
∂F

∂N
=

1

β
ln (

Nλ3

V
)− 1

β
ln (eβB + e−βB)
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Solution 22

〈N〉 =
∂

β∂µ
ln Θ = 1 + 2βµ

p =
kBT

V
ln Θ =

kBT

V
(βµ+ β2µ2) ≈ kBT

V

1

4
〈N〉2

Solution 23

〈N〉 =
∂

β∂µ
ln Θ = M
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〈E〉 = µ〈N〉 − ∂

∂β
ln Θ = 〈N〉2ε

Solution 24

Θ =
∞∑
N=0

ZNeβµN =
∞∑
N=0

1

N !
eβ(µ+ε)N = exp [eβ(µ+ε)]

〈N〉 =
∂

β∂µ
ln Θ = eβ(µ+ε)

∆N2 =
∂

β∂µ
〈N〉 = eβ(µ+ε)

When µ = 0 we get: ∆N2 = eβε.
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Solution 25 The partition function tells us that there are N + 1 energy levels: En = nε with
n = 0, 1, 2, · · · , N . At infinite temperature all energy levels have same probability of being occupied.
Hence the average energy becomes

〈E〉 =
1

N + 1

N∑
n=0

En =
1

N + 1

N(N + 1)

2
ε

〈E〉 =
N

2
ε
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Solution 26

Θ =
∞∑
N=0

ZNeβµN = exp [eβ(µ−ε)]

〈N〉 =
∂

β∂µ
ln Θ = eβ(µ−ε)

When µ→ −∞ we have:
〈N〉 = 0

Solution 27

Z =

( ∑
s1=±1

eβµBs1

)N

=
(
eβµB + e−βµB

)N

〈E〉 = − ∂

∂β
lnZ = −NµB eβµB − e−βµB

eβµB + e−βµB
= −NµB 1− e−2βµB

1 + e−2βµB
≈ −NµB (1− 2e−2βµB)

∆E2 = − ∂

∂β
〈E〉 ≈ N(2µB)2e−2βµB
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Solution 28
Partition function:

Z = 1 + eβε + e−βε

Probabilities:

p1 =
1

Z

p2 =
e−βε

Z

p3 =
eβε

Z

The relation between free energy and partition function implies: F = −kBT lnZ = kBT ln (p1),
i.e. we have:

F = kBT ln (
2

7
) with kBT =

ε

ln (2)
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Solution 29

〈E〉 =

∫ ∞
0

g(ω)h̄ω dω

eβh̄ω − 1
=

3Nh̄ω0

eβh̄ω0 − 1

When β →∞:
〈E〉 ≈ 3Nh̄ω0e−βh̄ω0

C =
∂

∂T
〈E〉 ≈ 3NkB(βh̄ω0)2e−βh̄ω0
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Solution 30 Partition function 1D Ising model:

Z =
∑
s1=±1

∑
s2=±1

· · ·
∑
sN=±1

eβJs1s2 · · · eβJsN−1sN

When kBT � J the partition function is:

Z ≈
∑
s1=±1

∑
s2=±1

· · ·
∑
sN=±1

1 = 2N

Grand canonical:
Θ =

∑
N

ZNeβµN ≈
∑
N

2NeβµN =
∑
N

e(βµ−ln (2))N

Which is a geometric series that converges whenever:

µ < −kBT ln (2)

Solution 31

ZN =
1

h2NN !

(∫
d2p

∫
d2r e−β

p2

2m

)N
=

1

h2NN !

(
2πm

β
A

)N

Θ =
∞∑
N=0

ZNeβµN = exp [
2πmkBT

h2
A exp (βµ)]
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Solution 32 There are many more short wavelength modes than long wavelength modes. The
equipartition theorem implies that at high temperatures there is much more energy stored in short
wavelength oscillations than long wavelength oscillations.

Solution 33 The grand canonical ensemble can be derived from both the canonical and microcanon-
ical ensemble.
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Solution 34

Z =
1

h

∫
dz

∫
dpz e−βH =

1

h

(
2πm

h2

)1/2

[` exp (−βε) + L− `]

F = −kBT lnZ

P == −∂F
∂L

=
kBT

L− `+ ` exp (− ε
kBT

)
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Solution 35

dS

dE
=

1

T
⇒ 2kB

E
=

1

T

E = 2kBT

Solution 36 The total energy of the system: E = n1ε, where n1 is the number of particles in the
excited state. Since the particles are indistinguishable there is only one state per energy level and
the partition function becomes:

Z =
N∑

n1=0

e−βn1ε =
1− e−(N+1)βε

1− e−βε
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Solution 37 Let (n0, n1, n2, n3) be the occupation number of the energy levels. Since the particles are
fermions there are four different allowed configurations of the system: (0, 1, 1, 1), (1, 0, 1, 1),(1, 1, 0, 1),(1, 1, 1, 0)
with corresponding energies 6ε, 5ε, 4ε, 3ε. The partition function is therefore:

Z = e−3βε + e−4βε + e−5βε + e−6βε

Solution 38

〈E〉 =
M∑
n=1

En
eβ(En−µ) − 1

≈
M∑
n=1

En
1 + β(En − µ)− 1

When µ = 0 we therefore get:

〈E〉 ≈
M∑
n=1

1

β
= MkBT
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Solution 39

〈n1〉+ 〈n2〉+ 〈n3〉 =
1

e−βµ − 1
+

2

eβ(ε−µ) − 1
≈ 3

e−βµ − 1

since eβε ≈ 1. Since 〈n1 + n2 + n3〉 = 3 we must have:

µ ≈ −kBT ln (2)
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Solution 40
Equipartition theorem:

〈E〉 =
1

2
kBT +

1

2
kBT = kBT

Fluctuation in energy:

∆E2 = − ∂

∂β
〈E〉 =

1

β2
= (kBT )2


