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NTNU Institutt for fysikk

Contact during the exam:
Professor Ingve Simonsen
Telephone: 9 34 17 or 470 76 416

Exam in TFY4235/FY8904 Computational Physics
May 07, 2018

09:00

Allowed help: Alternativ A

This problem set consists of 6 pages.

This exam is published on Monday, May 7 at 09:00 hours. You can work on your solution
till Thr. May 10, 2018 at 23:00 (“the deadline”). Before the deadline you should submit
your final report in the pdf-format and a zip-file containing the documented source code. For
the names of the files that you will submit, please use <lastname>_TFY4235_report.pdf and
<lastname>_TFY4235_code.zip; for those of you taking the course using the the FY8904
code, replace the TFY code by this code. The submission of your work you will do via the
system “Inspera” that you can find at https://ntnu.inspera.no/. You will receive an email
at the start of the exam detailing how to log onto this system and how to submit your report
via it.

Prior to the deadline you are also expected1, to send the final report to me at email
Ingve.Simonsen@ntnu.no with subject TFY4235 or FY8904.2

There are no constraints on the kind of aid you may want to use in connection with this
exam, including discussing it with anybody. However, the report and the computer code you
will have to write yourself. Please attach your computer codes as appendices to the report.
Give as a footnote the names of your collaborators during the exam. The report may be
written in either Norwegian (either variants) or in English.

Should you run short on time, you are advised to spend the time to do properly what you
do instead of following a strategy of doing a little bit here-and-there.

Information posted during the exam, like potential misprints, links to papers, extended
deadline etc. will be posted on the web-page of the course at http://web.phys.ntnu.no/

~ingves/Teaching/TFY4235/#Exam and/or http://web.phys.ntnu.no/~ingves/Teaching/
TFY4235/Exam/. It is your responsibility to check this information regularly!

1Useful in the unlikely event that something should go wrong with the digital submission via “Inspera” (or
you cannot get it to work properly).

2Warning: If your email is too large, the gmail system, to which I also forward my email, may notify you
that the message was too large to be delivered to my gmail account. This means that your message was
received successfully by the ntnu email system, if you were not informed otherwise.

https://ntnu.inspera.no/
http://web.phys.ntnu.no/~ingves/Teaching/TFY4235/#Exam
http://web.phys.ntnu.no/~ingves/Teaching/TFY4235/#Exam
http://web.phys.ntnu.no/~ingves/Teaching/TFY4235/Exam/
http://web.phys.ntnu.no/~ingves/Teaching/TFY4235/Exam/
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There are no formal requirements for the format of the report in addition to what was
said above. The report should explain what you have been doing, your results, and how
you interpret these results. Details should be included to the extent that we as graders can
follow your way of reasoning. General background theory that, for instance, can be found i
textbooks, is not needed in the report. It is documentation of your work we are interested in!
Remember that if you have written an original and clever code for solving the problem, but
are not able to explain it well in the report, it is hard to give you full credit.

I plan to have office hours from 13:00-16:00 on Monday May 07 in case you have questions
to the problems. Moreover, the teaching assistants (TAs) will also be able to assist you during
the exam.

Good luck to all of you!
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These bands are called Liesegang patterns. Right
after their discovery, a number of studies were pub-
lished on similar systems. The spacing between the

w xbands follows the Jablczynski’s law 3 which states
that the ratios of the position of the bands x ap-n
proaches a constant psx rx . Thus, the positionnq1 n
behaves like a geometrical series. Likewise there has
also been established a relationship between the times
when each band appears.

We report on diffusion reaction studies performed
by feeding reacting gases NH and HCl to each end3
of a silica aerogel. Hence, we are able to study the
Liesegang phenomenon using two diffusing species,
whereas in the Liesegang experiment only one species
diffused into gel where the other species was already
present. The aerogel is also transparent making a
visual inspection of the band formation possible.
Further, the pore size is of the order of the mean free
path of the diffusing molecules or less, which corre-
sponds to a Knudsen number 41. Thus, the pro-
cess is surely a diffusion process or a molecular
flow.

2. Experimental

The aerogels were made from tetramethoxysilane
Ž .TMOS , H O, methanol, HCl and NH OH in a total2 4
molar ratio 1:4.98:12.6:10y3 :3.8=10y3 following a
two-step acid–base catalyzed route published by

w xBrinker et al. 4 After the gel formation, the gels
were washed in a 20 vol.% H Ormethanol solution2
followed by aging in a 70 vol.% tetraethoxysilane
Ž .TEOS solution for 48 h at 608C to increase the
strength of the aerogels. Further, the wet gels were

Ž .treated with hexamethyldisilazane HMDZ in a n-
heptane solution prior to drying at ambient pressure
to make the gels hydrophobic. The methylation of
the gel surface to remove hydroxyl groups was per-
formed to try to eliminate chemical interactions be-
tween the two diffusing gas species and the aerogel.
The aerogels have a cylindrical shape with a diame-
ter of about 8 mm and obtained a density of 0.196 g
cmy3.

The side of the monolithic aerogel was covered
with Teflonw tape forcing the diffusing gases to
enter only from the ends and preventing gases from
diffusing out the side of the gel. End caps of the

Fig. 1. Photograph which shows the Liesegang pattern after 5.5
days of diffusion of HCl and NH .3

monolith were polished to create a flat surface where
the diffusing gases could enter the gel.

The HCl and NH gases were provided by equili-3
brating the atmosphere above HCl and NH solu-3
tions with known concentration and temperature.
When equilibrium was obtained, the gases were let
into the aerogel. By changing the concentration of
the HCl and NH solutions, the partial pressure of3
the diffusing gases can be varied.

For the first experiment where each gas was
allowed to diffuse from each end of the gels, rubber
tubes connected the gel and the gas reservoirs. In the
other experiment where the gas diffusion coefficient
in the gel was measured, the gel was put in one end
of a glass tube 150 cm long. The glass tube was then
connected to the gas reservoirs.

The duration of the diffusion experiments varied
from a few hours to approximately 1 week. The
Liesegang pattern was visible as white rings or lay-

Ž .ers in the gel see Fig. 1 .
The IR transmission spectra were recorded using

Ža Bruker IFS 66v FTIR spectrometer. Samples ;1
3.mm were selected at different locations along the

axis of the aerogel after formation of the Liesegang
pattern.

3. Results

During a diffusion experiment the diffusion fronts
of HCl and NH meet, the following chemical reac-3
tion takes place:
HCl g qNH g ™NH Cl g . 2Ž . Ž . Ž . Ž .3 4
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I.INTRODUCTION

Aclassichighschoolchemistryexperimentconsistsof
placingacottonplugdrenchedinammoniaatoneendofa
longglasstubesimultaneouslywithanotheronedrenchedin
hydrochloricacidattheotherendofthetube�1�.Thenone
waits,andaftersometime,awhiteringformsonthetube
wall.Thewhiteringconsistsofammoniumchloride,result-
ingfromthegasesreactingoncontact.Frommeasuringthe
positionoftheringrelativetothetwoendsofthetube,the
ratiobetweentheaveragevelocitiesofthetwogasesis
found.ThisratioisthencomparedtoGraham’slawwhich
statesthatitisequaltothesquarerootoftheinverseofthe
molarmassesofthetwogases.

Whathappensifwerepeatthisexperimentsubstitutinga
porousmediumfortheair-filledtube?Wehaveperformed
suchexperiments,usingasilicaaerogelastheporousme-
dium.Alargenumberofcloselyspacedpaper-thinsheets
formintheaerogel,spanningitintheradialdirection.InFig.
1,weshowaphotographoftheprecipitatethatwasformed
byexposingtheaerogelrodduring5.5daystothereacting
gases.

Periodicsheetlikestructuresareknowntodevelopin
diffusion-reactionsystems.Theywerefirstdescribedone
hundredandoneyearsagobyLiesegang�2�,whoobserved
thereactionwhensilvernitratesolutiondiffusesintoagel
containingsilverdichromate.Aboutayearlater,Ostwald�3�
suggestedthattheLiesegangringsareduethepresenceofa
nucleationthreshold.Thereactionproductnucleatesonly
whenathresholdconcentrationisreached.Thisnucleation
depletestheconcentrationofmobilereactionproductinthe
zonewheretheconcentrationisabovethresholdandits
neighborhood,thusstoppingthenucleationprocesshere.
Meanwhile,thereactionfrontmoveson,buildingupthecon-
centrationofmobilereactionproductelsewhere.Thisleads
totheformationoftheLiesegangrings.Anothertheory,put
forwardbyPrager�4�,isbasedontheexistenceofareaction
thresholdbetweenthetwodiffusingspecies.Anintermediate

mobilereactionproductisthennolongernecessaryinorder
toproducetheLiesegangstructure,aswasthecaseinthe
Ostwaldtheory.

Inthesubsequentyears,hundredsofpapershaveap-
peareddiscussingvariousaspectsoftheLiesegangphenom-
ena,includingahostofalternativeexplanations.Forreviews
see,e.g.,�5–8�.WenotethatinstandardLiesegangexperi-
ments,oneofthereactantsisalreadypresentinthegelatthe
beginningoftheexperiment.However,inourexperimentthe
tworeactantssimultaneouslydiffuseintothereactionzone.

Usually,thereactantsdiffuseinanaqueousgel.However,
thereexistexperimentsthathavedemonstratedtheLieseg-
angphenomenoningaseoussystems,notablythatofSpotz
andHirschfelder�9�whoobtainedringsinatubecontaining
HClandNH3,i.e.,thehighschoolsetupdescribedabove.As
noporousmediumwasdeployedinthisstudy,thereaction
productwerenotkeptfixedandthestructureoftherings
couldnotbestudied.

FIG.1.A2.1cmlongaerogelrodwithdiameter8mmwas
wrappedinteflontapealongthelongaxis.Atoneendoftheroda
cottonplugsoakedinHClwasplaced.Attheotherend,acotton
plugsoakedinNH3wasplaced.After5.5days,thecottonplugs
andteflontapewereremoved.AprecipitateconsistingofNH4Clin
theformofaseriesofclearlydefinednarrowsheetshasformed.
Theammoniawasplacedatthelefthandsideoftherod,whilethe
hydrochloricacidwasplacedattheotherside.
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Figure 1: Photographs of the Liesegang pattern obtained experimentally. A 2.1 cm long
aerogel rod with diameter 8 mm was wrapped in teflon tape along the long axis. At the left
end of the rod a cotton plug soaked in NH3 was placed (gas a). At the right end, a cotton
plug soaked in HCl was placed (gas b). After 5.5 days, the cotton plugs and teflon tape were
removed. A precipitate consisting of NH4Cl (solid s) in the form of a series of clearly defined
narrow sheets has been formed. (Adapted after [2, 3]).

Problem 1

Your suggested solution for Assignment no 2 [1] should be handed in as part of the report.
It will count 15% towards the final grade of the course.

Problem 2

This takehome exam is devoted to the study of a particular reaction-diffusion system that
display the so-called Liesegang phenomenon [2]. To motivate this phenomenon, we cite the
the first two paragraphs of the introduction of Ref. [2], which reads:

“A classic high school chemistry experiment consists of placing a cotton plug drenched
in ammonia at one end of a long glass tube simultaneously with another one drenched in
hydrochloric acid at the other end of the tube. Then one waits, and after some time, a white
ring forms on the tube wall. The white ring consists of ammonium chloride, resulting from
the gases reacting on contact. From measuring the position of the ring relative to the two
ends of the tube, the ratio between the average velocities of the two gases is found. This
ratio is then compared to Graham’s law which states that it is equal to the square root of the
inverse of the molar masses of the two gases.

What happens if we repeat this experiment substituting a porous medium for the air-filled
tube? We have performed such experiments, using a silica aerogel as the porous medium. A
large number of closely spaced paper-thin sheets form in the aerogel, spanning it in the radial
direction. In Fig. 1, we show a photograph of the precipitate that was formed by exposing
the aerogel rod during 5.5 days to the reacting gases.“

We will now try to model the experimental results presented in Fig. 1. To this end, we
start by assuming that the system can be described in terms of one spatial coordinate — the



Exam in TFY4235/FY8904 Computational Physics, May 07, 2018 Page 4 of 6

x

x=0 x=L

Gas b

Tube

Gas a

Figure 2: Schematics of the geometry that we consider.

distance x measured along the rod. We choose a coordinate system so that x = 0 and x = L
correspond to the ends of the tube, respectively (see Fig. 2).

The gases, initially present in the system, we will refer to as gases a and b. They diffuse
in the porous medium, meet, and react to produce the (“reaction product”) gas c. This
reaction is assumed to be of the form3 a+ b→ c with a reaction rate R. Furthermore, when
the concentration of the reaction product c satisfies c(x, t) ≥ c0 with c0 a known positive
constant, nucleation and precipitation occur resulting in the formation of the solid s which
can be observed as white sheets in the photographs in Fig. 1. The constant c0 > 0 is
interpreted as the threshold concentration required for the gas c to nucleate into the solid s.

For reasons of simplicity, and since it will not cause any confusion, we will in the following
let the function g(x, t) denote the concentration at spatial coordinate x and time t for the
gas g (of the same name) with g = a, b, c. The concentration we will here take as the number
concentration so that the unit of concentration is meter inverse ( [g(x, t)] = m−1). Moreover,
the diffusion constant of gas g is Dg > 0, and its physical unit is [Dg] = m2/s. Similarly,
s(x, t) denotes the (number) concentration of “solid” s at spatial-temporal coordinate (x, t).

The size of the pores in the porous medium is of the order of the mean free path (or
less) of the diffusing gas molecules (Knudsen number � 1); thus the dominating transport
mechanism for the gases also inside the porous medium is diffusion. Hence, the relevant
equations for concentrations a(x, t), b(x, t), c(x, t), and s(x, t), are [2]

∂a(x, t)

∂t
= Da

∂2a(x, t)

∂x2
−Ra(x, t) b(x, t) (1a)

∂b(x, t)

∂t
= Db

∂2b(x, t)

∂x2
−Ra(x, t) b(x, t) (1b)

∂c(x, t)

∂t
= Dc

∂2c(x, t)

∂x2
+Ra(x, t) b(x, t)−N1θ

(
c(x, t)− c0

)
c2(x, t)−N2c(x, t) s(x, t) (1c)

∂s(x, t)

∂t
= N1θ

(
c(x, t)− c0

)
c2(x, t) +N2c(x, t) s(x, t), (1d)

where N1 and N2, are known constants and θ(·) is the the Heaviside step function (or unit
step function). Equation (1) represents a coupled set of partial differential equations for the

3The reaction of the form a + b → c is consistent with the chemicals used in the experiments reported in
Ref. [2].
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unknown concentrations. The term Rab, appearing several places in Eq. (1), describes the
reaction of gasses a and b into c (with R denoting the reaction rate of the two former species).
The term N1θ(c−c0)c2 describes the nucleation of gas c into its solid form s. Finally, the term
N2cs represents the aggregation of gaseous c onto previously formed aggregates. It should
be remarked that the detailed form of Eq. (1) assumes the chemicals used in the study in
Ref. [2]; using other chemicals of different stoichiometry will affect numerical values of the
model.

In order to be able to solve Eq. (1), initial and boundary conditions have to be introduced.
For simplicity, we will here assume that the ends of the tube at x = 0 and x = L, feeding
it with the gases a and b, can be considered as (infinite) reservoirs of constant concentration
a0 and b0, respectively; that is, for any time t ≥ 0 we have a(0, t) = a0 and b(L, t) = b0 [see
Fig. 2].

2.1 Exam questions

a) Rewrite Eq. (1) in dimensionless form and use it to discuss a numerical scheme for
solving these equations. Specify mathematically the initial and boundary conditions
that you will use. In particular, be careful to discuss how you will handle the nonlinear
terms that appear on the right-hand side of Eq. (1). Assume that we study the system
for sufficiently short times t so that the concentration of gasses a and b at the opposite
ends of the tube relative to the respective reservoirs can be approximately set to zero.

b) Write the code for solving Eq. (1) numerically (remember to comment your code, at
least, to some extent).

c) Test your implementation in order to convince yourself (and everyone else) that your
implementation is correct. Can you test your code for some special cases?

d) Solve the system of partial differential equations (1) for tube length L = 1 m; diffusion
constants Da = 4× 10−7 m2/s, Db = (2/3)Da, Dc = (8/15)Da; reaction rate R =
1 m/s; constants N1 = N2 = R/10; reservoir concentrations a0 = 1 m−1 and b0 = 10 a0;
and finally a nucleation threshold of c0 = 3× 10−2 m−1.

For these parameters, plot the concentrations a(x, t), b(x, t), c(x, t) and s(x, t) as func-
tion of 0 < x/L < 1 for a few values of the time t. In particular, demonstrate that
the function s(x, t) displays “sheets” of well-defined high concentration consistent with
what is seen in Fig. 1. Does the calculated sheet structure depend on your choices for
∆x and ∆t?

In your report, remember to specify all the numerical parameters (like ∆x and ∆t) that
you assume in performing the numerical calculations.

e) Let xn denote the position of sheet n = 1, 2, . . . defined so that xn < xn+1. Use your
simulation results, assuming the parameters of the previous sub-problem, to calculate
the sheet-sheet distance ∆ξn = xn+1 − xn. Does ∆ξn depend on time and/or on n?
What happens to the sheet-sheet distance when the nucleation threshold c0 is changed?

f) Based on your simulation results, identify the physical mechanism that is responsible for
the formation of the sheet structure [seen in s(x, t)]. Will such sheet structure always
be formed independent of the values of the diffusion constant of the gases Dg ≥ 0?
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So far we have assumed Dg (g = a, b, c) to be constants. However, one can imagine that
the precipitate (solid s) may clog up the pores of the porous medium resulting in a reduced
diffusivity for the gases in regions where the concentration of s is high. Hence, we will now
study what happens when the diffusion constants Dg are decreasing with increasing value
of the function s(x, t). To this end, we will introduce modified diffusion “constants” (or
functionals) defined by

D̄g[s(x, t)] =
Dg

1 + s(x,t)
s0

, g = a, b, c. (2)

Here s0 is a constant threshold concentration for solid s for which s(x, t) = s0 represents the
onset of significant dependence of the diffusivity of the gases on the precipitation concentration
s(x, t).

It should be remarked that when Dg is replaced by D̄g[s(x, t)] in Eq. (1), one should make
the following replacement

Dg
∂2g(x, t)

∂x2
→ ∂

∂x

(
D̄g[s(x, t)]

∂g(x, t)

∂x

)
, (3)

due to how the diffusion equation is derived.

g) Implement the use of the diffusion functional D̄g[s(x, t)] in conjunction with Eq. (1).
Run the simulations for different values of the threshold s0 and discuss how these values
affect the formation of the sheet structure.

The coupled set of equations (1) was derived under the assumption that the reaction that
takes place is of the form a+ b→ c.

h) Modify Eq. (1) so that it describes the situation for which the reaction is of the form
2a + b → c. Run the simulations for this new reaction form and compare your results
to those obtained previously when the reaction was of the form a + b → c. What has
changed (if anything)?
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