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NTNU Institutt for fysikk

Contact during the exam:
Associate Professor John Ove Fjærestad
Telephone: 97 94 00 36 or 73 59 34 48

Exam in TFY4240 Electromagnetic Theory
May 16, 2019
09:00–13:00

Allowed help: Alternativ C
A permitted basic calculator and a mathematical formula book (Rottmann or
equivalent)

This problem set consists of 4 pages.

This exam consists of three problems, each containing several subproblems. Under normal
circumstances, each subproblem (1a-3f) will be given equal weight in the grading.

I will be available for questions related to the problems themselves (though not the answers!).
The first round (of two), I plan to do around 9.30 am, and the other one, about two hours
later.

The problems are given in English only. Should you have any language problems related to
the exam set, do not hesitate to ask. For your answers, you are free to use either English or
Norwegian.

Note that some formulas are given on the pages following the last problem.

Good luck!
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Problem 1.

Consider a spherical shell with radius R. We introduce spherical coordinates (r, θ, φ) with
the origin at the center of the shell. Let the electric potential on the shell be independent of
φ, so it can be written

V (R, θ) =
∞∑
`=0

V`P`(cos θ), (1)

where the P`(cos θ) are Legendre polynomials, and the V` are expansion coefficients.
There is no charge outside or inside the shell.

a) Find the potential everywhere (both outside and inside the shell).

b) Find the surface charge density on the shell.

Consider a dielectric sphere with uniform polarization P . We will be interested in the electric
potential produced by the polarization, and in the associated electric field.

c) Find the potential and field outside the sphere.

d) Find the potential and field inside the sphere.

In both (c) and (d), comment on the form of the electric field.
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Problem 2.

A point charge q is held a distance d above an infinite grounded conducting plate (see the
figure). We let the xy plane coincide with the plate, and choose the origin and z axis such
that the point charge has coordinates (x, y, z) = (0, 0, d).

𝑧 

𝑞 

𝑑 

a) 1. Use the method of images to find the potential V (x, y, z) above the grounded
conducting plate (z > 0).

2. Find the force Fq on the point charge due to the conducting plate.

b) 1. Find the surface charge density σ(x, y) on the conducting plate.

2. Find the total surface charge Q.

3. Write down an expression for the force Fq in terms of an integral involving σ(x, y).
Give the dependence on x and y of other factors than σ(x, y) in the integrand (you
do not need to evaluate the integral).

c) For a general problem in electromagnetism, explain the meaning of the 3 terms in the
equation

F =

∮
a

↔
T · da− d

dt

∫
Ω

S

c2
d3r. (2)

d) Use (2) to give an alternative calculation of the force Fq. [Hint: Let the calculation
involve a hemisphere whose radius is taken to infinity.]
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Problem 3.

𝑧 

𝑞(𝑡) 

𝑑/2 

−𝑞(𝑡) 

𝑑/2 

𝑦 

𝒓 

𝜃 

This problem concerns radiation from a harmonically oscillating electric dipole.

Two tiny metal spheres are separated by a distance d along the z axis (see the figure). They
are connected by a fine wire, through which a current with angular frequency ω is driven, so
that at time t, the charge on the upper sphere is q(t) and the charge on the lower sphere is
−q(t), where q(t) = q0 cos(ωt).

We wish to find the fields at a point with spherical coordinates (r, θ, φ). We will only be
interested in the leading parts of the fields that contribute to radiation, denoted below by
Erad and Brad. This means that in your calculations you may assume the following set of
inequalities: d � c/ω � r. (Alternatively this may be expressed as d � λ � r, where
λ = 2π/k is the wavelength associated with the wavevector k ≡ ω/c.) You may find it helpful
to carry out some calculations using ”complexified” versions of the various quantities, but
your final answers should be real quantities.

a) The current density is given by

j(r, t) = ẑ
dq(t)

dt
δ(x)δ(y)Θ(d/2− |z|). (3)

(Here Θ is the (Heaviside) step function.) Justify this expression (e.g. by show-
ing/arguing that it has/leads to various properties that should be satisfied based on
the problem description.)

b) Find the vector potential (Arad(r, t)).

c) Find Brad(r, t).

d) Find Erad(r, t). [Hint: Use (c) and one of Maxwell’s equations.]
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e) Erad and Brad can be expressed in the coordinate-free form

Erad(r, t) =
µ0

4πr
[r̂ × (r̂ × p̈)], Brad(r, t) = − µ0

4πrc
[r̂ × p̈], (4)

where p̈ is evaluated at time t − r/c (the notation¨means the second derivative with
respect to time). Using either these expressions, or your own from (c) and (d), discuss
(i) the relative magnitude of Erad and Brad, (ii) their directions relative to each other,
(iii) their directions relative to the direction of propagation r̂.

f) The time-averaged radiated power of the dipole can be written

〈P 〉 =

∫ 〈
dP

dΩ

〉
dΩ, (5)

where 〈dPdΩ 〉 is the time-averaged radiated power per unit solid angle (in these expressions,
the brackets 〈. . .〉 denote the time average).

1. Find 〈dPdΩ 〉. What are the directions in which the radiation is maximal and minimal?

2. Find 〈P 〉.



Formulas

Some formulas that you may or may not need (you should know the meaning
of the symbols and possible limitations of validity):

V (r, θ) =
∞∑
`=0

(
A`r

` +
B`

r`+1

)
P`(cos θ) (1)

P`(x) =
1

2``!

(
d

dx

)`

(x2 − 1)` (2)

(so P0(x) = 1, P1(x) = x, P2(x) = (3x2 − 1)/2, etc.)∫ 1

−1
dxP`(x)P`′(x) =

2

2`+ 1
δ`,`′ (3)

σ = −ε0
[
∂V

∂n

∣∣∣
outside

− ∂V

∂n

∣∣∣
inside

]
(4)

ρb = −∇ · P , σb = P · n̂ (5)

Tij = ε0

(
EiEj −

1

2
δijE

2
)
+

1

µ0

(
BiBj −

1

2
δijB

2
)

(6)

A(r, t) =
µ0
4π

∫
d3r′

j(r′, tret)

|r − r′|
(7)
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