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Q1 (30p)

A) (10p) Describe the concept of transfer function for continuous-
time and discrete-time LTT systems. What properties of the LTI
system allows you to use transfer function to determine output
signal for a given input signal. Explain.

For LTT system the transfer function connects the input and the
output in the frequency domain (in the s, w or z domains).

H(s/w/z) = %

This description is valid for LTI systems and is connected to the
fact that for LTI system, the output is connected to the input
through the convolution with the impulse response function in
the time domain. Transfer function does not contain information
about the initial state of the system, so this has to be zero for this
approach to provide the correct description of the output signal.

B) (10p) Find the transfer functions and the corresponding system
equation for continuous-time and discrete-time LTI systems de-
scribed by the impulse response functions given below

hi(t) = e(t)e”* sin(wpt)
haln] = ad[n] + (1 — a)h[n — 1]
hafn] = [1098 7]

hi(t) = e(t)e” ™ sin(wpt)

using table:

H(s) g -

— S = =

! (s+a)2+w? s2+2sa+a®+w]
X(s)wy = Y(s)[s*+2as + (a* + w?)]

w(t)wy = ij(t) + 2ay(t) + (a® + w?)y(t)
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For hs[n] we need to use the z-transform

Hy(2) = a+ (1 - a)H(2)2"
H2(5)U —(1—-a)z 1] a
(=) = 1—(1—a)z! - z—(l—&)
Y(2)(z—(1—a)) =aX(2)z
Y(2)z =Y (2)(1 —a) =aX(2)z
Y(2) = Y(2)z (1 —a)=aX(2)
yln] = (1 = a)yln — 1] = az[n]

hs[n] = [109 8 7]
Y(z)
X(2)

H3y(2) =10+ 927" + 822+ 727° =
V(2)=(10+92""+ 8272+ 72 %)X (2)
y[n] = 10z[n| + 9z[n — 1] + 8z[n — 2] 4+ Tz[n — 3]

C) (10p) How can one use transfer function to describe the frequency
response of a LTI system. How are these two concepts connected?
Explain how to calculate frequency responses for systems with
impulse given above. Where necessary, use sampling time t, =

For H;(s) one need to calculate this for s = jw and find the
amplitude and phase respons by writing this in terms of

H(jw) = |H(jw)le’

where the two terms on the right side correspond to the amplitude
and phase response. For hy[n] and hs[n| replace z with z = ¢/ =
e?%s where w is the discrete frequency. Then calculate

H(e™) = |H(e™)|e”
here w = t,02
Q2 (30p)
A) (10p) Find the unilateral (n > 0) z-transform of

z[n] = 5cos(3n)
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We can calculate the transform of 5cos(3n) by first rewriting the
cosine function,

1 ) .
cos(wn) = 5 (6_3“’” + ejw”)
which has the transform (use table or calculate),

1 z z 1 222 — z(e77% 4 e79¥)
A = — — | == A .
{eos(wn)} 2 < i ) 222 —z(e W +eiw — 1)

2% —zcos(w)
- 22— 2zcos(w) + 1

and from this we get

2% — zcos(3)

Z{5cos(3n)} = 5z2 —2zcos(3) + 1

Here one could also simply use the expression provided in Table
B.5, writing the expression with correct coefficients/frequency.

B) (10p) Determine the convolution

y(t) = e e (t) +e(t) (3)

using the Fourier transform method.
Using transform method:

Y (jw) = F {e""e(t)} F{e(t)} = " —i—ljw {W(S(w) + ]iw} =
~ mo(w) N 1
o Jjw(a + jw)
1 :£+ B :A(a—l—jw)—l—ij
jwla+jw)  ju  (a+jw) jw(a + jw)
A+B=0 Aa=1
111
jw(a+jw)  ajw  ala+ jw)
1 1 1 1
Yoo = g [m + 5 - i

(1) = e(t) — e ote(t)

a a

<
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C) (10p) A system with a transfer function

s—1
s2+354+2

H(s) = (4)

is excited by white noise with power density Ny giving an output
signal y(t). Determine the ACF ¢,,(7), the mean pu, and the
variance o2 of the output signal y(t)

ACF: We need to find the magnitude of the frequency response:

s—1
His) = s2+ 3542
Go—D(jw-1)
[(2 = w?) + 3jw] [(2 — w?) — 3jw]
1+ w? B
(2 —w?)2 +9w?
1+ w? 1

(1+w?)(4+w?)  (4+w?)

[H(jw)|* = H(jw)H(—jw) =

1
(44 w?)
Pyy(T) = cga_l{q)yyﬁ)}

(I)yy = |H(]w)|2q)mc - NO

Using the fact that

2a
gz —alt|
oty = =
we get
No o
Pyy(T) = 1 €
Mean
[y = Pyy(T — 00) =0
Variance:



TFY4280 Signal Processing: English page 8 of

Q3 (20p)
A) (10p) Show that:
dX(s)
ds

B) (10p) Use above property to calculate output of LTI system where
input x(t) = te™ defined for ¢ > 0 and the impulse response is

LAt-x(t)} = -

given by:
1
H =
)= G510
ANSWER:
Using the definition of the Laplace transform:
—st d —st
Lte(t)} = /tx(t)e dt = — / = [z(t)e™*"] dt =
d [ dX(s)

=% [z(t)e ] dt = —

—00

ds

Now we can get the Laplace transform of the input signal:
7 dZ{e "} d 1 N
. at = J_ = (_- — 2
g{t ‘ } ds ds \s+a (s +a)
1 1 A B C
Y = . e
)= 5710 Grop Ls T10) T 592 | 5+ 9)}
Need to solve by first letting s = —10 and s = —9 :
1
- A
(9 —10)2
A=1

1/2

— 1 —
 —9+10

1 N 1 N C
s+10  (s+9)2 (s+9)
1 1

(s+10) (s+9)?

(s4+9)72+(s+10) +C(s+10)(s+9) 1
(s +10)(s +9)2 (s +10)(s +9)2
Cs*+s*=0

C=-1
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Check:
(s4+9)24 (s+10) — (s +10)(s +9)
(s +10)(s +9)
(s + 185+ 81+ 5+10—5*—9s—10s — 90)
(s +10)(s + 9)2 B
1
PR T e
So:
1 1 1
Yis) = GH10) T G192 (5+9)
y(t) = e e (t) + te e(t) — e Ve(t)
Q4 (20p)

A) (10p) Explain the concept of discrete frequency by considerinbg
Fourier transform of a sampled signal:

vo(t) = > x(nT.)5(t — nT.)

n=—0oo

B) (10p) Describe the difference between DTFT and DFT. Show how
to calculate both transforms for the signal defined by

{10§n<m
zln)] =

0 otherwise

NOTE: Here it is sufficient to express the transforms in terms of
a power series.

If one calculate the fourier transform of a sampled signal z,(t) defined
by a continuous time signal multiplied by a train of delta impulses, one
will arrives at:

o

vi(t) = Y x(nTy)s(t - nT,)

n=—0oo
o [e.e]

Flzs()} = Z x(nTg)F{6(t —nTs)} = Z 2 (nT)e "L

n=—0oo n=—oo
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Where (2 is the frequency space for time contentious signal. If we now
let w = QT}, then

o0

K P) = X () = 3 ol

n=—oo

were w is the discrete frequency, connected to the real frequency by Ts.
For given signal, DTFT:

> M—1 1 — e~ JwM 1— efj(QTS)M

X(e™) = Z w[n)e 4" = o dwn _ _

1 —eiw 1 — es9Ts

n=—oo n—=

For DFT, one would need to know the length of the signal in the
discrete-time domain. Setting this to N, now discrete frequency is also
discrete and

w = 21k /N
1
O = 27k
TN

Then X (e/*) becomes a discrete function X |[k], where N is the length
of the signal in the time domain, but also number of points in the
fraquency space:
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Appendix B.1 Bilateral Laplace Transform Pairs

(1) X(s) = L{z(8)} ROC
a(t) 1 seC
£(t) é Ref{s} >0
i 3 i i Laplace
() 1 Refs} > Re{—a} Appendix B.2 Properties of the Bilateral Lapla
sta Transform
_emtte(—p) - Jlr - Re{s} < Re{—a}
2(t) X(s) = £{z(t)} | ROC
1
t=(t) = Re{s} >0 Lincarity ROC 2
AXi(s) + BXa(s) | ROC{X1}
]
me(t) = Re{s} >0 Az (t) + B (1) AROC{Xs}
1 Delay e TX (s) not affected
te="te(t) TR Re{s} > Re{-a} z(t - 7)
nl Modulation X(s—a) Re{a} shifted by
tremete(t) 7 ﬂ-)nﬂ Re{s} > Re{-a} eta(t) Re{a} to the right
. - wo ‘Multiplication by ¢’,
sin(wot)e(t) 52+ wd Re{s} >0 Differentiation in the d
. frequency domain —HYSX(S) not affected
s
cos(wot)e(t) g Re{s} >0 ta(t)
- N T
e~ cos(wot)e(t) ﬁ(s +Sa)2(1 = Re{s} > Re{—a} ]t)i:::rng:;fn in the ROC >
— o(t) sX(s) ROC{X}
~at sin(s —_— Re{— at
e~ sin(wot)e(t) GrarTa? Re{s} > Re{—a} Idt :
2 —wl ntegration 1 ROC D ROC{X
t e (t o Re(s} >0 t 1 2 {x}
cos(wot)e(t) (ErR)? e{s} / o(D)de sX(s) s : Re{s} > 0}
2wps Sad
tsin(wot)=(t) s Re{s} >0 .
(wot) (2 +wp)? Sealing 1, (f) Eggrsg?led by a
z(at) a] a .

Appendix B.3 Fourier Transform Pairs Appendix B.4 Properties of the Fourier Trans-

form
«(0) X(jw) = Fla®)} _
(t) X(jw) = Fla(t)}
a(t) 1
Linearity Az, (t) + Baa(t) AX;(jw) + BX3(jw)
1 2m6(w)
Delay z(t— ) eTITX (jw)
5(t) Jw
Modulation elwoty(t) X(j(w —wo))
L ( ! ) (“’T)
= — o ‘Multiplication by ¢ .
2
T T ul Differentiation in the ta(t) _aXGw)
. (t) 5 (u)) + ]% frequency domain d(jw)
o Differentiation in the da(t) X ()
I (hadll time domain dt
rect(at) \aLSl (2(1)
A (@ ‘ X(jw) [mﬁ'(w) + _iJ
si(at) fal rect (ga) Integration / z(z)dz 1 s
1 = = —X(jw)+7X(0)d(w)
N Jw
h —jmsign(w)
2 Scaling 2(at) ‘%‘X (%’) . aeR\{0}
sign(t) 7w
3 Convolution 1 (t) * z2(t) X1(jw) - Xa(jw)
edwot 276 (w — wo)
Multiplication 21 (t) - m2(t) %Xl (jw) * X2 (jw)
cos(wot) 7[5 (w +wo) + 8(w — wo)]
Duality Tl(t) 2(jw)
i ¢ 2y (—
cineot) 7150+ ) — 50 — wo)] @2(jt) 2 (—w)
z(—t) X(=jw)
oy 2 Symmetry relations z*(t) X*(—jw)
€ ,a>0 it z*(=t) X*(jw)
e VE Parseval theorem / leF e o [ IxGeyPas
p - o
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Appendix B.6 Properties of the z-Transform Appendix B.5 Two-sided »-Transform Pairs

k] X(2) = Z{x[k] ROC
Property z[k] X(2) ROC alf] (&) = Z{ali)
SH] 1 zec
N . ROC 2
Linearity a1 [k]+baa[k] aX1(z) +bXa(z) ROC{}I)mR,OC{XQ)
ROC{z}; separate <[] z—1 l1>1
Delay zlk — K] 27 X(2) consideration of
= a*ell — le > Lo
Modulation akalk] X (g) ROC= {z 2 eROC(z}}
—abe[—k - 1] z 2 < |al
ol z—a
inlicati ROC{z}; separate
Multiplicat; dX(z 5 P!
byu k B kalk] -z d( ) consideration of z
: 2=0 kelk] e o> 1
Time inversion | z[—k] X() ROC={z|=~'€ROC(z}} ka*<[K] Gy fza)2 [2] > la]
B ROC D : zsin Qg
Convolution w1 [k] * z2[k] X1(2) - Xa(z) ROC{;I}NROC{IQ) sin(Qok)e (k] oy 71 |z >1
2(z — cos Q)
lioati ) 1 2\1 | multiply the cos(Qok)elk] TSyt 41 2] > 1
Multiplication | 1[4] -2k | 5 f X1(0)Xa( 4) B e roc 22 " 2zcos + 1




