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Problem	1.	Rotating	coordinate	system	(6p	=	20%)	

Tiril	E.	has	adjusted	her	rifle	sight	for	a	100-meter	distance	
on	a	biathlon	shooting	station	where	the	shooting	direction	is	
directly	towards	East	(along	ey-axis,	see	figure).	The	starting	
velocity	of	the	rifle	bullet	is	600	m/s.	Alas,	the	shooting	track	
has	been	surprisingly	reversed	(?!)	from	East	to	West	for	the	
same	distance	 in	 the	competition,	and	Tiril	does	not	have	a	
chance	to	make	any	further	sight	adjustments.		

How	large	is	the	resulting	systematic	deflection	of	hits	due	to	
this	 sudden	 change	 of	 conditions	 and	 in	 which	 direction?	
What	about	the	effects	of	centripetal	acceleration?	
You	can	neglect	the	air	resistance	and	assume	a	constant	bullet	velocity	during	the	
flight.		The	latitude	of	the	shooting	track	is	60	degrees	North	(Holmenkollen).	The	
angular	velocity	of	Earth	is	7.29 × 10()	1/s.	
	
Problem	2.	Hoop	rolling	down	a	sphere	(6p	=	20%)	

	

A	hoop	of	radius	a	is	rolling	down	a	cylinder	without	slipping.	Let	r	be	the	
distance	from	O	to	C.	R	is	the	radius	of	the	cylinder,	θ	is	the	polar	coordinate	of	O	
(center	of	hoop)	and	φ	is	the	rotation	angle	of	the	hoop	around	its	own	axis.		

(a) Determine	the	Lagrangian	function	and	the	two	equations	of	constraints.	
What	do	the	constraints	describe	and	are	they	holonomic?			

(b) Using	Lagrange’s	undetermined	multipliers,	derive	the	equations	of	
motion	from	Lagrange’s	equations.		

(c) When	does	the	hoop	detach	from	the	surface?	[Hint:	use	here	*̈,* = *̇,*̇]		
	
Problem	3.	Lorentz	transformation	(6p	=	20%)	

Let	us	consider	three	inertial	frames	S1,	S2	and	S3,	with	S2	moving	at	a	velocity	/ =
0/2	in	 z-direction	with	 respect	 to	S1	 (coordinates	x,	 y,	 z,	 t)	 and	S3	moving	at	 a	
velocity	/3 = 03/2 	in	 x’-direction	 with	 respect	 to	 S2	 (coordinates	 x’,	 y’,	 z’,	 t’).	
Finally,	an	event	in	S3	is	denoted	by	coordinates	x’’,	y’’,	z’’,	and	t’’.	
	

(a) Derive	the	Lorentz	transformation	matrices	for	the	two	transformations	45 	
and	45′,	where	7̅3 = 45 ∙ 7̅	(from	S1	to	S2)	and	7̅33 = 45′ ∙ 7̅′	(from	S2	to	S3).	

(b) Derive	the	direct	Lorentz	transformation	between	S1	and	S3,	corresponding	
to	the	transformation	7̅33 = 45′′ ∙ 7̅.	 In	other	words,	you	should	obtain	the	
new	coordinates	(in	S3)	as	functions	of	the	old	ones	(in	S1).	
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Problem	4.	Coupled	oscillations	(6p	=	20%)	

Let	us	consider	a	system	of	two	masses	connected	by	springs	to	each	other	and	
walls	on	both	sides,	as	shown	in	the	figure	below.	The	masses	are	:; = 2:	and	
:< = :,	and	the	spring	constants	are	=; = 4=,	=< = =,	and	=? = 2=.	
	

	
	

(a) Write	out	the	Lagrangian	function	of	the	system	and	derive	the	secular	
determinant	of	coupled	oscillations.		

(b) Solve	the	eigenfrequencies	and	eigenvectors	of	oscillations.	
	

Problem	5.		Hamilton-Jacobi	theory	(6p	=	20%)	

Let	 us	 consider	 a	 system	 in	 free	 fall	 in	 a	 uniform	 gravitational	 field.	 The	
Hamiltonian	of	the	system	is		

@ =
A<

2:
+:CD	

where	y	is	the	vertical	location	and	p	is	the	associated	canonical	momentum.	
In	general,	the	Hamilton-Jacobi	theory	considers	a	partial	differential	equation	of	
the	form	

@ EFG,
IJ
IFG

, KL +
IJ
IK

= 0,	

where	S	is	the	Hamilton’s	principal	function.		
(a) Derive	 the	 Hamilton’s	 principal	 function	 J(D, N, K) 	and	 solve	 it.	 For	

simplicity,	choose	here	that	N = P.	
(b) By	 using	 J(D, N, K) 	and	 the	 interrelationships	 between	 old	 and	 new	

coordinates,	derive	the	final	solution	for	y.	Use	here	the	initial	conditions	
D = DQ	and	A = AQ	at	K = 0.	

	

	
	
	
	
Some useful formula and equations in the next page: 
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