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Q1. (35p) Consider a simple circuit shown below, for which R = 10, C =
0.0235 and L = 10 in the appropriate s.i. units.

C L i

R vo(t)vi(t)

+

−

+

−

A. Write a differential equation which relates the output vo(t) with
the input vi(t) for this system. (5p)
Answer:

Ri(t) + L
di(t)

dt
+

1

C

t∫
0

i(τ)dτ = vi(t)

vo(t) + L/R
dvo(t)

dt
+

1

RC

t∫
0

vo(τ)dτ = vi(t)

B. Give a definitions of an impulse response function, a transfer func-
tion and a frequency response function. (5p)
Answer:

h(t) = S{δ(t)}

H(s) =
Y (s)

X(s)

H(jω) = H(s)|s=jω
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C. Calculate the impulse response function for the system given above.
It is sufficient to express h(t) as a sum of complex exponential
functions. Explain how you would used this function to calculate
the output signal y(t) for a given input signal x(t). (10p)
Answer:

Ri(t) + L
di(t)

dt
+

1

C

t∫
0

i(τ)dτ = vi(t)

vo(t) + L/R
dvo(t)

dt
+

1

RC

t∫
0

vo(τ)dτ = vi(t)

Vo(s) +
sL

R
Vo(s) +

1

sRC
Vo(s) = Vi(s)

Vo

(
1 +

sL

R
+

1

sRC

)
= Vi(s)

H(s) =
1

1 + sL
R
+ 1

sRC

=
s

s+ s2L
R

+ 1
RC

=
R
L
s

s2 + R
L
s+ 1

LC

For given values of the components we get R/L = 1 and 1/CL =
4.25

H(s) =
s

s2 + s+ 4.25

Which has zeros at

p1,2 =
−b
2a
±
√
b2 − 4ac

2a
= −0.5±

√
1− 17

2
= −0.5± 2j

So we can write the transfer functions as:

H(s) =
A

s+ 0.5− 2j
+

B

s+ 0.5 + 2j
=

=
s

s2 + s+ 4.25
=

s

(s+ 0.5− 2j)(s+ 0.5 + 2j)

A =
s

(s+ 0.5 + 2j)

∣∣∣∣
s=−0.5+2j

=

=
−0.5 + 2j

−0.5 + 2j + 0.5 + 2j
=
−0.5 + 2j

4j
= 0.5 + 0.125j

B =
s

(s+ 0.5− 2j)

∣∣∣∣
s=−0.5−2j

=

=
−0.5− 2j

−0.5− 2j + 0.5− 2j
=
−0.5− 2j

−4j = 0.5− 0.125j
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Impulse response will be the inverse Laplace transform of this
function:

H(s) =
0.5 + 0.125j

s+ 0.5− 2j
+

0.5− 125j

s+ 0.5 + 2j

h(t) = ε(t)
(
Ae−(0.5−2j)t +Be−(0.5+2j)t

)
D. Calculate the transfer function and the frequency response func-

tion of this system. For the frequency response function, you do
not need to arrive at a elegant expressions. (5p)
Answer: For the frequency response, we set s = jω

H(jω) =
jω

jω2 + jω + 4.25

=
0.5 + 0.125j

jω + 0.5− 2j
+

0.5− 125j

jω + 0.5 + 2j

E. Draw a zero/poles diagram. (5p)
Answer: The zeros/pole diagram includes zero at the origin and
two poles at s = −0.5± 2j

F. What kind of circuit is this? (5p)
Answer: Band pass filter. We can see it from the fact that
H(jω) = 0 for ω = 0 and ω =∞.

Q2. (10p) Find the z-transform of the following signal:

x[n] = {0, 1, 2, 3, 4, 3, 2, 1, 0}

Answer: Using definition of the z-transform we can write:

X(z) = Zb {x[n]} =
∞∑

n=−∞
x[n] z−n =

= x[−3] z3 + x[−2] z2 + x[−1] z1 + x[0] z0 + x[1] z−1 + x[2] z−2 + x[3] z−3 =

= 1z3 + 2z2 + 3z1 + 4z0 + 3z−1 + 2z−2 + 1z−3

Q3. (20p) Consider a discrete-time system described by a block diagram
shown below.
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ts

ts

x[n] y[n]
1

3

1

ts

ts

1

2

−1

A. Use this block diagram to calculate a discrete-time impulse re-
sponse function for this system. Calculate for n < 6. (10p)
Answer: First we need a difference equation, then we can just
set input as δ[0] and calculate the impulse response. From the
diagram:

y[n] = x[n] + 3x[n− 1] + x[n− 2]− y[n− 1] + 2y[n− 2]

From that equation we get:

h[0] = δ[0] + +3δ[−1] + δ[−2]− h[−1] + 2h[−2] = 1

h[1] = δ[1] + 3δ[0] + δ[−1]− h[0] + 2h[−1] = 3− 1 = 2

h[2] = δ[2] + 3δ[1] + δ[0]− h[1] + 2h[0] = 1− 2 + 2 = 1

h[3] = δ[3] + 3δ[2] + δ[1]− h[2] + 2h[1] = −1 + 4 = 3

h[4] = δ[4] + 3δ[3] + δ[2]− h[3] + 2h[2] = −3 + 2 = −1
h[5] = δ[5] + 3δ[4] + δ[3]− h[4] + 2h[3] = 1 + 6 = 7

B. Use a method of choice to determine output signal y[n] for n < 8
and the input signal given below. (10p)

x[n] = {1, 0, 1, 0} and 0 otherwise.

Q4. (10p) Determine the convolution

y(t) = e−atε(t) ∗ ε(t)
using direct method (definition) and using Fourier transform method.
Answer: Using the definition we find for t ≥ 0 (the convolution is zero
for t < 0):

y(t) =

∞∫
−∞

e−a(t−β)ε(t− β)ε(β)dβ = e−at
∞∫

−∞

eaβε(t− β)ε(β)dβ = e−at
t∫

0

eaβdβ =

= e−at
1

a
eaβ
∣∣∣∣β=t
β=0

=
1

a
(1− e−at)
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so

y(t) =
1

a
(1− e−at)ε(t)

Using transform method:

Y (jω) = F
{
e−atε(t)

}
F {ε(t)} = 1

a+ jω

[
πδ(ω) +

1

jω

]
=
πδ(ω)

a
+

1

jω(a+ jω)

1

jω(a+ jω)
=

A

jω
+

B

(a+ jω)
=
A(a+ jω) +Bjω

jω(a+ jω)

A+B = 0 Aa = 1
1

jω(a+ jω)
=

1

ajω
− 1

a(a+ jω)

Y (jω) =
1

a

[
πδ(ω) +

1

jω

]
− 1

a

1

(a+ jω)

y(t) =
1

a
ε(t)− 1

a
e−atε(t)

Q5. (25p)

A. Use definition of of a unilateral z-transform (Z) to determine

Z
{
u[n]eβn

}
=

and then use this to calculate Z {u[n]cos(bn)} (10p)
Answer:

X(z) = Z {x[n]} =
∞∑
n=0

x[n] z−n =
∞∑
n=0

eβnz−n =

= 1 + e1βz−1 + e2βz−2 + e3βz−3 + ... =
1

1− eβz−1 =
z

z − eβ

With a region of convergence

|eβz−1 < 1|
ROC: |eβ| < |z|

This transform has a pole at z = eβ and a zero at z = 0.
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cos bn =
1

2

[
ejbn + e−jbn

]
Z {u[n] cos bn} =

1

2
Z
{
ejbn
}
+

1

2
Z
{
e−jbn

}
=

=
1

2

(
z

z − ejb
)
+

1

2

(
z

z − e−jb
)

=

=
z

2

(
z − e−jb + z − ejb
(z − ejb)(z − e−jb)

)
=

z(z − cos b)

z2 − 2z cos b+ 1

B. Zeros/poles diagram on the z-plane for a transfer function H(z)
of a LTI discrete-time system is given below. Use this diagram to
find the difference equation which describes this system. (15p)

×2

z-plane
1
2
π

3
2
π

Answer: Signal described by this diagram as a transfer functions
with poles at z = ±j = e±jπ/2. Using the formula derived above
we can write:

H(z) =
z

z − ejπ/2 +
z

z − e−jπ/2 = 2
z(z − cos(π/2))

z2 − 2z cos(π/2) + 1
=

= 2
z2

z2 + 1

Using the transfer function for a discrete-time LTI system:

H(z) =
Y (z)

X(z)
= 2

z2

z2 + 1

Y (z)(z2 + 1) = X(z)[2z2]

Y (z)(1 + z−2) = 2X(z)

y[n] + y[n− 2] = 2x[n]

y[n] = 2x[n]− y[n− 2]
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