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Light scattering from an amplifying medium bounded by a randomly rough surface:
A numerical study
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By numerical simulations we study the scatteringsqolarized light from a rough dielectric film deposited
on the planar surface of a semi-infinite perfect conductor. The dielectric film is allowed to be either active or
passive, situations that we model by assigning negative and positive values, respectively, to the imaginary part
e, of the dielectric constant of the film. We study the reflectaRcand the total scattered energffor the
system as functions of botk, and the angle of incidence of the light. Furthermore, the positions and widths
of the enhanced backscattering and satellite peaks are discussed. It is found that these peaks become narrower
and higher when the amplification of the system is increased, and that their widths are linear functigns of
The positions of the backscattering peaks are found to be independentvatfile we find a weak dependence
on this quantity in the positions of the satellite peaks.
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I. INTRODUCTION In this work we calculate the reflectivity of a surface-
random vacuum-dielectric-metal film geometry, illuminated
In the first half of the 1990s and subsequently, amplifyingfrom above bys-polarized light of frequency. The metal-
volume disordered media received a great deal of attentiodlielectric interface is assumed to be flat, while the vacuum-
from theoristd? and experimentalistsS alike. This attention dielectric interface is described by the surface profile func-
was partly motivated by the suggestion of using random voltion ¢(x1). The amplifying medium(.e., the film is
ume scattering media to construct a so-called random fasefnodeled by a dielectric medium whose dielectric constant
For scattering systems possessing surface disorder in contrdtS an imaginary pa, that is negative, while its real part
to volume disorder, the overwhelming majority of theoretical#1 IS Positive. The values of, are chosen so that they in-
and experimental studies were devoted to scattering frorfilude gains[g=2mle,|/(\\s1)] in the medium that are -
passive(i.e., absorbingmedia. Only recently has the surface Physically realizable. The assumption of a negative imagi-
scattering community begun study surface-disordered ampl&Y part toe is the simplest way of modeling st|mulg1ted
fying systems. The only literature on the scattering of light€MiSSion in this system. The reflectivity is given I3(k) [,
from amplifying surface-disordered media known to us is theVNere R(k) is defined in terms of the scattering amplitude

2 _ _ 2 i .
theoretical study by Tutoet al® and the experimental inves- Eér?meb\)//vgvi(%':r)n)llaer; ;;%7;5;% rke)lgél(;) |to. :Reth; g;Ieelz of
tigation by Gu and Penyln the theoretical work by Tutov incidence and scattering  byk=(w/c)sind, and q

et al.” the authors conducted a perturbative study of the scatr

. X : T ; =(w/c)sin b, respectivelyl ; is the length of thex; axis
tering of s-polarized light from an amplifying film deposited covered by the random surface, and the angular brackets de-
on the planar surface of a perfect conductor, where th

I . . ) ote an average over the ensemble of realizations of the sur-
vacuum-film mFerface was a one':-dlmensmnal random 'nter,face profile functiory(x,). The scattering amplitud(q|k)
face character_lzed by a Gaussian power spectrum. In thi§ Jpiained by numerically solving the reduced Rayleigh
work we consider the same scattering system, but apply @quation it satisfies for a large number of realizations of
numerical simulation approach for its study. The numerical (x1), and(R(q|K)) is obtained by averaging the results. As
approach is based on the solution of the reduced Rayleig xpected, the reflectivity of the amplifying medium with a
equation that the scattering amplitude for the system satisandom surface is larger than that of the corresponding ab-

fies. The use of a numerical simulation approach enables Ugrping medium, viz. a medium with the same valuésof
to study possible nonperturbative efféctsat could not be  pyt with e, positive, for all angles of incidence.

accounted for by the perturbative technique used in Ref. 5.

Furthermore, we also use a different power spectrum of the

surface roughness. In particular, a West-O’Donfieil rect- Il. SCATTERING THEORY
angulay power spectrurthis used in this work, in contrast to
the Gaussian power spectrum used by Tuédwal. Such a
power spectrum allows for the suppression of single scatter- The scattering system that will be considered in this paper
ing over a range of scattering angles and, more importantlygonsists of a dielectric film, with a randomly rough top in-
it opens the possibility for a strong coupling of the incidentterface, deposited on the planar surface of a semi-infinite
light to guided waves supported by the film structure. perfect conductor. In particular, it consists of a vacuum in

A. Scattering system
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netic wave of frequencw, the only nonzero component of
the electric field vector in the regiog> {(X1) maxiS the sum
of an incident wave and a scattered field:

\ / E2>(X1,X3|w)=eikX1*iao(k,w)x3

X,

1 90 Gs /‘,"I N foc ?R(q|k)eiqxl+ia0(q,w)xs_
e 1Y el —2m
P 2.4
/\\/ = /\ % In this equationR(qg|k) denotes the scattering amplitude,

while we have defined

——¢? la[<welc

ao(q,0)= (2.9
i 2 |q|>wlc.

FIG. 1. The scattering geometry considered in the present work. From a knowledge of the scattering amplitude one can
. . . . . define the differential reflection coefficie®RC) JR/J0;.

the d(eglqn><t3r]> g(x%), agjm[;llfymg or z?jbsorblfngtmelegtnc It is defined such thatdR/d6s)d 6 is the fraction of the total
mec |urrr]1 n _ereg|0|°:d _F(ﬁ ¢(x1), an a ger ec (cj:o_n Il:J_C' time-averaged flux incident on the surface that is scattered
tor In the regiorxs< —d. This geometry Is depicted In Fig. g the angular interval 5 about the scattering angg, in

1. The rcj)l:gk;)surchelprofl:e f(ljJI’;C'[IO?; der]:(_)tted &xa), 'St tdwe limit asd6,—0. The contribution to the mean differen-
?‘53!;]["6 t'o ble asing e-v? ued tunc 'OQ ?j IFS a}[rhgumen ' in_ al reflection coefficient from the coheref#gpecular com-
is differentiable as many times as needed. Furthermore, it i§onent of the scattered field is given®s§

assumed to constitute a zero-mean, stationary, Gaussian ran-
dom process defined by < aR> 1 o cosé,
coh

(¢(x1))=0, (2.19 30| Ly 2mc cosb,

[(R(a[k)?, (2.6

b , and the contribution to the mean differential reflection coef-
(LX) {(x1))= "W(|x1 = x41]), (21D ficient from the incoherentdiffuse) component of the scat-

where(-) denotes an average over the ensemble of realizd€red field is given by
tions of {(x,), and § is the rms height of the rough surface. IR 1 o co2d
Moreover, W(|x,|) denotes the surface height autocorrela- <_> = s
tion function, and is related to the power spectrum of the \90s/ o, L1 27C COSOo

[(IRalK) % = KR(ak))[].

surface roughnesg(|k|) by (2.6b
. In Egs.(2.6), L4 is the length of thex; axis covered by the
g(|k|):j dx;W(|x,|) ek, (2.2  random surface, and the wave numbleedq are related to

the angles of incidenc®, and the angle of scattering

In the numerical simulation results to be presented later, Wgccordlng to
will assume a rectangular power spectrum, also known as the

West-O’Donnell form, k= %sin 0y, 9= %sin 0. (2.7
__ 7 Both these angles are measured from the normal to the mean
k|)=+———[0(k—k_)0(k, —k
9(Ik]y k+—k,[ ( )0k k) surface, as indicated in Fig. 1.
0=k —K) B(K+K )], 2.3 From the definition of the mean differential reflection co-

efficient, we find that the reflectance of the surface is defined

where 6(K) is the Heaviside unit step function, akd are  according to

parameters to be specified. This power spectrum was re- o JR

cently used in an experimental study of enhanced back- R= d05<—> =|R(K)|?, 2.9
scattering from weakly rough surfaces. — w2 905/ on

wherek is given by Eq.(2.7), and R(k) is related to the
scattering amplitudgR(q|k)|? by [(R(q|k))|?=L.278(q

If the vacuum-dielectric interfaces=¢(x4) is illumi- —Kk)|R(k)|. Likewise, the total scattered energyormal-
nated from the vacuum side by an s-polarized electromagzed to the incident energys defined by

B. Scattering equations
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(2.9

where(dR/d86) is the total mean DRC, i.e., the sum of the

coherent and incoherent contribution as defined in Eqsg

(2.63 and(2.6b), respectively.

amplitude entering into the above equations. It has previs

ously been shown th&(q|k) is the solution of the so-called
reduced Rayleigh equatidhThis single, inhomogeneous in-
tegral equation forR(qglk) for our scattering geometry
reads®

[ s2melara=Npk, @108
where
gla(p,@)d
MRl = o) T a(p.a)  [0(d@) T a(p.w)[p—q]
e ia(p,w)d
" a0 —a(pw) (@)
—a(p,o)|p—q], (2.100
gia(p.w)d
N(PIK) = = e —ag(ka) L(P:@) ~ @o(k.@)[p—K]
e ia(p.w)d
a(p,w) Fagk,w) L AP
—ag(k,0)|p—KI, (2.100
with
|(7|CI)=J’ldxle‘”(xl)e*‘qxl. (2.109
In writing Eq. (2.10, we have introduced
(1)2
a(q,w)= s(w)g—qz, (211

where the branch of the square root is chosen so that the reaicely with their positionsg.. =

part of a(q,w) is always positive, while the imaginary part
is positive whene,>0, but is negative when,<0.

PHYSICAL REVIEW B 64 035425

ence in the length of the surface that can be handled practi-
cally with today’s typical computer resources. The numerical
solution of the reduced Rayleigh equation is done by con-
verting the integral equation into a set of linear equations
obtained by using an appropriate quadrature scheme and
olving the resulting system by standard numerical
_ techniques? Due to the increased numerical performance,

Qhe calculation of the (y|q) integrals was based on an ex-

pansion of the integrand in powers of the surface profile
function. This numerical method was recently applied suc-
cessfully to a similar scattering geométrgnd the interested
reader is directed to this paper for details of the numerical
method.

Ill. RESULTS AND DISCUSSIONS

For the numerical simulations to be presented below, we
have considered the scatteringsgbolarized incident light of
wavelength\ =632.8 nm. The film was assumed to have a
mean thickness =500 nm, and its dielectric constant at the
wavelength of the incident light was taken to kéw)
=2.6896tie,, Wheree, is allowed to vary over both posi-
tive and negative values. The surface profile function was
characterized by a power spectrum of the West-O’Donnell
type as defined in Eq2.3). For the parameters defining the
power spectrum, we usdd =0.86w/c andk, =1.97w/c.

For these values ok-, single scattering should be sup-
pressed for scattering angles in the rangg<55.1°. The
rms height of the surface was taken to &30 nm. Fur-
thermore, the length of the surface was taken to Lbe
=160\, and the numerical results were all averaged over
N,= 3000 realizations of the surface profile function.

In Fig. 2(a) we present the numerical simulation results
for the contribution to the mean differential reflection coef-
ficient from the light that has been scattered incoherently,
(0RI 0s)incon, for s-polarized light incident normally on the
mean surface{,=0°). Thevalues of the imaginary part of
the dielectric wergfrom top to bottom ¢,= —0.0025, 0,
and 0.0025. From this figure we note the enhanced back-
scattering peaks located di= 6,=0°. Moreover, two sat-
ellite peaks, located symmetrically about the position of the
enhanced backscattering peak, are easily distinguished from
the background. Their positions, as read from Fi@),2fit
+17.7°, calculated for the
corresponding planar geometry in the limit of vanishing.

The choices made far, of the film in Fig. 2a) correspond

The simulation results to be presented in Sec. lll wergo an amplifying or active film £,=—0.0025), a neither

obtained by directly solving numerically the reduced Ray-

amplifying nor absorbing film£,=0), and an absorbing or

leigh equation(2.10. This approach can treat much longer passive film €,=0.0025), respectively. This is reflected in
rough surfaces as compared to a rigorous numerical simuldrig. 2(a), where the contribution to the mean DRC from the
tion approach with the same use of computer power andlight scattered incoherently from the amplifying medium is
memory. An additional advantage of a numerical approactarger for all scattering angles than for the other two cases,

based on the reduced Rayleigh equation is Thandi/ can

due to the extra energy gained by the scattered light from the

be calculated to high precision, whereas the same quantitiesmplifying film. Moreover, it is interesting to note that the
calculated by a rigorous approach have been found to be leskfferences between these curves are largest for small scat-
accurate for the surface lengths typically used in such simutering angles, and as one moves to larger scattering angles

lations. We believe this difference in accuracy frandi{

these differences are reduced. The main reason for this is that

for these two numerical approaches is related to the differfor scattering anglel® | <55.1° the light undergoes multiple
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0.7 , . . , - To quantify better how the amplification or absorption
@ depends or,, we have studied the total energy scattered by
06 r €,=-0.0025 the surface as well as its reflectance. These two quantities,
T g=0 denoted by/(6y,e,) andR( 6y, respectively, are related
3 S 6= 00025 - YA(6o,€2) (6o.€2) resp y

to the mean differential reflection coefficient by E¢2.8)

and (2.9). The numerical results for these two quantities for
normal incidence are given in Figs(@ and 3b). For small
values ofe, we find that these quantities are linear dnp.
However, when the absolute value of the imaginary part of
the dielectric constant increases, a deviation from this behav-
ior is observed. The numerical data in both cases are well
fitted by a cubic polynomial ir,. In Fig. 3c) we present the
numerical results fot/ and R as a function of the angle of
incidence 6, for e,=*0.0025. It is seen that/(6,) is a
monotonically increasing or decreasing function of the angle
of incidence for positive and negative valuessgf respec-
tively, and the two curves fog,= *=0.0025 are symmetric
with respect to the liné/(6,)=1. For negativepositive ¢,

the total scattered energy is largemalley than unity. How-
ever, from the same graph it is observed tR4®,) is not a
monotonic function ofs,. Instead it has a minimum in the
vicinity of 25°. Below this value it is decreasing, while
above it is increasing. The reason for this behavior is due to
the excitation of a leaky guided wave supported by the scat-
tering geometry. The minimum in R(6,) occurs for an
angle of incidence corresponding to the wave number of the
leaky guided wave, and the excitation of this mode will take
away scattered energy from the specular direction, resulting
in a minimum iNR(6gy,&5) for this angle of incidence.

From Fig. Za) it can be observed that the widths of both
the backscattering and satellite peaks, in contrast to their
positions, are sensitive to the value of the imaginary part of

FIG. 2. The mean differential reflection coefficient for the inco- the dielectric function. S'r_lce the scattering Qeometry sup-
herently scattered light fdg) &,=0,%0.0025, andb) as a function ~ POIS (at least two true guided modes, the widths of these
of the same parameter. For both figures the angle of incidence wadeaks are expected to grow with(w)°. This is much more
0,=0°, and the wavelength of the incident light was apparent if we shift, but not scale, the tops of the enhanced
=632.8 nm. The dielectric constant of a film of mean thickngéss backscattering peaks to the same height. We have done so by
=500 nm was(w)=2.6896+ic,, Wheree, is as indicated in the  plotting ( IR/ 0s)incon—{ IR/ I0s) incorl 6,= 9, s a function of

figure. The randomly rough surface had a rms roughness$ of the scattering anglé, for various values of,, and the re-
=30 nm. The power spectrum was of the West-O’Donnell typegyits are shown in Fig. 4 for the backscattering pe#hg.
defined by the parameteks =0.86w/c andk, =1.97w/c. 4(a)] and the satellite pealgig. 4b)]. Figure 4a) clearly
shows that the width of the enhanced backscattering peak
increases as the imaginary part of the dielectric constant in-
Scattering, which will increase the effects of amplification creases. Or, in other Words] the enhanced backscattering
and absorption as compared to a system that is dominated Bysak becomes narrower and taller when the amplification of
single-scattering events for such scattering angles. In thghe medium is increased. This behavior is in qualitative
wings of the angular dependence of the mean DRG,  agreement with the experimental results reported recently by
>55.1°, where single scattering gives the main contributionGy and Pen§.This finding can theoretically be understood
the differences between the curves corresponding to differer§s follows: It can be shown that the enhanced backscattering

values ofe; is much less pronounced. In order to obtain apeak should have a Lorentzian form of total witith
more complete picture of how the incoherent component of

the mean DRC depends on the imaginary part of the dielec- Av(w)=A (o) +Adw), (3.2

tric function, in Fig. Zb) we present a plot showing

(IRId86s)incon @s a function ok,, as well as of the scattering where A () is the contribution to the width from the at-
angled,. The angle of incidence here was also chosen to béenuation or amplification of the guided waves, whilg( )
0,=0°. As seen from this plot, the positions of the peaks ards the broadening due to the scattering of such waves by the
fixed, or close to fixed, while the overall amplitude of surface roughness. Moreover, it can be showrrthat
(9R/30s)incon iNcreases monotonically with the decreasing

imaginary part of the dielectric constant. A (w)xe,. (3.2
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FIG. 3. The total scattered energg[Eq. (2.9)] and the reflectanc® [Eq. (2.8)] as functions of the imaginary part of the dielectric

constanf(a) and(b)] and of the angle of incidendg). In (a) and(b) the angle of incidence wa,=0°, while in (c) the imaginary part of
the dielectric constant was,= *+0.0025. The remaining parameters are as given in Fig. 2.

Depending on the geometrical and dielectric parameters aff the imaginary part of the dielectric constant.

the film, the total widthA{(w) can be dominated by either We will now examine how the full widthV/(e,) of the

A (w) or Ag{w). For the parameters considered in thisbackscattering peak depends ep In Fig. 5 we present
study, however, it is expectedhat A ({w)>|A (w)|>0. W(e,) Vs e,, as obtained from the numerical simulation re-
Therefore, the width should increase with increasing valuesults shown in Fig. 2. The width of an enhanced backscatter-
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FIG. 5. The full widthW(e,) (filled dot9 at half maximum
above the background at its position of the backscattering peak as a
function of the imaginary par¢, of the dielectric constant of the
0.0

film as obtained from the numerical simulation results of Fig. 2.
The solid line represents a linear fit i to the numerical data.

|
=
=

peaks where,=0. The opposite seems to hold true for an
amplifying film (¢,<<0). There are two reasons for this be-
havior of the satellite peaks. First, the real part of the self-
energy has a linear in, contribution, thus, in the presence
of surface roughness the values of the wave numbers of the
guided waves acquire a contribution linearin The second
reason is the strong dependence of the background intensity
s s s on the values of,. The increase of the background intensity
16 18 20 22 also shifts the visual positions of the satellite peaks to
6, [deg] smaller scattering angles. For the widths of the satellite
eaks, the quality of the numerical data, unfortunately, did
ot allow us to obtain reliable results.

|
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o

<aR/aes>inmh - <aR/aes)incah | 6=0

|
e
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FIG. 4. Shifted plot for the mean DRC around the enhance
backscattering peafa) and satellite peak&). The quantities that
are plotted is(IR/36s) incon— ( IR/ 0s)incorl o,= 9, fOr the back-
scattering peaks an@R/d0s)incon— (IR 3 0s)inconl 0.~ 0, for the sat-
ellite peaks, wherd, is the (positive angular position of the sat-
ellite peaks. By numerical simulations we have studied light scattered

from an absorbing or amplifying dielectric film deposited on

the planar surface of a semi-infinite perfect conductor where
ing peak was defined as its full width at half maximum abovethe vacuum-dielectric interface is randomly rough. It has
the background at the position of the peak. Here the backbeen shown that the reflectan®¥ 6,,¢,), as well as the
ground was defined to be located at the minimum value ofotal scattered energy(6,,¢,), are decreasing functions of
(dRId0s)incon between the backscattering and satellite peaksthe imaginary part of the dielectric function of the film for a
Even though the data in Fig. 5 are somewhat noisy, a linediixed angle of incidence. Furthermore, it has been demon-
dependencésolid curve on g,, as predicted by Eq3.2), is  strated thai/(6,,e,) is a monotonically increasing or de-
easily seen. creasing function of the angle of incidence for fixed positive

In Fig. 4(b) we present the same kind of plot as in Fig. and fixed negative values of the imaginary part of the dielec-
4(a), but now for a satellite peak. One sees the that the widthric function, respectively. However, for the reflectance we
of the satellite peaks increases with increasipgthe same find that R(6y,e,) first decreases to a minimum neég
behavior found for the enhanced backscattering peak. How=25° and then increases. This minimum is a result of the
ever, more interesting is the apparent change in the positioleaky guided wave supported by the scattering structure.
of the satellite peaks with the value of the imaginary part ofMoreover, for an amplifying surface botR(6,,s,) and
the dielectric constant. To the precision of the numerical cali{/( 6,,s,) are smaller then their absorbing equivalents for all
culations, the positions of the satellite peaks for an absorbingngles of incidence.
film (e,>0) seem to shift to larger scattering angiés The width of the enhanced backscattering peaks, as well
absolute valueas compared to the position of the satellite as the satellite peaks supported by the scattering system, are

IV. CONCLUSIONS
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