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Q1 (30p)

A) (10p) Describe the concept of transfer function for continuous-
time and discrete-time LTI systems. What properties of the LTI
system allows you to use transfer function to determine output
signal for a given input signal. Explain.
For LTI system the transfer function connects the input and the
output in the frequency domain (in the s, ω or z domains).

H(s/ω/z) =
Y (s/ω/z)

X(s/ω/z)

This description is valid for LTI systems and is connected to the
fact that for LTI system, the output is connected to the input
through the convolution with the impulse response function in
the time domain. Transfer function does not contain information
about the initial state of the system, so this has to be zero for this
approach to provide the correct description of the output signal.

B) (10p) Find the transfer functions and the corresponding system
equation for continuous-time and discrete-time LTI systems de-
scribed by the impulse response functions given below

h1(t) = ε(t)e−at sin(ω0t)

h2[n] = αδ[n] + (1− α)h[n− 1]

h3[n] = [10 9 8 7]

h1(t) = ε(t)e−at sin(ω0t)

using table:

Y (s)

X(s)
= H1(s) =

ω0

(s+ a)2 + ω2
0

=
ω0

s2 + 2sa+ a2 + ω2
0

X(s)ω0 = Y (s)[s2 + 2as+ (a2 + ω2)]

x(t)ω0 = ÿ(t) + 2aẏ(t) + (a2 + ω2)y(t)
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For h2[n] we need to use the z-transform

H2(z) = α + (1− α)H(z)z−1

H2(z)[1− (1− α)z−1] = α

H2(z) =
α

1− (1− α)z−1
=

zα

z − (1− α)

Y (z)(z − (1− α)) = αX(z)z

Y (z)z − Y (z)(1− α) = αX(z)z

Y (z)− Y (z)z−1(1− α) = αX(z)

y[n]− (1− α)y[n− 1] = αx[n]

h3[n] = [10 9 8 7]

H3(z) = 10 + 9z−1 + 8z−2 + 7z−3 =
Y (z)

X(z)

Y (z) = (10 + 9z−1 + 8z−2 + 7z−3)X(z)

y[n] = 10x[n] + 9x[n− 1] + 8x[n− 2] + 7x[n− 3]

C) (10p) How can one use transfer function to describe the frequency
response of a LTI system. How are these two concepts connected?
Explain how to calculate frequency responses for systems with
impulse given above. Where necessary, use sampling time ts =
2π
100

s.
For H1(s) one need to calculate this for s = jω and find the
amplitude and phase respons by writing this in terms of

H(jω) = |H(jω)|ejϕ

where the two terms on the right side correspond to the amplitude
and phase response. For h2[n] and h3[n] replace z with z = ejω =
ejΩts where ω is the discrete frequency. Then calculate

H(ejω) = |H(ejω)|ejϕ

here ω = tsΩ

Q2 (30p)

A) (10p) Find the unilateral (n ≥ 0) z-transform of

x[n] = 5 cos(3n)
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We can calculate the transform of 5 cos(3n) by first rewriting the
cosine function,

cos(ωn) =
1

2

(
e−jωn + ejωn

)
which has the transform (use table or calculate),

Z{cos(ωn)} =
1

2

(
z

z − e−jω
+

z

z − ejω

)
=

1

2

2z2 − z (e−jω + e−jω)

z2 − z (e−jω + ejω − 1)

=
z2 − z cos(ω)

z2 − 2z cos(ω) + 1

and from this we get

Z{5 cos(3n)} = 5
z2 − z cos(3)

z2 − 2z cos(3) + 1

Here one could also simply use the expression provided in Table
B.5, writing the expression with correct coefficients/frequency.

B) (10p) Determine the convolution

y(t) = e−atε(t) ∗ ε(t) (3)

using the Fourier transform method.
Using transform method:

Y (jω) = F
{
e−atε(t)

}
F {ε(t)} =

1

a+ jω

[
πδ(ω) +

1

jω

]
=

=
πδ(ω)

a
+

1

jω(a+ jω)

1

jω(a+ jω)
=

A

jω
+

B

(a+ jω)
=
A(a+ jω) +Bjω

jω(a+ jω)

A+B = 0 Aa = 1
1

jω(a+ jω)
=

1

ajω
− 1

a(a+ jω)

Y (jω) =
1

a

[
πδ(ω) +

1

jω

]
− 1

a

1

(a+ jω)

y(t) =
1

a
ε(t)− 1

a
e−atε(t)
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C) (10p) A system with a transfer function

H(s) =
s− 1

s2 + 3s+ 2
(4)

is excited by white noise with power density N0 giving an output
signal y(t). Determine the ACF ϕyy(τ), the mean µx and the
variance σ2

x of the output signal y(t)

ACF: We need to find the magnitude of the frequency response:

H(s) =
s− 1

s2 + 3s+ 2

|H(jω)|2 = H(jω)H(−jω) =
(jω − 1)(−jω − 1)

[(2− ω2) + 3jω] [(2− ω2)− 3jω]
=

=
1 + ω2

(2− ω2)2 + 9ω2
=

=
1 + ω2

(1 + ω2)(4 + ω2)
=

1

(4 + ω2)

Φyy = |H(jω)|2Φxx = N0
1

(4 + ω2)

ϕyy(τ) = F−1{Φyy(τ)}

Using the fact that

F{e−α|t|} =
2α

α2 + ω2

we get

ϕyy(τ) =
N0

4
e−2|τ |

Mean

µy = ϕyy(τ →∞) = 0

Variance:

σ2
y = ϕyy(0)− µ2

y = N0/4
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Q3 (20p)

A) (10p) Show that:

L {t · x(t)} = −dX(s)

ds

B) (10p) Use above property to calculate output of LTI system where
input x(t) = te−9t defined for t > 0 and the impulse response is
given by:

H(s) =
1

(s+ 10)

ANSWER:
Using the definition of the Laplace transform:

L {tx(t)} =

∞∫
−∞

tx(t)e−stdt = −
∞∫

−∞

d

ds

[
x(t)e−st

]
dt =

= − d

ds

∞∫
−∞

[
x(t)e−st

]
dt = −dX(s)

ds

Now we can get the Laplace transform of the input signal:

L
{
t · e−at

}
= −dL {e−at}

ds
=

d

ds

(
1

s+ a

)
= (s+ a)−2

Y (s) =
1

(s+ 10)
· 1

(s+ 9)2
=

[
A

(s+ 10)
+

B

(s+ 9)2
+

C

(s+ 9)

]
Need to solve by first letting s = −10 and s = −9 :

1

(9− 10)2
= A

A = 1

B =
1

−9 + 10
= 1/2

1

s+ 10
+

1

(s+ 9)2
+

C

(s+ 9)
=

=
1

(s+ 10)
· 1

(s+ 9)2

(s+ 9)2 + (s+ 10) + C(s+ 10)(s+ 9)

(s+ 10)(s+ 9)2
=

1

(s+ 10)(s+ 9)2

Cs2 + s2 = 0

C = −1
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Check:

(s+ 9)2 + (s+ 10)− (s+ 10)(s+ 9)

(s+ 10)(s+ 9)2
=

=
(s2 + 18s+ 81 + s+ 10− s2 − 9s− 10s− 90)

(s+ 10)(s+ 9)2
=

=
1

(s+ 10)(s+ 9)2
= OK

So:

Y (s) =

[
1

(s+ 10)
+

1

(s+ 9)2
− 1

(s+ 9)

]
y(t) = e−10tε(t) + te−9tε(t)− e−9tε(t)

Q4 (20p)

A) (10p) Explain the concept of discrete frequency by considerinbg
Fourier transform of a sampled signal:

xs(t) =
∞∑

n=−∞

x(nTs)δ(t− nTs)

B) (10p) Describe the difference between DTFT and DFT. Show how
to calculate both transforms for the signal defined by

x[n] =

{
1 0 ≤ n < 10

0 otherwise

NOTE: Here it is sufficient to express the transforms in terms of
a power series.

If one calculate the fourier transform of a sampled signal xs(t) defined
by a continuous time signal multiplied by a train of delta impulses, one
will arrives at:

xs(t) =
∞∑

n=−∞

x(nTs)δ(t− nTs)

F {xs(t)} =
∞∑

n=−∞

x(nTs)F {δ(t− nTs)} =
∞∑

n=−∞

x(nTs)e
−jnΩTs
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Where Ω is the frequency space for time contentious signal. If we now
let ω = ΩTs, then

Xs

(
ejω
)

= Xs

(
ejΩTs

)
=

∞∑
n=−∞

x[n]e−jωn

were ω is the discrete frequency, connected to the real frequency by TS.
For given signal, DTFT:

X(ejω) =
∞∑

n=−∞

x[n]e−jωn =
M−1∑
n=0

e−jωn =
1− e−jωM

1− ejω
=

1− e−j(ΩTs)M

1− ejΩTs

For DFT, one would need to know the length of the signal in the
discrete-time domain. Setting this to N, now discrete frequency is also
discrete and

ω = 2πk/N

Ω = 2πk
1

NTs

Then X(ejω) becomes a discrete function X[k], where N is the length
of the signal in the time domain, but also number of points in the
fraquency space:

X[k] =
∞∑

n=−∞

x[n]e−j
2πk
N
n 0 ≤ k < N
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