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Problem 1. (Points: 10+10410+10+10+10= 60)

The Boltzmann-equation for the one-particle distribution function f(r,v,t) is given by
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The collision term on the right hand side of the equation describes a collision (v,vy) — (v/,v}),
with f = f(r,v,t), fi = f(r,vy,t), and correspondingly for (f’, f1). Finally, o(2) is the differential
scattering cross section for the collision.

a) Define the functional

E/d3r/d3vf Inf

Assume now that a = —9U(r)/dr, where U is some external potential, and show that
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Give the physical interpretation of this result.

b) A velocity-average of a quantity A(v) may be obtained from f as

(A) = %/dSUAf

where n = [d®vf, where n is a number density. Show that we have the following macroscopic
equation for any A(v)
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c) Define what is meant by a collision invariant, and show that the right hand side of the above
equation vanishes whenever A is a collision invariant.

d) Now let A = p, where p is the momentum of the particle described by f. Let p = nm be
the mass-density of the system. Set up the macroscopic equation for p and give the physical inter-
pretation of it.
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e) The hydrodynamic conservation laws for mass and momentum are given by, on their most general
form
dp

— +V-(pu) = 0
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where PP is the pressure-tensor of the system, F is an external force acting on a little fluid element of
density p, and u = (v). Express P in terms of an appropriate velocity-average, as defined above, by

comparing the above equations with the result you found in d).

f) Consider the system close to equilibrium, so that we may use the following Ansatz for f

3/2
f(r,v,t)=mn (QWZBT) exp (_QQT(V - u)2)

where kg is Boltzmann’s constant and T is temperature, and (n, T, u) could depend on (r,t). Calcu-
late P for this case, and from this find expressions for the hydrostatic pressure p, the shear viscosity
71, and bulk-viscosity ¢ of the system.
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Problem 2. (Points: 10+10+410+10=40)

The Master equation for a discrete, continuous time, stochastic process is given by

Pn(t) = Z [wn,n’Pn’ — wn/mPn] = an

n/

Here, P,(t) is the probability distribution of the stochastic process, and wy, ,,s is a transition rate from
state n’ to state n. The matrix W has eigenfunctions ®,(n) and eigenvalues A given by

Wy (n) = —ADy(n)

We define an inner product as follows:

.0)= 3" 2V

n n

Here, P? is the equilibrium solution to the Master equation, which we consider to be known.

a) Assume detailed balance to hold, and use this to show that (®, W¥) = (¥, W) and that A > 0.
Write down a general solution to the Master equation using the eigenvalues and eigenfunctions of
W. In particular, exhibit the solution at ¢ — oo.

b) A continuous time asymmetric random walk is defined by the transition rate wy,

Wpn = Q 5n+1,n/ + 6 5n—l,n’; (Oé, 6) >0

Give a physical interpretation of the constants o and [ and set up the Master equation for this
problem. Give the balance condition and the detailed balance condition for stationary states.

c¢) Introduce the generating functional F'(z,t) for P,(t), defined by

F(z,t) = Z 2"P,(t)

Find the differential equation for F'(z,t) with initial condition obtained from P,(0) = 4,0, solve this
equation and find P, (t).

d) Define the drift-velocity vq,g and diffusion constant D for this system, by

(n) = Vdifet

Here, an average is defined by

Calculate vg,i and D.
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Formulae that may be useful:
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Constitutive relation for the hydrodynamic pressure tensor to linear order in gradients:

(a+ b)Y =
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The Wiener-Khinchin theorem for the power spectrum of a stochastic process Y (¢):

Gw) = 2/000 dr cos(wt) K(T)

7r
where k(1) = (Y(t + 7)Y (t)). The Langevin-equation is given by
v+ v = A(t)

with (A(t)) =0, (A(t +71)A(t)) = T6(7).

The probability-distribution of a one-component stochastic process V' (t) governed by the Langevin-
equation is given by, with V(0) = Vj

_ 7 V(V = Voe™)
P = e e ()



