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Multipolar plasmon resonances in supported silver particles: The case of AgÕa-Al2O3„0001…
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The present paper is devoted to the description of optical absorptions in supported metallic particles smaller
than the wavelength of light. The breaking of symmetry brought by the presence of the substrate and by the
finite contact angle for the particle leads to a nonhomogeneous local field and allows excitation of multipolar
absorption modes. Their energetic positions, oscillator strengths, and widths are calculated in the limit of zero
damping by use of a multipolar expansion of the potential inside and around the island. The charge vibration
pattern and the location of the field enhancements are clearly identified for each mode. Even if the dipolar
mode is the most intense, the highlighting of the secondary modes in optical measurements is possible in
peculiar experimental conditions. Some experiments of surface differential reflectivity spectroscopy for silver
deposits on oxide substrates are given as examples.
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I. INTRODUCTION

Over the last 100 years, there has been a tremendous
oretical and experimental work on the optical properties
metallic particles1 as they represent an intermediate state
tween molecules and solid. The starting point was the w
of Maxwell Garnett2 at the turn of the century. He gave th
first explanation of the coloration of glasses doped by
metal precursor. The link between the optical properties
such glasses and the presence of metallic particles was
obvious since the bulk dielectric constant of metal does
show such absorptions. A more complete derivation of li
scattering by a spherical particle was given by Mie in 1903

He solved the complete Maxwell equations for an incom
plane wave on a sphere by the method of Rayleigh pa
waves and calculated the scattering and absorption cross
tions. Of course, in the size regime where the particle rad
is much smaller than the wavelength of light (x5R/l
,few %), the quasistatic approximation can be assumed
solving only the Laplace equation for the potential. In th
case, the main effect of the electric field is to polarize
electronic gas of the metal and to excite collective motion
electrons: surface plasmon polaritons. The term surface fi
its origin in the fact that, despite a collective oscillation
the electronic gas with respect to the positive background
ions in a jellium picture, the restoring force comes from t
surface polarization. The excited quasiparticles are a resu
the mixing of plasmon and photons. In dielectric particl
exactly the same phenomenon occurs in the infrared w
excitation of phonons~surface phonon polaritons!. For a me-
tallic sphere, the polarization process leads simply to a
pole behavior with a surface charge distribution equal to
cosine of the angle between the homogeneous excita
electric field and the current point on the surface. In
quasistatic size regime, the extinction cross sectionsext is
mainly given by absorptionsabs as the scatteringssca
0163-1829/2002/65~23!/235424~13!/$20.00 65 2354
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;(R/l)4 is of three orders of magnitude lower than abso
tion sabs;(R/l). More precisely one has:

sext59
v

c
em

3/2V0

e2~v!

@e1~v!12em#21e2~v!2
, ~1!

wheree(v)5e1(v)1 i e2(v) is the frequency-dependent d
electric constant of the metal particle,em the dielectric func-
tion of the surrounding medium, andV05(4p/3)R3 the vol-
ume of the cluster. A resonance occurs at the minimum of
denominator@e1(v)12em#21e2(v)2. If e2(v) is small or
does not vary in the considered frequency region, one rec
ers the classical relatione1522em for the Fröhlich mode of
a sphere. With a Drude metal, the absorption is found av
5vp /A3 with vp the bulk plasmon frequency. For an ellip
soidal particle, the same type of dipolar vibrations are s
along the main axis. However, by breaking the symmetry
the surrounding, high-order multipoles can be excited.

The first example is when the ratio between the sph
radius and the wavelength increases. For such particles s
the incoming fieldE0 develops oscillations inside the partic
in such a way that neglecting the retardation effects beco
not valid. The nonhomogeneous fieldE0 allows the appear-
ance of electric and magnetic multipoles. Far away from
cluster, the associated waves are identical to those com
from equivalent point multipoles. As underlined above, t
electric multipolar modes are linked to surface polarizat
while magnetic multipoles are due to eddy currents. Cl
experimental evidence of these modes is scarce in
literature.4,5 The great difficulty in experimental spectra is
overcome the size distribution of the particle collection a
the interface damping6,7 which smear out all the structures
Moreover, the mixing between absorption and scatter
modes implies the use of many experimental technique
be separated. Most of the time, noble metals like silver
alkali are chosen for their free-electron gas behavior. Th
©2002 The American Physical Society24-1
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plasma oscillations are not damped by interband transit
and the absorption structures are sharp.

Another way to put forward this phenomenon is to stu
irregularly shaped particles. In this case, the inhomogen
does not come from the exciting field but from the partic
susceptibility itself. Even in the quasistatic regime, a gr
variety of charge vibration patterns can be excited parti
larly in the presence of sharp corners. These type of ge
etries are encountered in the faceting processes of nano
tallites. The Wulff construction at thermodynam
equilibrium8 gives the relative spreads of the crystallograp
planes and the overall crystal shape. Fuchs9 tried to illustrate
this phenomenon by computing the phonon-polariton abs
tions of small dielectric cubes like NaCl or MgO. He unde
lined the importance of corners in the trapping of polariz
tion charges. Furthermore, optical studies are of
performed on supported particles. Their final shape ar
from a complex balance between thermodynamic and ki
ics factors but, at least, the notion of contact angle has to
introduced to describe the geometry of the system and
wetting properties. The influence on the optical absorpti
of such a line of contact between three dielectric media
poorly known. Moreover, the presence of the substrate c
plicates greatly the situation as it brings a new breaking
symmetry with the image field, even for a support
sphere.10,11 In the quasistatic regime, the optical behavior
a particle on a substrate can be seen as a cascade of p
ization processes. The incident field field creates a dip
inside the particle. The substrate reacts by creating an im
dipole which in turn modifies the local field around the
land. This image dipolar field excites the quadrupolar po
izability of the island and as a consequence a quadru
image appears in the substrate and so on. This mechanis
image interaction is in a complicated way linked to the m
tipolar polarizabilities of the particle. But even if Beit
et al.12 and Chauvaux and Meesen13 detected and underline
this phenomenon on supported alkali clusters, clear evide
of such multipolar absorptions is still lacking because of
perimental difficulties and because rather crude simple m
els are often used to interpret the optical response of s
ported particles.14–16

The aim of the present paper is to demonstrate the oc
rence of multipolar absorption modes in experimental spe
from small supported particles and to give a description
these modes in the nonretarded limit for supported trunca
spherical particles. The paper is organized as follows. Afte
description of the experimental setup in Sec. II, surface
ferential reflectivity~SDR! spectra from silver nanoparticle
supported by alumina substrates are presented in Sec. I
the discussion of Sec. IV, it is explained that the multipo
modes are found in the zero damping limit. The role of su
strate in their appearance and of the way to reveal them
increasing the coupling between the particles are stud
Oscillator strengths and broadenings of these modes
evaluated to first order in the imaginary part of the dielec
constant. The model is then applied in Sec. V to the exp
ments ofin situ SDR for silver on alumina. Clear evidence
given of the occurrence of multipolar modes.
23542
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II. EXPERIMENTAL SETUP

Experiments have been performed in a ultra high-vacu
chamber equipped with the classical surface science t
~base pressure 331028 Pa). The sapphirea-Al2O3(0001)
samples purchased from Matek Gmbh were epitaxially p
ished with a miscut less than 0.2° as checked byex situ
atomic force microscopy. Once mounted on a tantalum p
in UHV, thanks to an electronic bombardment system,
substrates were cleaned by a strong annealing under pa
oxygen pressure provided by a gas dosing pipe.17 The sur-
face composition was checked by x-ray photoemission
the C 1s line was below the detection limit. This procedu
allows us to obtain a (131) sharp low-energy electron dif
fraction ~LEED! pattern. Silver was evaporated from
Knudsen cell and the flux calibrated by a quartz microb
ance~0.07 ML/s with 1 ML given by the spacing betwee
two atomic plane along the@111# direction of the fcc struc-
ture!. The sample temperature was regulated atT5600 K
by a Chromel-Alumel thermocouple force wedged to t
substrate surface.

The optical experiment used to monitorin situ and in real
time the growth is surface differential reflectivity spectro
copy. The recorded quantity is the relative variation of t
sample reflectivity:

DR

R
5

R2R0

R0
. ~2!

The reference is the reflectivity of the bare substrate,R0. The
light emitted by a deuterium lamp in the UV-visible rang
~1.5–6 eV! is collimated on the sample with an incide
angle of 45°, collected inp or s polarization and dispersed b
a grating spectrograph~300 grooves/mm! on a Peltier-cooled
photodiode array. The environment is carefully controll
during the recording of the optical spectra. This advice is
course essential with highly reactive metals like alkali.18–20

But more generally, the surface plasmon even with no
metal is highly sensitive to the adsorbed species. The p
nomenon of interface damping put forward by Kreibig a
co-workers and Personn6,7,21 induces a strong broadening o
the absorptions peaks. Thus, it is really difficult to ident
the multipolar resonances for sample submitted to amb
atmosphere or elaborated by a chemical way.

It is well known that the low affinity of noble metal with
dielectric substrates leads to a cluster growth mode22 with
typical size in the nanomeric range. Upon deposition,
morphology of the thin film is dictated by both thermod
namics and kinetics factors, leading in most situations t
broad distribution of clusters shapes and sizes22,23~from 20%
to 100%) which mixes up all the features. The substr
inhomogeneities worsen the situation by creating nuclea
centers and paths of diffusion of different energies. The w
to reduce the width of the distribution up to a few tens o
percent is to activate the diffusion process and to get clo
to the thermodynamic equilibrium by increasing the tempe
ture. Thus, in the present case, the sample temperature
regulated atT5600 K.

III. REFLECTIVITY OF SILVER THIN FILMS

SDR spectra collected during the deposition of silver
a-Al2O3(0001) are shown in Fig. 1. Spectra collected inp
4-2
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FIG. 1. Evolution of the SDR spectra recorded during the growth of a thin silver film atT5600 K on Al2O3(0001) inp ~left panel! or
s ~right panel! polarization. The dispersion of the high-energy resonance with deposited thickness for thep polarization is given in the inset
The evolution of the main structures ins polarization is displayed with broken lines to guide the eye.
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polarization involve three features lying above 3.6 e
around 3.5 eV, and below 3.2 eV, respectively. The dis
pearance of the 3.6-eV peak ins polarization indicates that i
is dominated by excitations normal to the surface. At va
ance, the other features mostly come from excitations pa
lel to the surface. The positions and shapes of the 3.65–
eV and 3.2–2.6 eV peaks are characteristic of a thr
dimensional growth mode.24,25

Redshifted at the beginning of the silver deposition, the hi
energy feature of the SDR spectra shifts toward higher
ergy at a coverage higher than 0.3 nm@inset of Fig. 1~a!#. It
is after the onset of this blueshift that the 3.5-eV featu
becomes sizable in both polarizations. The two main surf
plasmon-polariton peaks inp polarization and the main fea
ture in s polarization are qualitatively understood in th
framework of the dipole model14,15 and can be modeled b
means of multipolar approaches.24,25However, the origin and
behavior of the shoulder are to be explained.

IV. DISCUSSION

Because the two mains features observed in absorp
spectra are assigned to dipolar resonances, the new m
lying around 3.5 eV can be suggested to arise from a mu
polar response. In addition, since these modes appear a
onset of the blueshift of the high-energy resonance, they
likely perturbed by particle-particle interactions. A first go
in this discussion is therefore to show how multipolar mod
can be identified in the zero-damping limit.

A. Revealing the multipolar modes

The thin film is modeled by a distribution of particle
which are represented by truncated spheres~medium 3! sup-
ported on a substrate~medium 2!, embedded in a medium 1
and excited by a uniform fieldE0. The buried part of the
sphere is introduced as a different medium 4. The cor
ponding frequency-v-dependent dielectric functions are d
23542
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notede i with i 51,2,3,4 (e45e2). The supported sphere i
defined by means of a truncation parametert r . The Appen-
dix A presents a detailed derivation of the polarization p
cess of such particles through a multipolar expansion of
potential. The polarizability tensor results from the soluti
of a linear system of equations for the multipolar coef
cients.

For particles smaller than the wavelength, the absorp
cross sectionsabs is mainly given by the imaginary part o
the particle polarizability Im(am) (m50,61).1 As for a free
sphere in vacuum@see Eq.~1!#, the multipolar absorptions
are defined by the poles of the polarizabilities in the ze
damping limit which is found when the imaginary parts
the dielectric constants of the particle and the substrate v
ish, that is to saye i5e i

R1 ike i
I with k→0. To be clearer, let

us introduce the following notation for the linear syste
Eq. ~A5!:

M~v,k!X~v,k!5E~v,k!. ~3!

The matrices are denoted by script letters, the vector by it
letters, and the indexm50,61 is most of the time dropped
M(v,k) stands for matrix ~A8! which describes the
frequency-dependent response of the system up to multip
orderM. HereX(v,k) is the vector for the multipolar com
ponents of the potential expansion:Xlm(v,k)5(Alm ,Blm)
with l 51, . . . ,2M . The source field which excites the sy
tem either parallelm561 or normal to the surfacem50 is
E(v,k). Thus, as formally,

am;A1m5X1m5@M~v,k!#1,l ,m
21 El ,m~v,k!, ~4!

the resonances occur at frequencies where the ma
M(v,k) eigenvalue finds its lowest moduli. In the zer
damping limit k→0, it corresponds to frequencies whe
these eigenvalues are zero. Another way to underst
these resonant modes is to see them as undamped os
tions of the potential which need no external field to
4-3
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maintained, which corresponds toM(v,k50)X̃50; the
solution is found when the determinant of the matr
Det@M ( v,k50 # ), is zero. This condition gives the reso
nant frequenciesv r and the associated eigenvectorsX̃(v
5v r) and matrixM(v5v r ,k50). The corresponding ma
of the potential gives information on the self-polarizati
charges since the equipotential lines surround charges.

The oscillator strengths~the integrated intensities! and
broadenings of the absorption modes are determined by
troducing the damping in the excitating field at resonan
E(v5v r ,k50) via a limited development of the matri
and of the vector around the point (v5v r ,k50) up to first
order in the differencev2v r and in the dampingk:

M~v,k!5M~v r ,0!1S ]M
]v D ~v2v r !1 i S ]M

]k Dk, ~5!

X~v,k!5xX̃~v r !1S ]X

]v D ~v2v r !1 i S ]X

]k Dk. ~6!

Partial derivatives are taken atv5v r ,k50. By using
M(v r ,0)X̃(v r)50, the linear system, Eq.~3!, becomes to
first order ink andv2v r :

M~v r ,0!F S ]X

]v D ~v2v r !1 i S ]X

]k DkG
1xF S ]M

]v D ~v2v r !1 i S ]M
]k DkG X̃~v r !5E~v r ,0!.

~7!

To determine the amplitude termx, the rotation terms for the
eigenvector are eliminated by multiplying this equation
the left eigenvector tỸ(v r) of M(v r ,0). Indeed, as
M(v r ,0), whose determinant is zero, is nonsymmetric,
left X̃(v r) and rightỸ(v r) eigenvectors defined by

M~v r ,0!X̃~v r !50, tM~v r ,0!Ỹ~v r !50 ~8!

are not equal. Thus, one has

x5
tỸ~v r !E~v r ,0!

tỸ~v r !F S ]M
]v D ~v2v r !1 i S ]M

]k DkG X̃~v r !

. ~9!

Finally, the polarizability is found by multiplying this am
plitude x by the first term of the right eigenvectorX̃(v r) in
the basis of (Alm ,Blm) @Eqs.~A6! and~A7!#. At the limit of
small damping by summing on all modes, the polarizabi
is written in the spectral representation:

a5(
r

Fr

v r2v2 ig r
1a0~v,k!, ~10!

whereFr andg r are the oscillator strength and the width
the absorption peak, respectively:
23542
,

n-
e

e

Fr52
1

E0
inc

X̃1
r S (

i
Ei .Ỹi

r D
(
i j

Ỹi
r S ]M

]v U
k50

vr D
i j

X̃ j
r

,

g r5

k(
i j

Ỹi
r S ]M

]k U
k50

vr D
i j

X̃ j
r

(
i j

Ỹi
r S ]M

]v U
k50

vr D
i , j

X̃i
r

, ~11!

with 1/E0
inc the right normalization by the incident electr

field E0 as given by Eqs.~A6! and~A7!. The terma0(v,k)
stands for the difference between the approximated spe
representation@sum in Eq.~10!# and the exact polarizability
computed by solving the linear system, Eq.~3!. A discussion
on the validity of such a spectral decomposition is given
the Appendix and the numerical implementation of the pro
lem is presented in the Appendix.

B. Nature of the modes

The oscillator strength and energy of a series of surf
plasmon-polariton modes are shown in Fig. 2 in the case
hemispherical particle of silver supported on a substrate w
a dielectric constante253 which is supposed to be nonab
sorbing. The bulk dielectric constant of silver is extract
from Palik’s compilation.26 The equipotential lines assoc
ated with the four more intense normal and parallel mo
are represented in Figs. 3 and 4, respectively. Bearing
mind that the equipotential lines surround the polarizat
charges, these maps give a visualization of the charge l
tion. The two dipolar modes, which are labeled 0-A and 1
in Figs. 3 and 4, dominate the optical response. Their os
lator strengthsFr are one order of magnitude greater than t
other modes of similar polarization. The~1-A! mode presents
a strong pining of the charge at the triple-contact line b
tween vacuum, substrate, and island, which can be un
stood in terms of the tip effect in electrostatics. The~0-A!
mode corresponds to a dipole with a accumulation of char
at the interface with the substrate and the top of the clus

FIG. 2. Absorption peaks defined by the imaginary part of
polarizability normalized by the particle volume Im(a i1a')/V
@Eq. ~A17!# for a silver hemisphere (t r50, M528, e253).
4-4
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MULTIPOLAR PLASMON RESONANCES IN SUPPORTED . . . PHYSICAL REVIEW B65 235424
All the others modes displayed in Figs. 3 and 4 are of q
drupolar nature. Although these are optically inactive for
isolated sphere, they show up in the present conditions
cause the breaking of symmetry due to the particle trunca
and the presence of the substrate increase drastically
oscillator strengths. Roughly, one order of magnitude is
between each type of mode: dipolar, quadrupolar, . . . . A
consequence the shape of the absorption given by the im
nary part of the polarizability~Fig. 2! is mainly governed by
the few first mode and in some situations only by the dipo
ones~0-A,1-A!.

C. Substrate-induced depolarization field

When it is brought in contact with a particle, a dielectr
substrate creates a depolarization field which perturbs b

FIG. 3. Maps of potential at orderM528 along a plane perpen
dicular to the substrate (y50) for the four most intense norma
(m50) modes~from A to D! for a hemisphere of silver on a di
electric substrate (e253).

FIG. 4. Same plots as for Fig. 3 for the parallel mod
(m51).
23542
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the oscillator strength and the energy of each mode. A
trend, the modes represented in Figs. 3 and 4 are redsh
when the real part of the dielectric constante2 increases~Fig.
5!. This can be explained in the framework of the dipo
interaction model by replacing a particle of polarizabilitya
by a dipole at a distanced from the surface. Accounting fo
the substrate-induced local field on the dipole, the pola
ability is renormalized by this depolarization field in the fo
lowing way:

a i* 5
a i

11Aa i
, a'

* 5
a'

112Aa'

, ~12!

where

A5
1

32pe1d3

e12e2

e11e2
.

Here A characterizes the image dipole strength. Indeed,
frequency of a Lorentz oscillator,

a5
Fr

v r2v2 ig r
, ~13!

is redshifted proportionally to its oscillator strength, sinceA
is negative. One has

a i* 5
Fr

v r2v1AFr2 ig r
, a'

* 5
Fr

v r2v12AFr2 ig r
.

~14!

In other words, the image dipole creates a depolariza
field which acts in the opposite direction as the force b
tween the electronic gas and the positive background of io
thus reducing its effective restoring force. However, th
model does not end up with a modification either of t
oscillator strength~observed in Figs. 3 and 4! or of the
broadening. Moreover, the divergence of the dipole inter
tion whend→0 indicates that the high-order coupling mu
be accounted for.

After a careful analysis, modes can be classified into t
categories: those arising from the field singularity at the tr
cation angle of the supported particle~0-B, 0-C, 1-A, and
1-B!, which are mildly perturbed by the substrate, and tho
due to charges at the particle/substrate interface, which
very sensitive to the contact with the substrate~0-A, 0-D,
1-C, and 1-D!. For instance, the oscillator strengths of t
modes denoted~0-A! and~0-D! in Fig. 3 and~1-C! in Fig. 4
increase by four orders of magnitude upon increasinge2 with
the substrate. Therefore, because the most intense mode
dergo the strongest shifts upon increasinge2, the presence of
the substrate may help revealing features of higher multi
lar order.

However, contact with the substrate also results in
damping of the oscillations through dissipative proces
and, consequently, in an increase of the width of the mo
~see Fig. 6! with increasing the imaginary part of the diele
tric function e2. As expected, Fig. 7 demonstrates that t
higher the vibrating charge at the interface, the higher is
damping ~broadening! of the modes. Thus, as always, a
increase of Re(e2) implies an increase of Im(e2), there is an
experimental limit in the use of the substrate interaction
isolate multipolar features.
4-5
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FIG. 5. Influence of the substrate-induced d
polarization field on the oscillator strengths an
frequencies of the most active modes for a silv
hemisphere (M520). The lines with symbols
correspond to the~A-B-C-D! modes of Figs. 3
and 4! ~vertical dotted linee253). The other dot-
ted lines correspond to less important modes.
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D. Particle-particle interactions: A way to shift the resonances

Another important point is how these multipolar mod
behave upon interactions between particles. In the fra
work of the quasistatic approximation, it has been shown
it is sufficient, up to a rather high coverage (50%), to ta
into account particle interactions only up to dipolar order

FIG. 6. Effect of the damping in the substrate on the imagin
part of the polarizability@Re(e2)53,M520#. Note the disappear
ance of the intermediate quadrupolar feature upon broadening o
structures.
23542
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a renormalization of the polarizability in the followin
way:27–31

a'
I 5

a'

122a'I'
20

, a i
I5

a i

11a iI i
20

. ~15!

Here,a' or a i stands for the polarizabilities of a cluster
interaction with the substrate as calculated from Eqs.~A6!
and ~A7!. The interactions functionsI 20 are defined by:

FIG. 7. Influence of the imaginary part of the substrate dielec
constant on the widths of the modes@M520, Re(e253)#. The
lines with symbols correspond to the four modes seen in Figs. 3
4 with the same convention as in Fig. 5.
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I'
205

1

A20pe1L3 FS202S e12e2

e11e2
D S̃20

r G ,
I i

205
1

A20pe1L3 FS201S e12e2

e11e2
D S̃20

r G . ~16!

The higher the substrate coupling and the coverage,
larger theseI 20 functions are. The directS20 and S̃20

r images
lattices sums by:

S205(
iÞ0

S L

r D 3

Y2
0~u,f!ur5Ri

,

S̃20
r 5(

iÞ0
S L

r D 3

Y2
0~u,f!ur5R

i
r. ~17!

Here S20 describes the interaction with the others direct
poles placed atr5Ri whereas the effect of image dipoles
r5Ri

r is included inS̃20
r . L is the lattice parameter of th

dipoles network where are placed the particles. No str
discrepancies were found up to rather high coverage~up to
50%) between regular and random arrays of dipoles.31 No-
tice that the termi 50 is excluded as the polarizabilitya is
that of an interacting island. These formulas are valid o
for the island case. For the cap particle, one has to invere1
ande2.

By putting the expression~10! into Eq. ~15! and by im-
plicitly making a development to order zero around ea
mode one finds:

a.(
r

Fr

v r
I 2v2 ig r

, ~18!

with

~v r
I !'5~v r !'22I'

20~Fr !' , ~v r
I ! i5~v r ! i1I i

20~Fr ! i .
~19!

These expressions demonstrate that particle-particle inte
tions only induce a frequency shift of the oscillator, prop
tional to its strength, but its strength and width remain co
stant. Parallel and normal modes shifts have opposite sig
the termI 20 keeps constant over the spectral range which
the case with dielectric substrate in the UV visible. Noti
that the negative sign of theI 20 terms justifies the blueshif
and redshift of them50 andm51 modes, respectively.

V. MULTIPOLAR RESONANCES FOR SILVER ON
ALUMINA

The formalism of the surface susceptibilities develop
by Bedeaux and Vlieger32–35allowed us to derive the formu
las of differential reflectivity on a nonabsorbing dielectr
substratee2:

DRs

Rs
54

v

c

n1cosu

e22e1
Im~g!,
23542
he

-

g

y

h

c-
-
-
if

is

d

DRp

Rp
54

v

c

n1cosu

~e22e1!~e1sin2u2e2cos2u!

3$~e22e1sin2u!Im~g!2e2
2e1sin2uIm~b!%,

~20!

with g5ra i
I andb5ra'

I /(e* )2 @Eqs.~15!#. e* 5e1 ,e2 for
an island and a cap, respectively, andu is the angle of inci-
dence.r is the surface density of clusters. Equations~20!
demonstrate clearly that the SDR spectra arise from
imaginary part of the particle susceptibilities, i.e., from t
absorption. It has to be noticed that the same type of form
las were derived by Bagchiet al.36 for the reflectivity of a
surface with a nonlocal surface dielectric tensor. By putt
the spectral representation, Eq.~A18!, into Eqs.~20!, as ex-
pected, the parallel polarizability determines the SDR spe
in s polarization whereas inp polarization, the normal and
parallel modes appear with opposite sign.

For small particles, it was established several years
that the bulk mean free path of the conduction electron
increased by the scattering at the surface of the particle.
silver, a classical finite-size correction is often used fos
electrons:1,6

e~v!5eB~v!1
vp

2

v21 ivtB
21

2
vp

2

v21 ivt21
, ~21!

whereeB is the bulk dielectric function,\vp59.17 eV is
the plasma frequency ofs electrons alone, and\/tB
50.018 eV is the bulk relaxation time. The main effect
such a correction is to modify, quasiuniformly, the widthg r
of the absorption modes. The key point is the energetic
sition of the modes as the increase of\/t results in an in-
crease of Im(e3) in the low-energy part of the spectrum.

The present model of a truncated sphere was used t
the experimental data with a finite-size correction for t
silver dielectric constant, Eq.~21!. The correction for the
relaxation time was

\

t
5

\

tB
1

vF

R
, ~22!

wherevF50.91 eV nm is the Fermi velocity andR the par-
ticle radius. The particles were placed on an hexagonal
tice. The best agreement with the 4-nm spectrum shown
Fig. 8 was obtained with a radiusR56.4 nm, a densityr
53.231011 part cm22, and and a truncation parametert r
50.57. The obtained thicknesse52.8 nm is a bit lower than
the nominal thickness because of the sticking coefficient
ing lower than 1.37 Here t r50.57 leads to an effective con
tact angle ofuc5125° close to that expected for the e
pected equilibrium shape. All the features are accounted
by the present model, in particular the shoulder inp polar-
ization. This shoulder is revealed upon the increase of
deposited thickness by the electromagnetic coupling betw
the growing particles. Indeed, this feature appears when
dispersion with the deposited thickness of the high-ene
resonance inp polarization~inset in Fig. 1! changes sign. At
the beginning of the growth, the size of the particles is su
4-7
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FIG. 8. Comparison between
the truncated sphere model at o
der M524 and the 4-nm SDR
spectrum of Fig. 1 inp polariza-
tion ~left panel! ands polarization
~right panel!.

FIG. 9. Computed absorption
coefficient at orderM524 of the
4-nm layer of Ag/Al2O3(0001) by
reducing the imaginary part of the
metal dielectric constant (0.01e3).
The interparticle coupling up to
dipolar order is accounted for in
the dotted line plot whereas it is
switched off for the solid line plot.
The locations of the modes ar
marked with vertical bars in the
lower panel according to thei
activity.
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that the surface plasma resonance is shifted towa
blue.38–40This quantum size effect disappears when the ra
surface over volume increases, leading to a redshift in
above-mentioned energy shift. Then a new blueshift sho
up because of particle coupling~see Sec. IV D!. The inter-
particle coupling is essential to the appearing of the interm
diate shoulder inp polarization whereas ins polarization the
peak is present even at the beginning of the growth. To
late the absorption structures in the simulation, the imagin
part of the silver dielectric constant was drastically reduc
to 1% of its value in the absorption coefficient of the lay
~Fig. 9!. Five main modes are isolated with roughly the c
respondence given in Table I with the above mention
modes.

Obviously, the quadrupolar modes 3-4-5 modify co
pletely the overall shape of the SDR spectra. Inp polariza-
tion ~Fig. 9!, the situation is complicated by the fact that a
the m50,61 modes are active and, as demonstrated w
Eq. ~20!, act with opposite signs as shown in Fig. 10~upper
panels!. As a consequence, the structures are isolated in
periments only when the particle interaction pushes away
mode frequencies according to their oscillator strengths

TABLE I. Correspondence with the modes depicted in Figs
and 4 and the isolated structures for silver deposited on aluminD
andQ mean dipole and quadrupole, respectively.

Peaks 1 2 3 4 5

1-A 0-A 1-C 1-D 0-B
Nature D i D' Qi Qi Q'
23542
ds
o
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to their activity m50,61 @Eq. ~19!#. In s polarization, the
m50 modes are inactive and the spectrum is greatly sim
fied, allowing to appear only the structure 3-4~Fig. 10, lower
panels, and Fig. 1!. It is interesting to notice that the spectr
decomposition@Eq. ~A18!# is unable to describe the optica
behavior beyondE53.8 eV. Indeed, the interband 5s-5p
transitions in bulk silver41 are not accounted for in this typ
approach as the absorption is only described in terms of p
mon oscillations which are artificially broadened. Of cour
the full solution of the linear system in the Appendix a
counts for this phenomenon. This onset of interband tra
tions appears, like the plasma oscillation, from the early
ginning of the growth, implying that the clusters size
sufficient enough to develop the band structure. To co
pletely assess this decomposition, the 4-nm spectrums
polarization was fitted with three Lorentzians~Fig. 11! as
suggested by formula~20!. A linear background was sub
tracted and to get rid of the interband transition the spec
range was limited below 4 eV. The obtained parameters
presented in Table II.

The agreement is fairly good for the peak position. T
calculated intensities do not take into account the coup

3 TABLE II. Experimental and theoretical values for the 4-n
SDR-spectrum multipolar decomposition.

Peak 1 Peak 3 Peak 4

Position~eV! 2.75–2.78 3.54–3.55 3.05–3.19
Width ~eV! 0.27–0.16 0.10–0.14 0.14–0.17
Intensity ~a.u.! 1.04–0.46 0.06–0.16 0.06–0.03
4-8
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between modes due to the particle interaction@Eqs. ~18!#
which seems to modify the oscillator strength as seen in
10. For the quadrupole modes, the order of magnitude for
widths is correct but the dipolar mode is broader than
pected, which may be because of a size distribution.

V. CONCLUSION

A formalism of multipolar absorptions has been dev
oped to understand the optical properties of supported n
particles. Even if the size of the particle is smaller than
optical wavelength, the nonhomogenous field generated
the image term inside the substrate and the realistic shap
the cluster modify drastically the problem of the absorpt
of light by allowing the excitation of high-multipolar-orde
modes. The multipolar expansion of the potential gave
opportunity to derive a spectral representation of the part
polarizability in terms of damped oscillators. The influen
of the various parameters on the oscillator strength, wid
and frequency has been carefully examined. By taking
vantage of the polarization activity and the particle-parti
coupling, quadrupolar absorptions were clearly isolated
some experiments of differential reflectivity for silver dep
sits on oxide substrate.

APPENDIX

Expansion of the potential

The chosen particle shape is that of a truncated spher
radiusR ~medium 3! supported on a substrate~medium 2!
and embedded in medium 1. The buried part of the sphe
introduced as a different medium~medium 4!. The origin of
the coordinates systemO is taken at the center of the sphe
and thez axis is oriented downwards, pointing into the d
23542
g.
e
-

-
o-
e
by
of

e
le

,
d-

n

of

is

rection of the substrate. The substrate plane is defi
through its altitudez5d with 2R<d<R and the image
point O8 is introduced as the symmetric point (0,0,2d) with
respect to the surface. A pointP(x,y,z) is marked by its
spherical coordinates (r ,u,f) in the O system and
(r,u r ,f r) in the O8 system.24 The signed quantity

t r5
d

R
with 21<t r<1 ~A1!

is introduced as a truncation parameter.t r51 is a sphere
touching the substrate in only one point, andt r50 corre-
sponds to a hemisphere whereast r521 is associated with a

FIG. 11. Fitting of the 4-nm SDR spectrum ins polarization
with the three main Lorentzian peaks of Fig. 9. Notice that a lin
background was subtracted.
es. The
FIG. 10. Calculated SDR spectra for the fitted morphology with the location and integrated intensities of the absorption mod
curves are computed either directly by solving the linear system, Eq.~A5! ~solid line!, or by the spectral representation of Eq.~A18! ~dotted
line! at orderM524.
4-9
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completely buried particle. As a language convention
t r.0 particle is called an island while a cap designate
t r,0 particle. The system is excited by a uniform fieldE0
with polar coordinates (u0 ,f0). The dielectric functions of
the various media are denotede i with i 51,2,3,4 (e45e2).

The Laplace equation has been already solved for a p
tive truncation ratiot r>0 ~Refs. 24, 25, 27, and 42! by using
spherical multipoles43 Yl

m(u,f) ~see Ref. 24 for the precis
definition! and treating the substrate plane by the charge
age technique. Fort r,0, this approach no longer hold. Win
and Vlieger27,42 suggested to use a trick consisting of inve
ing the axis system to derive the cap caset r,0 from the
final formulas of the island one,t r.0. In this context, Simo-
nsenet al.24 allowed the expansion center to freely move
the revolution axis in order to always keep it inside t
physical domain. But as the spherical symmetry is lost,
computational burden greatly increased. Even if the final
mulas of the Wind-Vliegeret al. approach are correct, th
underlying expansion of the potential used is not transpar
Here, we give the complete derivation of the potential
t r,0, in a completely analogous way as fort r.0:

C1~r !5C0~r !1(
lm

lÞ0

Alm
t r 2 l 21Yl

m~u,f!,

C2~r !5C0
t ~r !1(

lm

lÞ0

Almr 2 l 21Yl
m~u,f!

1(
lm

lÞ0

Alm
r r2 l 21Yl

m~u r ,f r !,

C3~r !5c01(
lm

lÞ0

Blm
t r lYl

m~u,f!,

C4~r !5c01(
lm

lÞ0

Blmr lYl
m~u,f!1(

lm

lÞ0

Blm
r r lYl

m~u r ,f r !.

~A2!

C0(r ) and C0
t (r ) ~Refs. 24 and 25! are the potentials in-

duced by the uniform incident and transmitted fields, resp
tively. c0 is a matching constant. In medium 1, the field
transmitted from pointO to the surface, giving rise to th
term Alm

t .
The boundary conditions, i.e., continuity of potential a

of normal displacement field,24,25 are the following at each
interfacer s between mediai and j:

C i~r s!5C j~r s!, ]nC i~r s!5]nC j~r s!. ~A3!

These are used to get the unknown multipolar coefficie
Alm ,Blm , . . . . In comparison to thet r.0 case, those at th
substrate surface are modified in the following way~valid for
t r,0):
23542
a
a

si-

-

e
r-

t.
r

c-

ts

Alm
r 5~21! l 1m

e22e1

e21e1
Alm , Alm

t 5
2e2

e21e1
Alm ,

Blm
r 5~21! l 1m

e42e3

e41e3
Blm , Blm

t 5
2e4

e41e3
Blm . ~A4!

To get the multipole unknown independent coefficientsAlm
andBlm , the boundary conditions on the sphere surface
used. The boundary conditions, Eqs.~A3!, are projected on a
spherical harmonicYl

m(u,f) using the fact that these func
tions form a complete basis on the sphere surface. This w
formulation of the boundary conditions gives an infinite li
ear set of equations for the multipolar coefficients forl
51,2,3, . . . andm50,61:

(
l 151

`

Cll 1

m R2 l 122Al 1m1 (
l 151

`

Dll 1

m Rl 121Bl 1m5Hl
m ,

(
l 151

`

Fll 1

m R2 l 122Al 1m1 (
l 151

`

Gll 1

m Rl 121Bl 1m5Jl
m . ~A5!

The equations with the matrix elements for an island or a
are given hereafter. The right-hand side of this system
scribes the source fieldE0 while the matrix system represen
the geometric and dielectric response function of the isla
The potential is fully obtained with the constant termc0

given by the equations containingH0
0. Its expression is given

in the Appendix. The system, Eqs.~A5!, is solved numeri-
cally by truncating it at an arbitrary multipole orderM. Here
M is in principle chosen24 such that the boundary condition
and thus the potential converged with the desired accura

The effective polarizability tensor links the dipole mo
ment p of the charge distribution and the applied extern

field E0 : p5 ā̄E0. Because of the symmetry constraints

the system, only two components ofā̄ parallel and normal to
the surface (a i ,a') are nonzero. The terms inr 22 in the
multipolar expansion in medium 1 give the far-field dipo
behavior with the following relations between the polar
abilities and the multipole coefficients for an island (t r.0):

a'52pe1A10/@Ap/3E0cosu0#,

a i524pe1A11/@A2p/3E0sinu0exp~2 if0!#. ~A6!

In the cap case (t r,0), the dividing electric field is
(e1 /e2)E0cosu0 instead ofE0cosu0 for the z component,
whereas the parallel one is kept atE0sinu0exp(2if0), be-
cause the direct multipoles are located below the surfa
Moreover,e1 should be replaced bye2:

a'52pe2A10/@~e1 /e2!Ap/3E0cosu0#,

a i524pe2A11/@A2p/3E0sinu0exp~2 if0!#. ~A7!

Matrix elements and the constant potentialc0

The boundary equations~A3! lead after a straightforward
algebra to the linear system, Eqs.~A7!, whose matrix ele-
ments are given by:
4-10
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Cll 1

m 5u21S 2e1

e11e2
D d l l 1

2vS e12e2

e11e2
D

3z l l 1

m $Qll 1

m ~ t0!2~21! l 11mSll 1

m ~ t0!%,

Dll 1

m 52u43S 2e3

e31e4
D d l l 1

1vS e32e4

e31e4
D

3z l l 1

m $Qll 1

m ~ t0!2~21! l 11mTll 1

m ~ t0!%,

Fll 1

m 52S 2e1e2

e11e2
D ~ l 111!d l l 1

2vu21e1S e12e2

e11e2
D

3z l l 1

m H ~ l 111!Qll 1

m ~ t0!2~21! l 11mF ]

]t
Sll 1

m ~ t,t0!G
t51

J ,

Gll 1

m 52S 2e3e4

e31e4
D l 1d l l 1

2vu43e3S e32e4

e31e4
D

3z l l 1

m H l 1Qll 1

m ~ t0!1~21! l 11mF ]

]t
Tll 1

m ~ t,t0!G
t51

J ,

~A8!

with t05ut r u, u215u435v51 for an island, andu21
5e2 /e1 , u235e4 /e3 , v5(21)l 1 l 111 for a cap. Here the
following notation has been introduced:

z l l 1

m 5
1

2 F ~2l 11!~2l 111!~ l 2m!! ~ l 12m!!

~ l 1m!! ~ l 11m!! G1/2

. ~A9!

In the previous system, theQll 1

m are defined by the integral

Qll 1

m ~ t0!5E
21

t0
Pl

m~x!Pl 1
m~x!dx. ~A10!

The matricesSll 1

m (t0) andTll 1

m (t0) are defined by:

Sll 1

m ~ t0!5@Sll 1

m ~ t,t0!# t51 , Tll 1

m ~ t0!5@Tll 1

m ~ t,t0!# t51 ,

~A11!

where

Sll 1

m ~ t,t0!5E
21

t0
Pl

m~x!Pl 1
m~@ tx22t0#@ t224t0tx14t0

2#21/2!

3~ t224t0tx14t0
2!2( l 111)/2dx, ~A12!

Tll 1

m ~ t,t0!5E
21

t0
Pl

m~x!Pl 1
m~@ tx22t0#@ t224t0tx14t0

2#21/2!

3~ t224t0tx14t0
2! l 1/2dx, ~A13!

with

t[
r

R
, x[cosu. ~A14!

One can recognize the Legendre functionsPl
m(x) defined in

Refs. 24 and 25. The source field is given by:
23542
Hl
05A4p/3E0cosu0H u21

e1

e2
d l11vS e12e2

e2
D

3@A3t0z l0
0 Ql0

0 ~ t0!2z l1
0 Ql1

0 ~ t0!#J ,

Jl
05A4p/3E0cosu0e1d l1 ,

Hl
152A2p/3E0sinu0exp~2 if0!d l1 ,

Jl
152A2p/3E0sinu0exp~2 if0!@u12e2d l1

1v~e12e2!z l1
1 Ql1

1 ~ t0!#, ~A15!

with v51 and (21)l 12 for an island and a cap, respectivel
To conclude the constant termc0 @Eq. ~A2!# which permits
one to match the potential inside and outside the spher
found in terms of the multipole coefficients thanks to thel
50 equation of the linear system:

c05RS e1

e2
21D H 1

A3
z01

0 Q01
0 ~ t0!1t0@p2z00

0 Q00
0 ~ t0!#J

3E0cosu02
1

2Ap
(
l 51

`

Al0R2 l 21qS e12e2

e11e2
D

3z0l
0 @Q0l

0 ~ t0!2~21! lS0l
0 ~ t0!#1

1

2Ap

3(
l 51

`

Bl0RlqS e32e4

e31e4
D z0l

0 @Q0l
0 ~ t0!2~21! lT0l

0 ~ t0!#,

~A16!

with p5q51 for an island andp50, q5(21)l 11 for a cap.

Spectral representation of the polarizability

Being decomposed in a sum of damped Lorentz osci
tors, in the limitv→v r , the polarizability is written in Eq.
~10! in a local Kramers-Heisenberg form. In the limitk50,
the system behaves as a sum of undamped oscillators
Dirac absorptions:

a5(
r

FrPS 1

v r2v D1 ip(
r

Frd~v2v r !, ~A17!

whereP is the principal part. Of course, in the form~10!, the
polarizability does not fulfill the Kramers-Kronig relation44

as it results from a local development around each mode
is possible to artificially impose this condition by writing

a5(
r

2v rFr

v r
22v22 i2vg r

1a0
KK~v,k!. ~A18!
4-11
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FIG. 12. Comparison betwee
reduced polarizabilities compute
directly by solving Eq.~3! ~bold
curves! or with the spectral repre-
sentation @sum in Eq. ~10!#
(k51) ~thin curves! for a hemi-
sphere (t r50) of silver on a sub-
strate with a dielectric constan
e253 (M524).
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In this approach, the modes are supposed to be uncouple
the fact that one can choose arbitrary small dampingk and
deviation from the resonant pointv r . This model gives only
an estimate of the broadening to first order ink. Upon ap-
proaching the limitk51, the interactions between mod
can greatly modify the widths and the oscillators strength
such a way that the notion itself of eigenmodes loses
meaning. However, polarizability curves computed by so
ing exactly the system, Eqs.~3!, compare quite well with
absorptions curves calculated by takingk51. An example
for the polarizabilities of a hemisphere of silver is given
Fig. 12. The graph in Fig. 12 shows that the main differe
@term a0(v,k) in Eq. ~10!# comes from a mainly constan
shift of the real part of the polarizability. The consequen
on the optical properties of islands layers is negligible si
they depend mainly on the imaginary part of the polariza
ities. Notice that the spectral representation is not able
describe the increase of absorption beyondE53.8 eV; this
phenomenon is linked to interband transitions in silver a
not to collective damped oscillations of the electric charg

A careful analysis of the matrix, Eqs.~A5!, shows that its
determinant is a rational function of orderM in the particle
dielectric constante3. Thus, for a substrate whose dielect
constant presents a small dependence on frequency
maximum number of modes is given by the size of multip
.

-

23542
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lar basisM. Obviously, their optical activityFr depends on
the dielectric constants of the materials and on the sys
geometry.

Numerical implementation of the oscillator strength and
broadening

The Legendre polynomialsPl
m(x) are computed through

stable recurrence relations.45,46 The integrals Qll 1

m (t r),

Sll 1

m (t r), Tll 1

m (t r) @Eqs. ~A10!–~A13!# are computed by
numerical integration with the algorithm of Piessenset al.47

which handles well the strong oscillating behavior of t
Legendre polynomials. However, recurrence relations
these integrals derived in Ref. 27 have shown that they
regular functions~polynomials! of the truncation parameter
For finding the multipolar absorptions peaks, first the ro
of the determinant of the matrix systemM(v,0), Eq.~A5!,
are bracketed by dichotomy. The matrix determinant is co
puted by theLAPACK LU-decomposition scheme.48 The asso-
ciated left X(v,0) and rightY(v,0) eigenvectors are then
found by an inverse iteration process.45 The development of
terms in (e i2e j )/(e i1e j ) aroundv5v r andk50 gives the
derivative matrices]M/]vuvr ,,k50 and ]M/]vuvr ,k50.
Thus using the formulas~11!, one is able to compute the
oscillator strength Fr and broadeningg r for parallel
(m561) and perpendicular (m50) modes.
v.
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