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Problem 1.

Consider an electrostatics problem involving two dielectric media 1 and 2, with electric permit-
tivities ε1 and ε2, respectively. Show that

1 

2 

𝒏  
a) inside a given medium m = 1, 2, the potential V (r) sat-

isfies the Poisson equation

∇2V = −
ρf
εm
, (1)

b) the boundary conditions for V at the boundary between
media 1 and 2 can be written

V2 − V1 = 0, (2)

ε2 ∂nV2 − ε1 ∂nV1 = −σf . (3)

Here the subscripts 1 and 2 on V refer to which side of the boundary the potential is
to be evaluated, and ∂nV ≡ n̂ · ∇V , where the unit vector n̂ (defined at each bound-
ary point) is perpendicular to the boundary, pointing from medium 1 to medium 2, as
shown in the figure above.

𝑧 

𝒓 

𝜃 

𝑅 

𝑬0 

𝜖0 

𝜖 

Consider (see the figure to the right) a
spherical vacuum cavity1 of radius R sur-
rounded by a dielectric medium. The elec-
tric permittivities of the cavity and the
surrounding medium are ε0 and ε, respec-
tively. A uniform external electric field
of magnitude E0 is imposed on the sys-
tem, such that far away from the cavity
the electric field E approaches the external
field.

We choose a coordinate system with the ori-
gin at the center of the spherical cavity and
the z axis pointing in the direction of the
external field, which thus can be written
E0 = E0ẑ. In the following we wish to find
the potential V (r) at an arbitrary point r
(with spherical coordinates (r, θ, φ)) in the
system. Due to the symmetry of the prob-
lem, V (r) will be independent of φ and can

1The Norwegian word for cavity is ”hulrom”.
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in each of the two media be expanded as

V (r) =
∑
`=0

(
A` r

` +
B`
r`+1

)
P`(cos θ) (4)

where P`(x) is the Legendre polynomial of degree ` in the variable x = cos θ (in particular,
P0(x) = 1, P1(x) = x).

c) Find the potential both outside and inside the cavity. What is the electric field inside
the cavity?

Problem 2.

Consider the equation
dUem

dt
= −

∮
a
S · da − dW

dt
(5)

where Uem =
∫

Ω d
3r 1

2(ε0E
2 + 1

µ0
B2).

a) Explain the meaning of Eq. (5) (including the meaning of its various terms) for a gen-
eral system.

z 

b 

L 

A straight and infinitely long electrical wire has
a circular cross section with radius b. The wire
is made from an ohmic material with conductiv-
ity σ. A steady current I flows in the wire.
The associated current density is uniform in the
wire.

We introduce cylindrical coordinates (s, φ, z), with the
z axis coinciding with the wire axis, such that the
current flows in the positive z direction. The fig-
ure to the right shows a segment of length L of the
wire.

b) Find E and B at an arbitrary point in the wire,
expressed in terms of parameters given.

c) Use Eq. (5) to find an expression for dW/dt for
the segment of the wire shown in the figure. How
is the result related to the electrical resistance of
the segment?
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Problem 3.

Consider a spherical shell with a time-dependent radius R(t). (As a concrete example, R(t)
may describe a harmonic oscillation around an average radius. However, we will not assume
any particular form of the function R(t) here.) The shell has a total charge Q that is conserved
and at all times uniformly distributed on the shell surface. There is vacuum both outside and
inside the shell. We introduce a coordinate system whose origin (r = 0) is the center of the
shell.

A general hint: When asked below to find E or B, you are not expected to find the poten-
tial(s) first, as this may here be significantly harder than instead making use of laws obeyed
by the fields.

a) Show that the (volume) charge density ρ(r, t) due to the shell is

ρ(r, t) =
Q

4πr2
δ(r −R(t)) (6)

where r = |r| and δ(u) is the Dirac delta function.

b) Find the electric field E(r, t) at an arbitrary point r (outside or inside the shell).

It can be shown that the current density j(r, t) due to the shell is

j(r, t) =
QṘ(t)

4πr2
δ(r −R(t)) r̂ (7)

where Ṙ(t) ≡ dR(t)
dt and r̂ = r/r.

c) Show that the continuity equation for electric charge,

∂ρ

∂t
+ ∇ · j = 0, (8)

is satisfied.

d) Find the magnetic field B(r, t) at an arbitrary point r.

e) Does the shell radiate? Justify your answer.
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Formulas

Some formulas that you may or may not need (you should know the meaning of the symbols
and possible limitations of validity):∫ 1

−1
dxP`(x)P`′(x) =

2

2`+ 1
δ`,`′ (9)

j = σE (10)

Θ(u) ≡
{

0 if u < 0
1 if u > 0

(11)

d

du
Θ(u) = δ(u) (12)

d

du
δ(u) = −δ(u)

u
(13)

V (r, t) =
1

4πε0

∫
d3r′

ρ(r′, tr)

|r − r′|
(14)

A(r, t) =
µ0

4π

∫
d3r′

j(r′, tr)

|r − r′|
(15)
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