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a  b  s  t  r  a  c  t

Square  arrays  of  gold  (Au)  hemispheroids  deposited  on  a UV-transparent  glass  substrate  reveal  a  rich
optical  response  when  investigated  by spectroscopic  Mueller  Matrix  Ellipsometry.  Two  samples  were
studied;  the first consisted  of hemispheroids  of  parallel  radius  of  58  nm and  height  30  nm  with  lat-
tice  constant  210 nm;  the  corresponding  parameters  for  the  second  sample  were  38  nm,  20  nm  and
125  nm,  respectively.  By  a full  azimuthal  rotation  of the  samples,  we  observe  all  the  Rayleigh  anoma-
lies  corresponding  to grazing  diffracted  waves,  with  strong  resonances  for  co-polarization  scattered  light
near the  high  symmetry  points  and  cross-polarization  scattered  light  around  the  Localized  Surface  Plas-
lasmonics
ptical properties
olarimetry

mon  Resonance.  Polarization-conversion  becomes  particularly  important  at  grazing  incidence,  and  the
cross-polarization  follows  the  Rayleigh  lines.  The  optical  response  (neglecting  polarization  conversion)  is
modelled  in the  quasi-static  approximation  using  the  so-called  Bedeaux-Vlieger  formalism,  and  the  Finite
Element  Method  using  COMSOL.  The  direct inversion  of the  effective  (substrate  dependent)  dielectric
function  is  discussed.

© 2017  Elsevier  B.V.  All  rights  reserved.
. Introduction

Mueller matrix ellipsometry is expected to play an impor-
ant role in the characterization of plasmonic based devices,
uch as plasmonic metamaterials/metasurfaces [1,2], or com-
osite nanoplasmonic devices with applications ranging from
ptoelectronics to biomedicine [3–5]. The fascinating properties of
etamaterials can be exemplified by e.g. the negative refractive

ndex [6] and its application to perfect lensing and subdiffraction
maging [7].

The metamaterials approach consists in determining effective
lectromagnetic parameters for an inhomogeneous periodic artifi-
ial material. As such, the metamaterials approach bridges the gap
etween low-frequency effective medium theory and the high fre-
uency diffractive regime (therein photonic crystals) [8]. However,

t is necessarily the combined response that will be observed by

pectroscopy across a larger spectral range.

Here we study an apparently simple model system consisting
f hemispheroidal Au particles organized in a square lattice on a

∗ Corresponding author.
E-mail address: Morten.Kildemo@ntnu.no (M.  Kildemo).

ttp://dx.doi.org/10.1016/j.apsusc.2017.02.008
169-4332/© 2017 Elsevier B.V. All rights reserved.
UV-transparent flat glass substrate. The particle dimensions are
such that the quasistatic approximation should be valid, at least for
the longest wavelengths. This system was recently shown to have
a rich optical response including polarization coupling around the
Localized Surface Plasmon Resonance (LSPR), and around so-called
Rayleigh anomalies (or Rayleigh lines) related to grazing diffracted
waves just at the onset of diffracted orders [2].

Indeed, the importance of the polarization coupling can be
directly observed in Mueller matrix spectroscopic studies with
complete azimuthal sample rotation of inherently anisotropic sys-
tems, such as self-assembled Ag or Au particles along the ripples
of a nanopatterned substrate [9–11], meta-surfaces of U-shaped
particles [12], slanted metallic pillars [13], and chiral structures
[14].

In this paper, the regular lattices of idealized metallic hemi-
spheroids supported by a flat dielectric substrate (here SiO2) are
modelled by the Bedeaux-Vlieger theory [15]. Since this theory
does not account for cross-polarized scattered light, only a block-
diagonal Mueller matrix can be obtained within this approach.

In order to account for cross-polarized scattered light, and there-
fore obtaining non-vanishing off-diagonal elements of the Mueller
matrix, more accurate and time consuming modelling approaches
have to be used. One possibility is to perform the modelling on

dx.doi.org/10.1016/j.apsusc.2017.02.008
http://www.sciencedirect.com/science/journal/01694332
http://www.elsevier.com/locate/apsusc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apsusc.2017.02.008&domain=pdf
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he basis of the reduced Rayleigh equation [16,17] which recently
as shown to produce reliable results for the Mueller matrix ele-
ents [18]. Other approaches, often used in the metamaterials

ommunity, are the full wave solutions obtained by the Finite Ele-
ent Method (FEM) and Finite Difference Time Domain (FDTD)

imulations. In this work we will present results obtained by FEM
imulations.

. Experimental

The samples were produced by evaporating a thin film of Au
nto a clean (and flat) UV-grade fused silica surface using an e-beam
vaporator (Pfeiffer Vacuum Classic 500). The deposited film thick-
esses were 40 nm (Sample A) and 20 nm (Sample B). The resulting
lms were smooth but polycrystalline. The Au nano-structures on
lass were produced by Focused Ion Beam (FIB)-milling using Ga
ons (FEI Helios Dual-beam FIB). The two samples reported here

ere manufactured to make up Au hemispheroids distributed in a
quare pattern on a glass-surface, see Fig. 1(a); the lattice constants
ere a = 210 nm (Sample A) and a = 125 nm (Sample B). After the
illing, the particles were found to be hemispheroids of lateral

adius Rxy = (58 ± 4) nm (Sample A), and (38 ± 4) nm (Sample B), see
ig. 1(c). The heights of the particles (the perpendicular radii) were
ifficult to estimate accurately from the combination of AFM and
EM images. However, rough estimates are Rz = 30 nm for Sample

 (<40 nm) and Rz = 25 nm for Sample B (with an expected uncer-
ainty of several nanometers). Unfortunately, an over-etching into
he substrate was observed for both samples, i.e. the Au particles
re probably on top of a dielectric mound, as roughly sketched in
ig. 1(d). Both samples had an over-milling of at least 10 nm into
he substrate.

The surface coverage for a square lattice of hemispheroidal par-
icles is defined as � = �R2

xy/a2, giving �A = 0.20 and �B = 0.18 for
he coverage of Sample A and Sample B, respectively.

For the optical characterization of the samples, a variable angle
ultichannel dual rotating compensator Mueller matrix ellipsome-

er (RC2) from JA Woollam Company was used. Our instrument has
 collimated 150 W Xe source and operates in the spectral range
rom 210 nm (5.9 eV) to 1700 nm (0.73 eV). As the FIB-milling is

 time consuming process, the total milling area opened by FIB
as limited to 240 �m × 240 �m.  Focusing and collection lenses
ith a focal length of 20 mm and a Numerical Aperture of approxi-
ately 0.15, were applied, allowing a normal incidence spot size

f smaller 100 �m.  This spot size allowed us to study the full

zimuthal rotation of the sample while ensuring that the spot-
ize remained within the 240 �m × 240 �m area. The spectroscopic
ueller matrix was measured for the polar incidence angles (with

espect to surface normal) �0 = 45◦, 55◦ and 65◦. Full azimuthal

ig. 1. (a) Real space Scanning Electron Microscopy (SEM) image of the particle
rray. (b) Schematic drawing of the 2-dimensional reciprocal lattice defining �0. (c)
he ideal model consisting of a hemispheroidal Au particle on uv-transparent glass.
d) The presumed non-ideal model with the particles on a mound.
Science 421 (2017) 593–600

rotation of the sample around the sample normal (360◦) in steps
of 5◦ was performed for each polar angle of incidence in order to
fully map  any anisotropy in the optical response of the sample (see
Brakstad et al. [2] for further details).

3. Results and discussion

3.1. Mueller matrix: LSPR, Rayleigh lines and polarization
coupling

Fig. 2 presents an overview of the normalized Mueller matrix
optical response, m,  measured for Sample A as a function of the
photon energy (E = �  ω), for the specular direction [(�0, �0) = (�s,
�s)]. A series of measurements were performed for a fixed polar
angle of incidence �0 = 55◦, but different values of the azimuthal
angle of incidence �0. The coordinate system is defined so that the
value �0 = 0◦ represents a direction that coincides with one of the
main axes of the square lattice. In Fig. 2 the (2 × 2) block diagonal
elements of m are stacked as functions of the azimuthal angle of
incidence (except m22). The corresponding SEM image of Sample
A and a schematic diagram of the reciprocal lattice are shown in
Fig. 1(a) and (b), respectively, see also Figs. 1–3 in Brakstad et al.
[2]. We  observe from the diagonal elements of the Mueller matrix
that a LSPR exists for a photon energy around 2.1 eV, which is here
found to be slightly dispersive with azimuthal rotation angle �0,
see also �pp and 〈ε〉pp in Ref. [2]. Furthermore, we observe polar-
ization conversion around the LSPR that dependends on �0; this is
seen from the off-block-diagonal elements (which are not stacked)
in Fig. 2. We  further observe that there are prominent features in
both the block-diagonal elements (dips and peaks) and the off-
block-diagonal elements (strong polarization conversion); these
features are attributed to the Rayleigh anomalies [19] as previously
described in detail in Brakstad et al. [2] and references therein.

In recent works [2,9,20,21] we have found it useful to present
Mueller matrix data in terms of contour plots in polar coordinates
as they clearly show their dependence on the rotation of the sam-
ple. In such plots, the polar coordinate corresponds to the azimuthal
rotation angle (�0) and the radial coordinate represents the pho-
ton energy. Fig. 3 presents in this fashion the normalized Mueller
matrix data of which the data-sets from Fig. 2 are subsets; the
inner and outer circles in Fig. 3 correspond to 0.73 eV and 5.9 eV,
respectively. Notice that for given azimuthal rotation angle (�0), a
cut along the radial direction of the data-sets presented in Fig. 3
will result in curves for the same value of �0 that are similar to
those in Fig. 2. Moreover, the data in Fig. 3 are organized such that
�0 = ∠(k‖, G(10)

‖ ), where the component of the incident wave vector

parallel to the surface of the substrate is (
∣∣k∣∣ = k = n0ω/c)

k‖ = k sin �0(cos �0, sin �0, 0),  (1)

and the reciprocal lattice vector is defined as

G(l)
‖ = l1b1 + l2b2 = G(l)

‖ (cos �l, sin �l, 0),  (2)

where l1 and l2 are integers and G(l)
‖ = |G(l)

‖ |. In writing Eq. (2) we
have introduced the primitive translation vectors of the reciprocal
lattice b1 and b2 (|b1,2| = 2�/a), and defined the vector l = (l1, l2) (see
Ref. [2] for further details).

It is observed from Fig. 3 that the Mueller matrix of Sample A
is nearly block-diagonal for photon energies up till about 3 eV, and
the same was  found also for Sample B (results not shown). The LSPR
is now observed as the nearly circular features around 2.1 eV in all
the block diagonal elements presented in Fig. 3. The Rayleigh lines

observed in e.g. the m12 element, now make up a set of features that
resembles the first and second Brillouin zone (BZ), see Fig. 1(b).

Brakstad et al. [2] described thoroughly the main features of
these Rayleigh lines [19]. In particular, in this work, a compact
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Fig. 2. Overview of the experimental normalized Mueller matrix elements for Sample A as functions of photon energy. The polar angle of incidence was �0 = 55◦ and
the  azimuthal angle of incidence �0 was  varied from 0◦ to 45◦ in steps of 5◦ . The measurements were done in the specular direction, i.e. (�s , �s) = (�0,  �0). The (2 × 2)
block  diagonals elements are stacked (except the m22 element), that is, a constant offset was added to each data set for reasons of clarity. The vertical limits for the off-
diagonal elements are m13 = [−0.103, 0.117], m14 = [−0.079, 0.116], m23 = [−0.097, 0.067], m24 = [−0.148, 0.082]. Similarly, m31 = [−0.122, 0.102], m32 = [−0.062, 0.098],
m41 = [−0.0696, 0.116], m42 = [−0.149, 0.081], while m22 = [0.96, 1]. See the colorbars in Fig. 3 for the vertical limits for all elements and all azimuthal orientations. (For
interpretation of the references to color in this figure legend, the reader is referred to the web  version of this article.)

Fig. 3. Contour plots of the elements of the experimental normalized Mueller matrix m for the Sample A, measured for �0 = �s = 55◦ and �0 = �s (where �s and �s denote the
polar  and azimuthal angles of scattering). The photon energy and the azimuthal rotation angle (�0) of the incident light represent the radius and the angle in these polar
plots,  respectively. The inner circles in the plots correspond to the photon energy 0.73 eV, while the outer correspond to 5.90 eV. The Rayleigh-lines for the first BZ (upright
semi-square), the 2nd BZ (tilted semi-square) in air (white lines), and in the glass substrate (black lines) have been superimposed on the m21 element. In the m13 and m14

elements, the extended Rayleigh-lines for air (white lines) and glass (black lines) that were calculated for a 90◦ symmetry are superimposed, in addition to the LSPR resonance
at  2.1 eV (white circles) as estimated from the quasi-static approximation. The circles in the schematic inset, replacing the m11 element (that is trivially one), correspond to
the  photon energy of the incident light from 1 eV (thick inner line) to 6 eV (thick outer line) in steps of 1 eV, while 0, 45, 90, etc. denote the azimuthal rotation angle (�0) in
degrees.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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xpression for the Rayleigh line condition was rederived, and it
eads [2]

2 −
2k sin �0G(l)

‖ cos(�l − �0)

n2
i

− sin2�0

−
(G(l)

‖ )
2

n2
i

− sin2�0

= 0, (3)

here ni denotes the refractive index of either the ambient (air) or
he substrate (SiO2). The form in Eq. (3) is extremely useful, as it
llows to either solve for the Rayleigh lines, the lattice constants or
ven the refractive index of the substrate.

The Rayleigh lines calculated from Eq. (3) are shown in Fig. 3
s black lines for the substrate and white lines for air, and they
escribe the main features of the block-diagonal elements of
he Mueller matrix. The polarization conversion is now clearly
bserved from Fig. 3 as regular dots around the LSPR (with maxima
or incidence midway between 	 − X and 	 − M).  It is also clearly
bserved from the results presented in Fig. 3 that the polarization
onversion is found around the Rayleigh lines [2], i.e. around the
lack (substrate) and white (air) Rayleigh lines drawn in the m13
nd m14 elements.

We speculate that the polarization coupling around the LSPR is a
esult of spatial dispersion [22,12], while the polarization coupling
round the Rayleigh lines is a result of a modification of the effective
olarizability tensor as a result of the grazing diffracted waves. In
he remaining part of this paper we will focus on modelling the
pproximately near block diagonal response below the Rayleigh
ines, in particular using the Bedeaux-Vlieger formalism, and full

ave COMSOL simulations.

.2. Bedeaux-Vlieger model

Over several decades, starting in the 1970s, Bedeaux and Vlieger
eveloped an approach to the calculation of the optical proper-
ies of thin island films (or rough surfaces) that is based on the
se of effective boundary conditions [15,23–25,1,26]. The Bedeaux-
lieger (BV) model introduces so-called surface suceptibilities,
elated to particle polarizabilities, that modifies the well-known
resnel amplitudes of a flat surface to account for the presence of
he island film (or surface roughness) [see Eqs. (4) and (7)]. When
o particles (islands) are present at the flat surface of the substrate,
he surface suceptibilities vanish and the modified Fresnel ampli-
udes reduce to the classic and well-known Fresnel amplitudes;
n this sense the surface suceptibilities encode the effects of the
resence of the island film. Within the BV model, the polarizabil-

ty of a particle is calculated within the quasi-static approximation
y means of adapting a multipole expansion of the scalar electric
otential [15,23,24,27]. This is achieved by first calculating, to a
igh multipole order, the interaction between a single particle and
he substrate by the use method of images [27]. Next, the single-
article polarizability is corrected for particle-particle interactions
y assuming that this can be done adequately by only including
ipolar or quadrupolar interactions. That is, the particle-particle

nteraction is included only to a low multipolar order which is
xpected to be a good approximation in the low particle cover-
ge limit. In this way, the particle polarizabilities are calculated
ithin the BV model, and from them, the surface suceptibilities

nd, therefore, the optical response can be calculated. For a more
etailed discussion of the BV model the interested reader is referred
o Refs. [15,23,24]. It should be mentioned that the BV formalism
s implemented in the (open source) software GranFilm developed
y Simonsen and Lazzari [25]. The advantage of the BV formalism
s that it results in a fast calculation (fraction of seconds) of the full
pectrum.

The BV model introduces two types of surface susceptibilities
hat are either parallel or perpendicular to the surface of the
Science 421 (2017) 593–600

substrate; in accordance with Ref. [15], we will in the following
denote them 
(ω) and ˇ(ω), respectively.

When light of s polarization is incident from an ambient medium
of refractive index n0, onto an island film supported by the flat
surface of a substrate that has refractive index n2, the BV model
predicts that the reflection amplitude should equal [15,25]:

r012s(ω) = n0 cos �0 − n2 cos �2 + i ω
c 
(ω)

n0 cos �0 + n2 cos �2 − i ω
c 
(ω)

. (4)

Here, �0 and �2 are the polar angles of incidence and transmission,
respectively, and they are measured positive from the normal to the
mean surface. It is convenient to rewrite Eq. (4) in the alternative
form

r012s(ω) =
r02s(ω) + i ω

c

(ω)

�s

1 − i ω
c


(ω)
�s

, (5)

with �s = n0 cos�0 + n2 cos�2, so that the Fresnel reflection ampli-
tude for the ambient-substrate system, r02s(ω), enters explicitly;
this latter quantity is defined by the expression obtained by putting

 = 0 in Eq. (4).

Similarly, for p-polarized incident light the reflection amplitude
of an island film is expressed in the BV model as [15,25]:

r012p(ω) =
�−(ω) − i ω

c

[

 cos �0 cos �2 − n0n2ε0ˇsin2�0

]
�+(ω) − i ω

c

[

 cos �0 cos �2 + n0n2ε0ˇsin2�0

] (6a)

where

�±(ω) = (n2 cos �0 ± n0 cos �2)

(
1 − 1

4
ω2

c2

ˇε0sin2�0

)
. (6b)

For reasons of a more compact presentation, we have in Eq. (6)
not indicated explicitly the frequency dependence of the surface
susceptibilities. Neglecting terms of second or higher order in the
surface susceptibilities allow us to write Eq. (6a) approximately as

r012p(ω) ≈
r02p(ω)  − i ω

c
1

�p

[

 cos �0 cos �2 − n0n2ε0ˇsin2�0

]
1 − i ω

c
1

�p

[

 cos �0 cos �2 + n0n2ε0ˇsin2�0

] . (7)

In writing Eq. (7) we have defined �p = n2 cos�0 + n0 cos�2 and
r02p(ω) denotes the Fresnel reflection amplitude of the flat ambient-
substrate surface for p-polarized illumination [27,28] and can be
obtained by putting 
 =  ̌ = 0 in Eq. (6).

Several parameters are needed to calculate the surface suscep-
tibilities, 
(ω) and ˇ(ω), in the approach of BV. In addition to the
wavelength, angles of incidence (�0, �0), and refractive indices of
the media involved, they are the morphological parameters of the
hemispheroidal island film; the radii of the hemispherodal parti-
cles that are parallel (Rxy) and perpendicular (Rz) to the surface
of the substrate, and the lattice constant, a. These morphological
parameters are also those that one typically tries to extract during
the inversion of experimental data sets using the BV model (more
about this later). It should be noted that the BV model does not con-
vey polarization coupling, and does not describe Rayleigh modes
correctly; thus it is only an approximate solution for regular lat-
tices. Indeed, the BV model was  originally developed to treat the
general problem of disordered particles on surfaces and the weak
cross-polarized scattered signal was neglected. Moreover, the par-
ticle dimensions we will be concerned with, allow us to neglect
both finite size and retardation effects in each particle (as is done
in the BV model). We  will in the following also neglect the plausible
SiO2 mound underneath each particle and treat the surface of the

substrate as flat (i.e. as in Fig. 1(c)).

The open symbols in Figs. 4 and 5 represent the experimental
normalized Mueller matrix elements m12 (N), m33 (C) and m34 (S)
for Samples A and B, respectively, as functions of photon energy for
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Fig. 4. The measured standard ellipsometric quantities N = m21 (blue �); C = m33 (red
©);  and S = m34 (black 	) for Sample A as functions of photon energy for the three
polar angles of incidence �0 = 45◦ , 55◦ and 65◦ as indicated in each of the panels.
The scattered signal was  observed in the specular direction. The experimental data
are shown as open symbols, and are selected for the azimuthal angle �0 = 0◦ . The
vertical lines indicate the photon energies of the corresponding Rayleigh lines. The
results of the GranFilm simulations (the BV formalism) are shown as full lines, while
the COMSOL simulations are given as dashed lines. The morphological parameters
used in these simulations are given in Table 1; the GranFilm simulations assumed
t 2

t
o

t
i
a
e
i
e
a

Fig. 5. Same as Fig. 4 but for Sample B. The COMSOL simulations used (Rxy , Rz ,  a) = (38,
20, 125) nm (dashed lines), see Table 1. The GranFilm simulations assumed the

2

T
T
c
u
d
s
w

he  parameter set corresponding to the smallest value of  . (For interpretation of
he references to color in this figure legend, the reader is referred to the web  version
f  this article.)

he azimuthal angle of incidence �0 = 0◦ and three polar angles of
ncidence �0 = 45◦, 55◦ and 65◦. The experimental data sets in Figs. 4
nd 5 were then fitted with respect to the morphological param-

ters of the spheroidal lattice (Rxy, Rz and a) using the BV model as
mplemented in GranFilm [25]. The corresponding Mueller matrix
lements obtained in this way are presented as full lines in Figs. 4
nd 5 and the parameter sets that were obtained by this procedure

able 1
he morphology parameter sets (Rxy , Rz , a) (in nanometers) used in the numerical simulatio
oincide with the values obtained from analyzing SEM and AFM images of the samples. It i
ncertainty associated with them. The GranFilm software was used for the purpose of rec
ata  for the standard ellipsometric quantities presented in Figs. 4 and 5. This was  done b
quare error estimator; the 2 values obtained in this way  are reported. The star supersc
here  the particles were on top of mounds of height 20 nm.

GranFilm 

Rxy Rz a 2

Sample A 58 30 210 3.
60  29 198 2.

Sample B 34 20 125 3.
34  29 114 2.
parameter set corresponding to the smallest value of  . The dotted lines shown
in  the middle panel for � = 55◦ are COMSOL simulations with an added mound of
height 20 nm,  see Fig. 1(d).

are presented in Table 1. As can be observed from the values pre-
sented in Table 1, the morphological parameter obtained from SEM
and AFM images (that are marked in boldface in Table 1) do not
result in the smallest figure of merit, denoted 2 in the Table 1. For
Sample A [Fig. 4] the lateral diameter of the particles 2Rxy = 116 nm
is at the limit of breakdown of the quasistatic approximation and
some of the Rayleigh lines coincide with the position of the LSPR
resulting in a perturbed signal around this photon energy. On the
other hand, for Sample B a better agreement is found between the

experimental morphological parameters and those resulting from
a fitting procedure using the BV formalism, see Fig. 5; in this case
the Rayleigh lines are shifted to higher energies and away from
the LSPR, and the lateral particle size is smaller (than for Sample

ns performed using either GranFilm or COMSOL. The values that appear in boldface
s noted that the values for Rz that were obtained from such images had considerable
onstructing the morphology parameters of the samples by fitting the experimental
y defining a cost function that was minimized over parameter space using a mean
ript (�) indicates that the (COMSOL) simulation result corresponds to a geometry

COMSOL

Rxy Rz a 2

7 58 30 210 5.5
6 − − − −
5 34 20 125 6.4
1 34 20� 125 3.0
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) so that the quasistatic approximation should be more accurate.
owever, as mentioned in Section 2, the manufactured samples did

urn out to have some non-ideal characteristics, which probably
ill affect both the quality of the fit and the extracted morpholog-

cal parameters that can be obtain from the BV approach. These
spects will be discussed in greater detail below.

It is worth noting that the BV model predicts that the optical
esponse of a system consisting of a hemispheroidal island film
upported by a planar substrate is distinctly different from that of
n identical system but made with untruncated spheroidal parti-
le (of the same volume) nearly touching the substrate [24,29,30].
ecently this latter system was studied by Mendoza-Galván et al.
26] who adapted the simplifying dipole approximation (known as
he (modified) Yamaguchi model, see Refs. [15,31,32]). The advan-
age of considering untruncated particles, instead of truncated
nes, in combination with the dipole approximation, is that one
an easily obtain closed form expressions for the uniaxial effective
edium dielectric functions [26].

.3. Full wave simulations

The two structures, Sample A and Sample B, were also
odelled using the Finite Element Method based commer-

ial software package COMSOL Multiphysics, operating in the
requency-domain. The input to the simulations were the fre-
uency dependent dielectric functions from the ellipsometric
nalysis of the deposited Au film, and SiO2 data from the Woolam
oftware database, in addition to the geometric parameters esti-
ated from SEM and AFM, see Table 1. It is particularly interesting

o use such a full wave tool in conjunction with real ellipsomet-
ic data, since the Finite Element Method has been regularly used
or simulating the optical response of metamaterials, with conse-
uent retrieval of effective optical parameters [8]. It is noted that
his method can also be used to study modes, important in order
o both interpret the optical response, but also in order to deduce
i-anisotropy and polarization coupling.

The simulations were performed using 4 ports with periodic Flo-
uet boundary conditions to simulate the periodicity. The incident
ave on port 1 was assumed either plane TE (s-polarized) or plane

M (p-polarized), along the G(10)
‖ direction. In the current work, the

zimuthal angle was not changed.
The dashed lines in Figs. 4 and 5 present the standard ellipsomet-

ic quantities N, C and S calculated using COMSOL for both Samples
 and B.

It is clear that the simulations to a large extent reproduce the
lock diagonal Mueller matrix, including the Rayleigh lines. This is
vidently an important step in order to validate any EM simulator.

The simulations using the current model do not properly repro-
uce the experimental LSPR. As this problem occurs both in the BV
nd the COMSOL simulations, the models must be refined to include
he SiO2 mound as sketched in Fig. 1(d), which probably resulted
rom an over-etching during the FIB milling in between the Au par-
icles. The dotted lines shown in the middle panel of Fig. 5 (�0 = 55◦),
as calculated using an additional 20 nm SiO2 mound, as shown in

ig. 1(d). Indeed, the results show that the mound causes a blue
hift of the LSPR, in addition to an improvement of the simulated
esponse in the ultraviolet part of the spectrum. The simulation
esults that can be obtained using such refined models will be the
opic for future work, among a full description of the polarization
onversion.

In the simulations, both polarizations (TE and TM input) were

un in parallel on a computer equipped with 32 GB RAM and an
ntel i7-3930K processor operating at 3.2 GHz and running 64
its Windows operating system. Typically, with an appropriate
eshing, COMSOL used 1 minute per wavelength for Sample A
Science 421 (2017) 593–600

and 13 seconds per wavelength for Sample B, with increasing
computational time with added complexity (here the mound).
Using a smaller number for the maximum allowed mesh size,
considerably increases the computational time. It appears that for
small unit cells and an optimized mesh size, fitting of ellipsometric
data using finite element methods can in principle be performed on
typical desk-top systems used in ellipsometric analysis. However,
the required computational cost of such an approach will be orders
of magnitude higher than when using GranFilm.

3.4. Direct Inversion (continuous film approximation)

It is common in the field ellipsometry to extract the effective
optical properties of a thin film containing plasmonic nanoparticles.
Therefore, we  will below perform this analysis with the intention
of comparing the results from such an approach to what can be
obtained by other methods. A natural question then follows, what
does an extracted dielectric function for an ultrathin layer repre-
sent? For such an ultrathin film (particles on the surface), and in
view of the BV model, we learn that the resulting dielectric func-
tion is dependent on the substrate and thus not unique for the film.
This behaviour is a direct consequence of the interaction between
the particle and the substrate. A fitted effective dielectric function
for the ultrathin effective film does not reveal the quantitative mor-
phological parameters such as particle size/shape, density (lattice
constant) and material, which is often sought in metrology. How-
ever, the effective dielectric function of this ultrathin layer may
play an important role in terms of design and characterization of
optical meta-surfaces, in particular with respect to controlling the
propagation of surface bound waves, such as e.g. Surface Plasmon
Polaritons on hyperbolic meta-surfaces [33].

The dielectric function of the effective film on the substrate was
determined through a direct inversion of the Mueller matrix ele-
ments (principally sensitive to the N, C, and S quantities in Figs. 4
and 5). Fig. 6 shows the result of the inversion, where the dielectric
tensor has been posed as an effective thin biaxial film. The film is
as expected mainly uniaxial, but a small in-plane anisotropy was
allowed for in order to reproduce some of the features observed in
the off-diagonal elements of the Mueller matrix. The in-plane com-
ponents were described by Bsplines where the initial guess was
given by the fit of a Maxwell Garnett effective medium [1,34], while
the out of plane component was  simply described by a Bruggeman
effective medium [1,34]. The thickness of the effective medium film
was fixed to a “reasonable apriori-initial value” and not further fit-
ted. The effective medium model is found to reproduce the data
with high accuracy, and the fitted dielectric function gives indeed
the position of the LSPR, and evidently it conveys non-quantitative
information about particle-size and distribution (the distribution is
evidently narrow in this idealized case), in addition to information
about lattice interactions.

It is both interesting and instructive to establish a relationship
between the BV formalism and the extracted dielectric function for
the continuous effective film. To this end we  start by neglecting
the polarization coupling (in-plane anisotropy) and assume that
the system has a uniaxial response. Under these assumptions, the
relationship between the BV formalism and the effective medium
film approach can be obtained by considering the first order Taylor
expansion of the exponential function in the thin film formulas for
a uniaxial film with the extraordinary axis perpendicular to the
surface normal [28]. Let d be the thickness of the continuous thin
film, and assume d/� 
 1, then
r012� = r01� + r12�e−2iX�

1 + r01�r12�e−2iX�
≈

r02� − 2iX�
r12�

1+r01�r01�

1 − 2iX�
r01�r12�

1+r01�r12�

, (8)
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Fig. 6. Effective biaxial dielectric functions of Sample A (bottom Figure) and Sample
B  (top Figure). The biaxial Bspline inverted data are shown as full lines. The dielectric
function calculated from 
 and  ̌ (obtained from GranFilm) with the use of Eqs. (9)
a
t

w
t
s
[
(

a
s
o
p
c
e
i
i
i
c

ε

w
s
t
e for an equivalent continuous ultra-thin film was extracted by direct
nd (10) are shown as dashed lines. (For interpretation of the references to color in
his figure legend, the reader is referred to the web  version of this article.)

here � = s, p, and the expression for the Fresnel reflection ampli-
udes rmn� are given by Eqs. (4) and (6) after setting to zero the
urface suceptibilities that appear in them; 
 =  ̌ = 0 (see also Refs.
27,28]). In writing Eq. (8) we introduced the phase thickness
eigenmode) functions, X�, given in Azzam and Bashara [28].

To relate the reflection amplitudes in Eq. (8) to the reflection
mplitudes obtained in the BV model, e.g., Eqs. (5) and (7), we
tart by observing that the BV amplitude for s polarization depends
nly on the parallel susceptibility (
), while the BV amplitude for

 polarization depends both on the parallel and perpendicular sus-
eptibilities (
 and ˇ). Therefore, it is to be expected that the
ffective dielectric function εxx = εyy will depend on 
 but not ˇ,
n the same way as εzz will depend on  ̌ but not 
 . In order to see
f this assertion is true, we start by considering the case of s polar-
zation. Equating the right hand side of Eq. (8) for � = s, with the
orresponding BV formula in Eq. (5) gives the relationship:

xx = ε2 + 


d
, (9)

here the thickness of the continuous thin film (d) must be cho-
en independently. Substituting the above expression for εxx into
he right hand side of Eq. (8) for � = p, and equating the resulting
xpression with the corresponding BV formula, Eq. (7), results in
1
εzz

= 1
ε2

− ˇ

d
. (10)
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It is interesting to note that the effective medium dielectric func-
tions add as disks on a substrate; additively parallel to the planar
surface and capacitively perpendicular to it.

The fitted uniaxial dielectric function extracted from the ellip-
sometric data can now in principle be related to morphological
parameters through the BV formalism as is the case for an effective
medium theory. Using the calculated 
 and  ̌ from the BV model
implemented in GranFilm,  and the relationship in Eqs. (9) and (10),
we finally obtain the uniaxial dielectric function plotted (dashed
lines) in Fig. 6. In both cases, the parameter d is adjusted to make
a reasonable fit (we  used d = 1.0 nm for Sample B and d = 1.9 nm for
Sample A, but it is emphasized that these values depend on the
initial choice for the thickness in the direct inversion).

The dielectric function calculated based on Eqs. (9) and (10)
turns out to be in reasonable agreement with the one obtained by
inversion (see Fig. 6). The difference is in particular, a small red-
shift of the one calculated from the BV formalism, and the more
asymmetric shape towards higher energies of the Bspline inverted
one. The correspondence appears better for Sample B, as expected.
This red-shift was also observed from the COMSOL simulations, and
was probably a result of reduced screening by the substrate, again
as a result of the over-etching of the substrate (i.e. the particles are
sitting on a small SiO2 mound). The real part of the calculated εz

component is observed to be off-set from the inverted one. Indeed,
it is difficult to invert for the z-component accurately using ellip-
sometry, and it is strongly correlated to the chosen film thickness.
As a result, in future work, it appears better to replace the initial
guess by the dielectric function produced by GranFilm.

4. Conclusions

Mueller Matrix Ellipsometry reveals a complex optical response
from a simple square array of Au-nanoparticles supported by a glass
substrate. In particular, polarization conversion is found around the
Localized Surface Plasmon Resonance (LSPR), and along Rayleigh
lines. The Rayleigh lines can be used to find the orientation of the
sample, and through a simple second order equation be used to
directly estimate lattice constants.

It is found that for a regular 2D lattice, the Bedaux-Vlieger
formalism can extract reasonable parameters related to particle
dimensions, as long as the Rayleigh anomalies are well above the
LSPR. However, the weak polarization conversion around the plas-
mon  resonance and the small dispersion of the plasmon resonance
with respect to the azimuthal rotation of the substrate cannot be
modelled within the current formulation of the latter formalism.

The finite element method appears, when using periodic bound-
ary conditions, to reasonably well model the ellipsometric spectra
including the Rayleigh lines.

Both methods show that imperfections in the system, such as
a dielectric mound, must be included in the model in order to
reproduce well the recorded data. The Bedaux-Vlieger formalism
must be reworked in order to include such an over-etching into the
substrate, while it can be easily added to the Finite Element model.

The GranFilm implementation of the Bedeaux-Vlieger model
is computationally fast (spectra calculated in fraction of seconds),
in addition to being highly instructive. The Finite Element Model
appears much more versatile and seems accurate, but is compu-
tationally expensive (spectra calculated in 30 minutes to several
hours, depending on number of spectral points, meshing and unit
cell size).

The substrate dependent effective uniaxial dielectric function
inversion of the ellipsometric data. It is possibly to give a meaning
to this dielectric function by e.g. correlating it to the one directly
estimated in the continuous film limit of the Bedaux-Vlieger
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ormalism. It is envisaged that the latter dielectric function may  be
seful in the description of meta-surfaces, therein e.g. to estimate
he propagation of surface waves.
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