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Q1. (35p) Consider a simple circuit shown below, for which R = 10, C =
0.0235 and L = 10 in the appropriate s.i. units.

C .
e ¥

vi () []= v (t)

A. Write a differential equation which relates the output v,(t) with
the input v;(t) for this system. (5p)

Answer:
Ri(t) dfj(tt) + é /i(T)dT = v;(t)
wlt) + /R / 0

B. Give a definitions of an impulse response function, a transfer func-
tion and a frequency response function. (5p)

Answer:
h(t) = 5{o(t)}
H(s) = )ig

H(]Cd) = H(S)|s:jw
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C. Calculate the impulse response function for the system given above.
It is sufficient to express h(t) as a sum of complex exponential
functions. Explain how you would used this function to calculate
the output signal y(t) for a given input signal z(¢). (10p)

Answer:
t

| Gy 1

RZ(t)—FLT—FE/Z(T)dT—Ui(t)
do,(t) 1
vo(t) + L/R ” % i(1)
v<>+£v<>+—v<>—v-<>
oAS) TR Vel T R Yol T VS
sL 1

VO(1+§+3RC>_%(S)

1 S s

H(s) = _ .

1+ 4+ L sl L 24 85 L
For given values of the components we get R/L =1 and 1/CL =

4.25
S
H(s) = ——mM—
)= 511
Which has zeros at
—b b2 —4 Vv1-—17
pro=—x X 0 g5 Yol 0542
’ 2a 2a 2
So we can write the transfer functions as:
A B
H(s) = -+ - =
s+05—-25 s4+0.5+2j
B S B S
 s24+5+425  (s+0.5—25)(s+ 0.5+ 2))
A= — 5 -
(54054 25) |, 510
—0.542j ~ —05+2
— =0.5+0.1255
—05+2j+05+2)  4j +0.12057
B - — ° _
(s 4+0.5—=24)|_ g5 9;
—0.5—-2j —0.5—-2j
- J - ) —0.5-0.125)

—0.5—2j+0.5—2j —4j
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Impulse response will be the inverse Laplace transform of this
function:
0.5+ 0.1257 0.5 — 1255
H(s) = 220120 J
5s4+05—-25 s+05+2j
h(t) = e(t) (Ae—(0.5—2j)t + Be—(0.5+2j)t)

Calculate the transfer function and the frequency response func-
tion of this system. For the frequency response function, you do
not need to arrive at a elegant expressions. (5p)

Answer: For the frequency response, we set s = jw
‘ Jw
H _
@) = = o
~ 0.5+0.125 0.5 —125j
C jw+05—-27  jw+05+2)

Draw a zero/poles diagram. (5p)

Answer: The zeros/pole diagram includes zero at the origin and
two poles at s = —0.5 + 25

What kind of circuit is this? (5p)

Answer: Band pass filter. We can see it from the fact that
H(jw) =0 for w =0 and w = oo.

Q2. (10p) Find the z-transform of the following signal:

x[n] = {07 17 27 3747 37 27 ]‘7 0}

Answer: Using definition of the z-transform we can write:

X(z)

o0

= Z{an]} = ) an]z =

n=—oo

= 2[-3] 2% + 2[-2] 2% + 2[-1] 2" +2[0] ° + z[1] 27" + 2[2] 272+ 2[3] 27

= 1234222 +32" 4420+ 3271+ 22724+ 1273

Q3. (20p) Consider a discrete-time system described by a block diagram
shown below.
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A. Use this block diagram to calculate a discrete-time impulse re-
sponse function for this system. Calculate for n < 6. (10p)

Answer: First we need a difference equation, then we can just
set input as [0] and calculate the impulse response. From the

diagram:

y[n] = z[n] + 3x[n — 1] + z[n — 2] — y[n — 1] + 2y[n — 2]

From that equation we get:

= 0[0] +4+3d[—1] + §[—2] — h[-1] 4+ 2h[-2] =1

h[0]

h[1] = 4&[1] + 36[0]
h2] = 9d[2] + 341
h[3] = 4[3] + 30
hl4] = 6[4] +36[3
h[5] 8[5] +30[4

h[1]+2h[0] =1—2+2=
|4+ 2h[1] = —144=
] 2 =—3+2=-1
] ]

B. Use a method of choice to determine output signal y[n] for n < 8
and the input signal given below. (10p)

zln] = {1,0,1,0} and 0 otherwise.

Q4. (10p) Determine the convolution

y(t) = e "e(t) x e(t)

using direct method (definition) and using Fourier transform method.

Answer: Using the definition we find for £ > 0 (the convolution is zero

for t < 0):

o0

o) = [ eIt —pelp)ap = [ e pe(ias = e [ s

—00

[e%¢) t

— 00 0
B=t
1 1
—e at _eaﬁ _ _(1
a B=0 a
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SO

Using transform method:

Y (jw) = F {e e(t)} F{e(t)} = P {Wd(w) + ]iw] = mi(bw) + jw(al—i—jw)
1 _£+ B Ala+ jw)+ Bjw

jula+jw)  jw (a+jw)  jw(atjw)
A+B=0 Aa=1

1 1 1

jwla+ jw)  ajw B ala + jw)
1 1
a(a+ jw)

y(t) = —elt) = e el

Q5. (25p)
A. Use definition of of a unilateral z-transform (Z) to determine
Z {uln]e’} =

and then use this to calculate Z {u[n]cos(bn)} (10p)
Answer:

X(z) = Z{a[n]} =) aln]z =) e =

1 z
= 14+ePr 4Py 2 138,34 = =
1—efzl  z—¢€P

With a region of convergence

P27t <1
ROC: |€?]| < |z|

This transform has a pole at z = ¢’ and a zero at z = 0.
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cosbn

Z {u[n|cosbn}

[ejbn _i_efjbn]
Z{eﬂm} + Z{e—jbn} —

z(z — cosb)
22 —2zcosb+1

1
2
1
2
1
2
z
2

B. Zeros/poles diagram on the z-plane for a transfer function H(z)
of a LTI discrete-time system is given below. Use this diagram to
find the difference equation which describes this system. (15p)

.
o
.

Pe oY
PX
[\)

1]
e,
.

L 2

.
-“‘

Answer: Signal described by this diagram as a transfer functions

with poles at z = +j = e™7/2

we can write:

. Using the formula derived above

H(z) = z‘ N z _ z(z — cos(7/2)) _
Y _eim/2 | _ ein/2 22— 2zcos(m/2) + 1
2
z2+1

Using the transfer function for a discrete-time LTI system:

V() | 2°

H(z) = X(z) T2+l
Y(2)(2* +1) = X(2)[227]
YV(z)(1+27%) =2X(z2)
y[n] +y[n — 2] = 2z[n]
y[n] = 2x[n] — y[n — 2|
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Appendix B.1 Bilateral Laplace Transform Pairs

(1) X(s) = L{z(8)} ROC
a(t) 1 seC
£(t) é Ref{s} >0
i 3 i i Laplace
() 1 Refs} > Re{—a} Appendix B.2 Properties of the Bilateral Lapla
sta Transform
_emtte(—p) - Jlr - Re{s} < Re{—a}
2(t) X(s) = £{z(t)} | ROC
1
t=(t) = Re{s} >0 Lincarity ROC 2
AXi(s) + BXa(s) | ROC{X1}
]
me(t) = Re{s} >0 Az (t) + B (1) AROC{Xs}
1 Delay e TX (s) not affected
te="te(t) TR Re{s} > Re{-a} z(t - 7)
nl Modulation X(s—a) Re{a} shifted by
tremete(t) 7 ﬂ-)nﬂ Re{s} > Re{-a} eta(t) Re{a} to the right
. - wo ‘Multiplication by ¢’,
sin(wot)e(t) 52+ wd Re{s} >0 Differentiation in the d
. frequency domain —HYSX(S) not affected
s
cos(wot)e(t) g Re{s} >0 ta(t)
- N T
e~ cos(wot)e(t) ﬁ(s +Sa)2(1 = Re{s} > Re{—a} ]t)i:::rng:;fn in the ROC >
— o(t) sX(s) ROC{X}
~at sin(s —_— Re{— at
e~ sin(wot)e(t) GrarTa? Re{s} > Re{—a} Idt :
2 —wl ntegration 1 ROC D ROC{X
t e (t o Re(s} >0 t 1 2 {x}
cos(wot)e(t) (ErR)? e{s} / o(D)de sX(s) s : Re{s} > 0}
2wps Sad
tsin(wot)=(t) s Re{s} >0 .
(wot) (2 +wp)? Sealing 1, (f) Eggrsg?led by a
z(at) a] a .

Appendix B.3 Fourier Transform Pairs Appendix B.4 Properties of the Fourier Trans-

form
«(0) X(jw) = Fla®)} _
(t) X(jw) = Fla(t)}
a(t) 1
Linearity Az, (t) + Baa(t) AX;(jw) + BX3(jw)
1 2m6(w)
Delay z(t— ) eTITX (jw)
5(t) Jw
Modulation elwoty(t) X(j(w —wo))
L ( ! ) (“’T)
= — o ‘Multiplication by ¢ .
2
T T ul Differentiation in the ta(t) _aXGw)
. (t) 5 (u)) + ]% frequency domain d(jw)
o Differentiation in the da(t) X ()
I (hadll time domain dt
rect(at) \aLSl (2(1)
A (@ ‘ X(jw) [mﬁ'(w) + _iJ
si(at) fal rect (ga) Integration / z(z)dz 1 s
1 = = —X(jw)+7X(0)d(w)
N Jw
h —jmsign(w)
2 Scaling 2(at) ‘%‘X (%’) . aeR\{0}
sign(t) 7w
3 Convolution 1 (t) * z2(t) X1(jw) - Xa(jw)
edwot 276 (w — wo)
Multiplication 21 (t) - m2(t) %Xl (jw) * X2 (jw)
cos(wot) 7[5 (w +wo) + 8(w — wo)]
Duality Tl(t) 2(jw)
i ¢ 2y (—
cineot) 7150+ ) — 50 — wo)] @2(jt) 2 (—w)
z(—t) X(=jw)
oy 2 Symmetry relations z*(t) X*(—jw)
€ ,a>0 it z*(=t) X*(jw)
e VE Parseval theorem / leF e o [ IxGeyPas
p - o
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Appendix B.6 Properties of the z-Transform Appendix B.5 Two-sided 2-Transform Pairs

k] X(2) = Z{x[k] ROC
Property z[k] X(2) ROC alf] (&) = Z{ali)
Sk 1 zecC
N . ROC 2
Linearity axy [k]+bxa[k] aX(z) 4+ bX2(2) ROC{;(l JAROC{X,}
ROC{z}; separate <[] z—1 l1>1
Delay [k — K] 277X (2) consideration of
z=0and z = o z
akelk] — |2 > la|
Modulation akalk] X (g) ROC= {z 2 eROC(z}} -
—aFe[—k —1] = 2] <lal
iplicati . ROC{z}; separate
Multiplicat; dX(z
byu k B kalk] -z % consideration of z
: 2=0 kelk] e o> 1
Time inversion | z[—k] X() ROC={z|=~'€ROC(z}} ka*<[K] Gy fza)2 [2] > la]
B ROC D : zsin Qg
Convolution w1 [k] * z2[k] X1(2) - Xa(z) ROC{;I}NROC{IQ) sin(Qok)e (k] oy 71 |z >1
2(z — cos Q)
lioati ) 1 2\1 | multiply the cos(Qok)elk] TSyt 41 2] > 1
Multiplication | 1[4] -2k | 5 f X1(0)Xa( 4) B e roc 22 " 2zcos + 1




