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This problem set consists of 3 pages.

Problem 1

We will in this problem analyze the motion of a steel ball rolling on a horizontal sheet of
sandpaper using the theory for point processes. The steel ball is assumed to be much larger
than the sand grains glued to the surface of the sand paper. When the steel ball is rolling,
it hits the sand grains inelastically and kinetic energy is lost. This loss is quantified by the
introduction of the coefficient of restitution n, where 0 < n < 1. If the speed of the steel ball
before the collision with the sand grain is v;, then it is v;11 = nv; after the collision. The
kinetic energy is

M
Ei - 7 1)1'2 ) (1)
and M
Eip1 = = vl =n°E;, (2)

2

after the collision. M is the mass of the steel ball. Our aim is to calculate the average speed
of the ball as a function of time.

As the steel ball rolls, it experiences multiple collisions as it rolls over the sand grains. We
will model these collisions as a random, uncorrelated point process.

a) We define the probability that s collisions happen at times 7i,... 75 to be

QS(7—17"' yTiy " 5 Tjy " 77—8):QS(7—17"' yTgy " 5 Tiy " 77—8) . (3)

We have here indicated that we have symmetrized the distribution. The normalization
condition on the distribution is

[e.o] 1 00
Qo-i-z o / dry...drs Qgs(11,-++ ,75) =1. (4)
s=1 VT
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b)

d)

f)

Suppose A = Ag(71,---,7s) is a quantity that depends on the collisions. What is the
average (A) expressed in terms of () given that it has the same symmetries with respect
to 7; as Q47

Suppose the steel ball suffers IV collisions. Its kinetic energy is then
Ey = Eon*" . (5)

We introduce the indicator function

o [LosT<t, o
T) =
X 0 otherwise .
Argue that
Es(Tlv e 57—8) - .EO"’]2 Z:;7:1 x(7s) , (7)

is the proper kinetic energy function describing a ball beginning to roll at time ¢ = 0.

We now assume that the collisions are independent. Hence, ()5 describes a independent
random point process. We then have that

Qs(m1,-+ ,715) =e Yq(11)...q(7s) , (8)

and

Show that

v = /_Z dr o(7) . (10)

We now assume that the collision probability has the form

w H-T<7r<T
=2 BTE=T=0 11
a(7) {0 otherwise , (1)

letting 7' — oo and v — oo so that the ratio p = v/(27) remains a finite constant.
What is the physical interpretation of p?

Show that the average kinetic energy as a function of time is

(E) = Ege™~Det (12)

In terms of speed decay, this becomes
2_
VRMS = (02>1/2 = el —Det/2 (13)
where RM S stands for root mean square.

Rather than using the kinetic energy decay, let us now base ourselves on the decay of
the speed directly, i.e., that v; 11 = nv;. Show that

(v) = voen= 1Pt | (14)
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g)

h)

Why is vgars # (v)?

We see that In(vrays)/ In((v) = (n+1)/2 =1 —§/2, where we have written n =1 — .
In practice, § < 1 for this system. Hence, the two expressions for the speed are quite
close.

This theory for the behavior of a steel ball rolling on a horizontal sandpaper contains
many physical simplifications. In your mind, which are the two most important ones?

Problem 2

We will in this problem study the random telegraph process, or — as it is also known — the
dichotomic Markov process. The stochastic variable y takes on the values £1. The conditional
transition probability is

1 , 1 :
Pun(ytly't) = 5 [1+ €200 8+ 5 [1 =205, (15)

where 7y is a parameter setting the time scale.

a)

b)

d)

e)

Show that the random telegraph process (15) obeys the Chapman-Kolmogorov equation
Py1(ys, tslyr, t1) = /dy2 Pri1(ys, tsly2, t2) Pryi (ye, talyr, t) - (16)

(Hint: Introduce the notation [1 £ exp(—2v(t; — t;))]/2 = (£);; and use the two rules
(H)ij(H)jk + ()ij(—)jk = (+)ix and (+)i;(—=)jx + (=)ij(+)j& = (—)ir- This to avoid
long expressions.)

Show that the random telegraph process is consistent with the stationary probability
distribution )
Pi(y,t) = 5 [6y,1 + 0y,—1] - (17)
The master equation is
0
5 Pnt) = [ WGP 0 - WP df (18)

Describe the physical contents of this equation.

The transition probabilities W (y|y’) is related to the conditional probability Py (y, t[y', ')
through the expression

Py, tly' t) = [1 = (t—t)ao(w)] 0y — o)+ (t =t YW (yly)+ Ot —t'), (19

where ao(y) = [dy’ W(y'ly). We have assumed that Py;(y,t|y’,t’) only depends on
time differences ¢t — t'.

Find the master equation for the random telegraph process.

Show that (17) solves the master equation for the random telegraph process.



