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Problem 1. (Points: 5+10+10+5+10+5= 45)

The Langevin equation describes the motion of a heavy particle of mass m in the fluid background of
light particles, where the heavy particle is subject to an external force F', a frictional force from the
surrounding fluid, and a stochastic random force R(t) from the surrounding fluid. We consider the
motion of the particle to be one-dimensional, its position at time ¢ is z(t) and its velocity is v(t). The
frictional force is taken to be —kv, where £ > 0 is a frictional coefficient. We take the external force
F = F, > 0 to be independent of time and position. The stochastic force R(t) is assumed to have an
average over sample paths (R(¢)) = 0, and an auto-correlation function (R(¢t)R(t + 7)) = (R*)4(7).
At time t = 0, the heavy particle has a velocity vy.

a) Set up the Langevin-equation for this problem.

b) Find wv(t) expressed in terms of initial conditions, elementary functions, and an appropriate
time-integral involving the stochastic force R(t).

c¢) Compute (v(t)) and o%(t) = (v?) — (v)?.
d) From lim; ., o%(¢), find (R?) expressed in terms of equilibrium properties of the system.
d) Compute the autocorrelation function (v(t;)v(t2)) in the limit t; — oo, ty — 00, to — to = 7.

e) Is v(t) a Markov-process? Give a short reason for your answer. (Answers with no reasoning
receive zero score).

Note: The problem has been solved in the lecture notes for the case Fy = 0. You are allowed
to use the lecture notes during the exam. A solution to the problem for Fy = 0 will therefore receive
zero score on the entire _Problem 1.
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Problem 2. (Points: 5+5+5410=25)

The Boltzmann equation is a kinetic equation for the evolution of a single-particle probability dis-
tribution function f(r,v,t), where r is the position and v is the velocity of the particle, and t is time.

a) Write down the Boltzmann equation and explain what the terms mean.

b) The microscopic equations of motion for classical particles, underlying the Boltzmann-equation,
are time-reversal invariant. However, the Boltzmann-equation is not time-reversal invariant. Explain
precisely which step that goes into the derivation of the Boltzmann-equation it is, that breaks time-
reversal invariance.

c) Associated with the Boltzmann equation, there is a so-called H-theorem. State the theorem
and explain what it means physically.

d) Consider now the Boltzmann equation on standard form and write down the simplest physi-
cally sensible non-zero approximation to the right-hand-side of the equation that you can think of.
Solve the Boltzmann equation for this case, and describe the time-dependence of the answer you get.



