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Light scattering from an amplifying medium bounded by a randomly rough surface:
A numerical study
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By numerical simulations we study the scattering ofs-polarized light from a rough dielectric film deposited
on the planar surface of a semi-infinite perfect conductor. The dielectric film is allowed to be either active or
passive, situations that we model by assigning negative and positive values, respectively, to the imaginary part
«2 of the dielectric constant of the film. We study the reflectanceR and the total scattered energyU for the
system as functions of both«2 and the angle of incidence of the light. Furthermore, the positions and widths
of the enhanced backscattering and satellite peaks are discussed. It is found that these peaks become narrower
and higher when the amplification of the system is increased, and that their widths are linear functions of«2.
The positions of the backscattering peaks are found to be independent of«2, while we find a weak dependence
on this quantity in the positions of the satellite peaks.
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I. INTRODUCTION

In the first half of the 1990s and subsequently, amplifyi
volume disordered media received a great deal of atten
from theorists1,2 and experimentalists2,3 alike. This attention
was partly motivated by the suggestion of using random v
ume scattering media to construct a so-called random la4

For scattering systems possessing surface disorder in con
to volume disorder, the overwhelming majority of theoretic
and experimental studies were devoted to scattering f
passive~i.e., absorbing! media. Only recently has the surfac
scattering community begun study surface-disordered am
fying systems. The only literature on the scattering of lig
from amplifying surface-disordered media known to us is
theoretical study by Tutovet al.5 and the experimental inves
tigation by Gu and Peng.6 In the theoretical work by Tutov
et al.,5 the authors conducted a perturbative study of the s
tering ofs-polarized light from an amplifying film deposite
on the planar surface of a perfect conductor, where
vacuum-film interface was a one-dimensional random in
face characterized by a Gaussian power spectrum. In
work we consider the same scattering system, but app
numerical simulation approach for its study. The numeri
approach is based on the solution of the reduced Rayl
equation that the scattering amplitude for the system sa
fies. The use of a numerical simulation approach enable
to study possible nonperturbative effects7 that could not be
accounted for by the perturbative technique used in Ref
Furthermore, we also use a different power spectrum of
surface roughness. In particular, a West-O’Donnell~or rect-
angular! power spectrum8 is used in this work, in contrast to
the Gaussian power spectrum used by Tutovet al. Such a
power spectrum allows for the suppression of single sca
ing over a range of scattering angles and, more importan
it opens the possibility for a strong coupling of the incide
light to guided waves supported by the film structure.
0163-1829/2001/64~3!/035425~7!/$20.00 64 0354
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In this work we calculate the reflectivity of a surfac
random vacuum-dielectric-metal film geometry, illuminat
from above bys-polarized light of frequencyv. The metal-
dielectric interface is assumed to be flat, while the vacuu
dielectric interface is described by the surface profile fu
tion z(x1). The amplifying medium ~i.e., the film! is
modeled by a dielectric medium whose dielectric constan«
has an imaginary part«2 that is negative, while its real par
«1 is positive. The values of«2 are chosen so that they in
clude gains@g52pu«2u/(lA«1)# in the medium that are
physically realizable. The assumption of a negative ima
nary part to« is the simplest way of modeling stimulate
emission in this system. The reflectivity is given byuR(k)u2,
whereR(k) is defined in terms of the scattering amplitud
R(quk) by u^R(quk)&u2 5L12pd(q2k)uR(k)u2. In this rela-
tion the wave numbersk and q are related to the angles o
incidence and scattering byk5(v/c)sinu0 and q
5(v/c)sinus, respectively,L1 is the length of thex1 axis
covered by the random surface, and the angular brackets
note an average over the ensemble of realizations of the
face profile functionz(x1). The scattering amplitudeR(quk)
is obtained by numerically solving the reduced Raylei
equation it satisfies for a large number of realizations
z(x1), and^R(quk)& is obtained by averaging the results. A
expected, the reflectivity of the amplifying medium with
random surface is larger than that of the corresponding
sorbing medium, viz. a medium with the same value ofu«2u
but with «2 positive, for all angles of incidence.

II. SCATTERING THEORY

A. Scattering system

The scattering system that will be considered in this pa
consists of a dielectric film, with a randomly rough top i
terface, deposited on the planar surface of a semi-infi
perfect conductor. In particular, it consists of a vacuum
©2001 The American Physical Society25-1
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SIMONSEN, LESKOVA, AND MARADUDIN PHYSICAL REVIEW B 64 035425
the regionx3.z(x1), an amplifying or absorbing dielectri
medium in the region2d,x3,z(x1), and a perfect conduc
tor in the regionx3,2d. This geometry is depicted in Fig
1. The rough surface profile function, denoted byz(x1), is
assumed to be a single-valued function of its argument,
is differentiable as many times as needed. Furthermore,
assumed to constitute a zero-mean, stationary, Gaussian
dom process defined by

^z~x1!&50, ~2.1a!

^z~x1!z~x18!&5d2W~ ux12x18u!, ~2.1b!

where^•& denotes an average over the ensemble of rea
tions of z(x1), andd is the rms height of the rough surfac
Moreover,W(ux1u) denotes the surface height autocorre
tion function, and is related to the power spectrum of
surface roughnessg(uku) by

g~ uku!5E
2`

`

dx1W~ ux1u! e2 ikx1. ~2.2!

In the numerical simulation results to be presented later,
will assume a rectangular power spectrum, also known as
West-O’Donnell form,

g~ uku!5
p

k12k2
@u~k2k2!u~k12k!

1u~2k22k!u~k1k1!#, ~2.3!

whereu(k) is the Heaviside unit step function, andk6 are
parameters to be specified. This power spectrum was
cently used in an experimental study of enhanced ba
scattering from weakly rough surfaces.8

B. Scattering equations

If the vacuum-dielectric interfacex35z(x1) is illumi-
nated from the vacuum side by an s-polarized electrom

FIG. 1. The scattering geometry considered in the present w
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netic wave of frequencyv, the only nonzero component o
the electric field vector in the regionx3.z(x1)max is the sum
of an incident wave and a scattered field:

E2
.~x1 ,x3uv!5eikx12 ia0(k,v)x3

1E
2`

` dq

2p
R~quk!eiqx11 ia0(q,v)x3.

~2.4!

In this equationR(quk) denotes the scattering amplitud
while we have defined

a0~q,v!55 A
v2

c2
2q2, uqu,v/c

iAq22
v2

c2
, uqu.v/c.

~2.5!

From a knowledge of the scattering amplitude one c
define the differential reflection coefficient~DRC! ]R/]us .
It is defined such that (]R/]us)dus is the fraction of the total
time-averaged flux incident on the surface that is scatte
into the angular intervaldus about the scattering angleus , in
the limit asdus→0. The contribution to the mean differen
tial reflection coefficient from the coherent~specular! com-
ponent of the scattered field is given by9,10

K ]R

]us
L

coh

5
1

L1

v

2pc

cos2us

cosu0
z^R~quk!& z2, ~2.6a!

and the contribution to the mean differential reflection co
ficient from the incoherent~diffuse! component of the scat
tered field is given by9,10

K ]R

]us
L

incoh

5
1

L1

v

2pc

cos2us

cosu0
@^ zR~quk!z2&2 z^R~quk!& z2#.

~2.6b!

In Eqs.~2.6!, L1 is the length of thex1 axis covered by the
random surface, and the wave numbersk andq are related to
the angles of incidenceu0 and the angle of scatteringus
according to

k5
v

c
sinu0 , q5

v

c
sinus . ~2.7!

Both these angles are measured from the normal to the m
surface, as indicated in Fig. 1.

From the definition of the mean differential reflection c
efficient, we find that the reflectance of the surface is defin
according to

R5E
2p/2

p/2

dus K ]R

]us
L

coh

5uR~k!u2, ~2.8!

where k is given by Eq.~2.7!, and R(k) is related to the
scattering amplitudeuR(quk)u2 by z^R(quk)& z25L12pd(q
2k)uR(k)u2. Likewise, the total scattered energy~normal-
ized to the incident energy! is defined by

k.
5-2
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U5E
2p/2

p/2

dus K ]R

]us
L , ~2.9!

where^]R/]us& is the total mean DRC, i.e., the sum of th
coherent and incoherent contribution as defined in E
~2.6a! and ~2.6b!, respectively.

So far we have not specified how to obtain the scatter
amplitude entering into the above equations. It has pre
ously been shown thatR(quk) is the solution of the so-called
reduced Rayleigh equation.11 This single, inhomogeneous in
tegral equation forR(quk) for our scattering geometry
reads10

E
2`

` dq

2p
M ~puq!R~quk!5N~puk!, ~2.10a!

where

M ~puq!5
eia(p,v)d

a0~q,v!1a~p,v!
I @a0~q,v!1a~p,v!up2q#

2
e2 ia(p,v)d

a0~q,v!2a~p,v!
I @a0~q,v!

2a~p,v!up2q#, ~2.10b!

N~puk!52
eia(p,v)d

a~p,v!2a0~k,v!
I @a~p,v!2a0~k,v!up2k#

2
e2 ia(p,v)d

a~p,v!1a0~k,v!
I @2a~p,v!

2a0~k,v!up2k#, ~2.10c!

with

I ~guq!5E
2`

`

dx1eigz(x1)e2 iqx1. ~2.10d!

In writing Eq. ~2.10!, we have introduced

a~q,v!5A«~v!
v2

c2
2q2, ~2.11!

where the branch of the square root is chosen so that the
part of a(q,v) is always positive, while the imaginary pa
is positive when«2.0, but is negative when«2,0.

The simulation results to be presented in Sec. III w
obtained by directly solving numerically the reduced Ra
leigh equation~2.10!. This approach can treat much long
rough surfaces as compared to a rigorous numerical sim
tion approach9 with the same use of computer power a
memory. An additional advantage of a numerical appro
based on the reduced Rayleigh equation is thatR andU can
be calculated to high precision, whereas the same quan
calculated by a rigorous approach have been found to be
accurate for the surface lengths typically used in such si
lations. We believe this difference in accuracy forR andU
for these two numerical approaches is related to the dif
03542
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ence in the length of the surface that can be handled pra
cally with today’s typical computer resources. The numeri
solution of the reduced Rayleigh equation is done by c
verting the integral equation into a set of linear equatio
obtained by using an appropriate quadrature scheme
solving the resulting system by standard numeri
techniques.12 Due to the increased numerical performanc
the calculation of theI (guq) integrals was based on an e
pansion of the integrand in powers of the surface pro
function. This numerical method was recently applied s
cessfully to a similar scattering geometry7, and the interested
reader is directed to this paper for details of the numer
method.

III. RESULTS AND DISCUSSIONS

For the numerical simulations to be presented below,
have considered the scattering ofs-polarized incident light of
wavelengthl5632.8 nm. The film was assumed to have
mean thicknessd5500 nm, and its dielectric constant at th
wavelength of the incident light was taken to be«(v)
52.68961 i«2, where«2 is allowed to vary over both posi
tive and negative values. The surface profile function w
characterized by a power spectrum of the West-O’Donn
type as defined in Eq.~2.3!. For the parameters defining th
power spectrum, we usedk250.86v/c and k151.97v/c.
For these values ofk6 , single scattering should be sup
pressed for scattering angles in the rangeuusu,55.1°. The
rms height of the surface was taken to bed530 nm. Fur-
thermore, the length of the surface was taken to beL
5160l, and the numerical results were all averaged o
Nz53000 realizations of the surface profile function.

In Fig. 2~a! we present the numerical simulation resu
for the contribution to the mean differential reflection coe
ficient from the light that has been scattered incoheren
^]R/]us& incoh, for s-polarized light incident normally on the
mean surface (u050°). Thevalues of the imaginary part o
the dielectric were~from top to bottom! «2520.0025, 0,
and 0.0025. From this figure we note the enhanced ba
scattering peaks located atus5u050°. Moreover, two sat-
ellite peaks, located symmetrically about the position of
enhanced backscattering peak, are easily distinguished
the background. Their positions, as read from Fig. 2~a!, fit
nicely with their positions,u65617.7°, calculated for the
corresponding planar geometry in the limit of vanishing«2

7.
The choices made for«2 of the film in Fig. 2~a! correspond
to an amplifying or active film («2520.0025), a neither
amplifying nor absorbing film («250), and an absorbing o
passive film («250.0025), respectively. This is reflected
Fig. 2~a!, where the contribution to the mean DRC from th
light scattered incoherently from the amplifying medium
larger for all scattering angles than for the other two cas
due to the extra energy gained by the scattered light from
amplifying film. Moreover, it is interesting to note that th
differences between these curves are largest for small s
tering angles, and as one moves to larger scattering an
these differences are reduced. The main reason for this is
for scattering anglesuusu,55.1° the light undergoes multiple
5-3
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SIMONSEN, LESKOVA, AND MARADUDIN PHYSICAL REVIEW B 64 035425
scattering, which will increase the effects of amplificati
and absorption as compared to a system that is dominate
single-scattering events for such scattering angles. In
wings of the angular dependence of the mean DRC,uusu
.55.1°, where single scattering gives the main contributi
the differences between the curves corresponding to diffe
values of«2 is much less pronounced. In order to obtain
more complete picture of how the incoherent componen
the mean DRC depends on the imaginary part of the die
tric function, in Fig. 2~b! we present a plot showing
^]R/]us& incoh as a function of«2, as well as of the scatterin
angleus . The angle of incidence here was also chosen to
u050°. As seen from this plot, the positions of the peaks
fixed, or close to fixed, while the overall amplitude
^]R/]us& incoh increases monotonically with the decreasi
imaginary part of the dielectric constant.

FIG. 2. The mean differential reflection coefficient for the inc
herently scattered light for~a! «250,60.0025, and~b! as a function
of the same parameter. For both figures the angle of incidence
u050°, and the wavelength of the incident light wasl
5632.8 nm. The dielectric constant of a film of mean thicknesd
5500 nm was«(v)52.68961 i«2, where«2 is as indicated in the
figure. The randomly rough surface had a rms roughness od
530 nm. The power spectrum was of the West-O’Donnell ty
defined by the parametersk250.86v/c andk151.97v/c.
03542
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To quantify better how the amplification or absorptio
depends on«2, we have studied the total energy scattered
the surface as well as its reflectance. These two quanti
denoted byU(u0 ,«2) andR(u0 ,«2) respectively, are related
to the mean differential reflection coefficient by Eqs.~2.8!
and ~2.9!. The numerical results for these two quantities f
normal incidence are given in Figs. 3~a! and 3~b!. For small
values of«2 we find that these quantities are linear in«2.
However, when the absolute value of the imaginary part
the dielectric constant increases, a deviation from this beh
ior is observed. The numerical data in both cases are w
fitted by a cubic polynomial in«2. In Fig. 3~c! we present the
numerical results forU andR as a function of the angle o
incidenceu0 for «2560.0025. It is seen thatU(u0) is a
monotonically increasing or decreasing function of the an
of incidence for positive and negative values of«2, respec-
tively, and the two curves for«2560.0025 are symmetric
with respect to the lineU(u0)51. For negative~positive! «2
the total scattered energy is larger~smaller! than unity. How-
ever, from the same graph it is observed thatR(u0) is not a
monotonic function of«2. Instead it has a minimum in the
vicinity of 25°. Below this value it is decreasing, whil
above it is increasing. The reason for this behavior is due
the excitation of a leaky guided wave supported by the s
tering geometry.5 The minimum in R(u0) occurs for an
angle of incidence corresponding to the wave number of
leaky guided wave, and the excitation of this mode will ta
away scattered energy from the specular direction, resul
in a minimum inR(u0 ,«2) for this angle of incidence.

From Fig. 2~a! it can be observed that the widths of bo
the backscattering and satellite peaks, in contrast to t
positions, are sensitive to the value of the imaginary par
the dielectric function. Since the scattering geometry s
ports ~at least! two true guided modes, the widths of the
peaks are expected to grow with«2(v)5. This is much more
apparent if we shift, but not scale, the tops of the enhan
backscattering peaks to the same height. We have done s
plotting ^]R/]us& incoh2^]R/]us& incohuus5uo

as a function of

the scattering angleus for various values of«2, and the re-
sults are shown in Fig. 4 for the backscattering peaks@Fig.
4~a!# and the satellite peaks@Fig. 4~b!#. Figure 4~a! clearly
shows that the width of the enhanced backscattering p
increases as the imaginary part of the dielectric constan
creases. Or, in other words, the enhanced backscatte
peak becomes narrower and taller when the amplification
the medium is increased. This behavior is in qualitat
agreement with the experimental results reported recently
Gu and Peng.6 This finding can theoretically be understoo
as follows: It can be shown that the enhanced backscatte
peak should have a Lorentzian form of total width5

DT~v!5De~v!1Dsc~v!, ~3.1!

whereDe(v) is the contribution to the width from the at
tenuation or amplification of the guided waves, whileDsc(v)
is the broadening due to the scattering of such waves by
surface roughness. Moreover, it can be shown that5

De~v!}«2 . ~3.2!

as
5-4
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FIG. 3. The total scattered energyU @Eq. ~2.9!# and the reflectanceR @Eq. ~2.8!# as functions of the imaginary part of the dielectr
constant@~a! and~b!# and of the angle of incidence~c!. In ~a! and~b! the angle of incidence wasu050°, while in ~c! the imaginary part of
the dielectric constant was«2560.0025. The remaining parameters are as given in Fig. 2.
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Depending on the geometrical and dielectric parameter
the film, the total widthDT(v) can be dominated by eithe
De(v) or Dsc(v). For the parameters considered in th
study, however, it is expected5 that D sc(v).uDe(v)u.0.
Therefore, the width should increase with increasing val
03542
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of the imaginary part of the dielectric constant.
We will now examine how the full widthW(«2) of the

backscattering peak depends on«2. In Fig. 5 we present
W(«2) vs «2, as obtained from the numerical simulation r
sults shown in Fig. 2. The width of an enhanced backscat
5-5
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SIMONSEN, LESKOVA, AND MARADUDIN PHYSICAL REVIEW B 64 035425
ing peak was defined as its full width at half maximum abo
the background at the position of the peak. Here the ba
ground was defined to be located at the minimum value
^]R/]us& incoh between the backscattering and satellite pea
Even though the data in Fig. 5 are somewhat noisy, a lin
dependence~solid curve! on «2, as predicted by Eq.~3.2!, is
easily seen.

In Fig. 4~b! we present the same kind of plot as in Fi
4~a!, but now for a satellite peak. One sees the that the w
of the satellite peaks increases with increasing«2, the same
behavior found for the enhanced backscattering peak. H
ever, more interesting is the apparent change in the pos
of the satellite peaks with the value of the imaginary part
the dielectric constant. To the precision of the numerical c
culations, the positions of the satellite peaks for an absorb
film («2.0) seem to shift to larger scattering angles~in
absolute value! as compared to the position of the satell

FIG. 4. Shifted plot for the mean DRC around the enhan
backscattering peak~a! and satellite peaks~b!. The quantities that
are plotted is ^]R/]us& incoh2^]R/]us& incohuus5uo

for the back-
scattering peaks and̂]R/]us& incoh2^]R/]us& incohuus5u1

for the sat-
ellite peaks, whereu1 is the ~positive! angular position of the sat
ellite peaks.
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peaks when«250. The opposite seems to hold true for a
amplifying film («2,0). There are two reasons for this b
havior of the satellite peaks. First, the real part of the s
energy has a linear in«2 contribution, thus, in the presenc
of surface roughness the values of the wave numbers of
guided waves acquire a contribution linear in«2. The second
reason is the strong dependence of the background inte
on the values of«2. The increase of the background intens
also shifts the visual positions of the satellite peaks
smaller scattering angles. For the widths of the satel
peaks, the quality of the numerical data, unfortunately,
not allow us to obtain reliable results.

IV. CONCLUSIONS

By numerical simulations we have studied light scatte
from an absorbing or amplifying dielectric film deposited o
the planar surface of a semi-infinite perfect conductor wh
the vacuum-dielectric interface is randomly rough. It h
been shown that the reflectanceR(u0 ,«2), as well as the
total scattered energyU(u0 ,«2), are decreasing functions o
the imaginary part of the dielectric function of the film for
fixed angle of incidence. Furthermore, it has been dem
strated thatU(u0 ,«2) is a monotonically increasing or de
creasing function of the angle of incidence for fixed positi
and fixed negative values of the imaginary part of the diel
tric function, respectively. However, for the reflectance w
find that R(u0 ,«2) first decreases to a minimum nearu0
525° and then increases. This minimum is a result of
leaky guided wave supported by the scattering structu
Moreover, for an amplifying surface bothR(u0 ,«2) and
U(u0 ,«2) are smaller then their absorbing equivalents for
angles of incidence.

The width of the enhanced backscattering peaks, as
as the satellite peaks supported by the scattering system

d

FIG. 5. The full width W(«2) ~filled dots! at half maximum
above the background at its position of the backscattering peak
function of the imaginary part«2 of the dielectric constant of the
film as obtained from the numerical simulation results of Fig.
The solid line represents a linear fit in«2 to the numerical data.
5-6
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found to increase with increasing«2. While the location of
the enhanced scattering peaks seems to be unaffected b
value of the imaginary part of the dielectric constant of t
film, the corresponding positions for the satellite peaks
found to be shifted toward larger~smaller! scattering angles
for positive ~negative! values of the imaginary part of th
dielectric function, respectively. Finally, it is found that th
width of the enhanced backscattering peak is a linear fu
tion in «2.
ev
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