
Plasmonics (2014) 9:261–272
DOI 10.1007/s11468-013-9619-6

Interfacial Susceptibilities in Nanoplasmonics via Inversion
of Fresnel Coefficients
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Abstract The reflection coefficients of a nanoparticle film
are driven to a large extent by perpendicular and par-
allel interfacial susceptibilities that have the meaning of
“dielectric thicknesses” which combine the actual geometry
of the film and its dielectric properties. The direct deter-
mination of these parameters faces the long-standing issue
of the derivation of complex optical constants from Fresnel
coefficients via a unique spectroscopic measurement. The
present work sets up an iterative algorithm based on inver-
sion of the reflection coefficients recorded in the UV–visible
range for two polarization states s and p and Kramers–
Kronig (KK) analysis. To calculate the KK integrals over
a limited energy window, the strategy was to complement
measurements by spectra calculated in the framework of the
spheroidal dipole approximation. The algorithm has been
successfully tested on synthetic data of differential reflec-
tivity for supported truncated spheres. These were chosen
to span different dielectric behaviors, involving (a) for the
particles, metals whose optical response is dominated by
plasmonic excitations with a noticeable Drude behavior (Ag
and Au) and (b) for the substrate, either nonabsorbing wide
bandgap (alumina) or semiconducting (zincite and titania)
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oxides. Unlike the thin plate model, the approach was
proven to apply to “dielectric thicknesses” of several tens
of nanometres in cases in which, even for geometric sizes
of the order of the nanometer, the classical long-wavelength
dielectric approximation fails because of strong plasmon
resonances. Therefore, the disentanglement of dielectric
behaviors along the parallel and perpendicular directions
simplifies the understanding on the interface polarization
process by removing substrate contribution. The present
work that deals with plasmonics in nanoparticles can be eas-
ily generalized to different morphologies as well as to other
combinations of Fresnel coefficients.

Keywords Plasmon · Nanoparticles · Dielectric constant ·
Interface susceptibilities · Polarizability · Surface
differential reflectivity spectroscopy · Film

Introduction

The capability of light to characterize, via plasmon excita-
tion, metallic nano-objects whose size is much smaller than
the wavelength, which is at the heart of the recent devel-
opment of nanoplasmonics [1], has constantly inspired the
development of modelings [2–4]. Light has the advantage
of being a nondestructive tool that can be operated either
in vacuum or in gaseous and liquid environments. Sensi-
tive to particle shape and interactions with both support and
neighboring particles, nanoplasmonics is of great relevance
to determine the morphology of supported metal clusters
via the description of representative average objects [3–7].
Light is also currently used to probe physical phenomena
such as growth [6–8], adsorption [9], core–shell segrega-
tion [10], and particle melting [11]. In contrast with free-
standing objects, both because of the truncated shape of
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the supported particle and of its contact with the dissimilar
medium of the support, a crucial aspect of the modeling is
the description of the anisotropy of the optical response that
is accounted for by a series of multipolar components [3,
4] for sub-wavelength particles. In line with earlier demon-
strations made on the basis of the thin plate model in the
long-wavelength regime (or three phase model), a general
picture emerges in which the reflection coefficients of a
in-plane isotropic surface film are driven to a large extent
by parallel and perpendicular “dielectric thickness” compo-
nents which combine the actual geometry of the film and
its dielectric properties [5, 12–17]. For cases in which the
involved dimensions are much smaller than the wavelength,
a generalization of these approaches to any geometry was
developed by Bedeaux and Vlieger [3, 18, 19] in terms
of excess fields and parallel γ (ω) and perpendicular β(ω)
frequency-dependent interfacial susceptibilities (IS). How-
ever, the blurring of the optical response by the substrate
contribution [20] complicates dramatically the direct read-
ing of the optical parameters of the film itself in a reflectiv-
ity measurement, not to mention the polarization intertwin-
ing of the parallel and perpendicular directions. Therefore,
the knowledge on those anisotropy-sensitive parameters is a
challenging issue for optical analysis since they contain all
the physics of the polarization process of the interface.

The present work aims at deriving the interfacial sus-
ceptibilities γ (ω), β(ω) from the simultaneous surface dif-
ferential reflectivity spectroscopy (SDRS) measurements of
reflection coefficients in p and s polarizations on a finite
energy domain. SDRS is an appropriate method to unravel
the optical behavior of supported thin films with in situ
and online capabilities. The surface sensitivity due to dif-
ferential measurements [21] favors its use in the studies
of thin film growth and of adsorption processes [22, 23].
For instance, plasmon excitations in metallic nanosized
islands [6, 24–26] or optical transitions in complex organic
molecular architecture [20, 27, 28] appear as bands which
profiles depends not only on the electronic structure of the
deposit but also on its morphology and on the substrate
contributions. SDRS spectra of supported nanoparticles rep-
resented by either truncated spheres or spheroids were pre-
viously successfully fitted at multipolar order [6, 7, 24, 26,
29–33], and shape-driven multipolar absorption modes [31,
32, 34, 35] were described on the basis of the concepts of IS.
The soundness of the theory allowed to draw a close parallel
between electron energy loss spectra and optical responses
of plasmon resonances of silver films supported on semi-
conductors and oxides [36]. The limits of the approach are
(a) to depend on the shape chosen for the supported parti-
cles, (b) to rely on complex modeling at multipolar order,
and (c) to use temperature- and size-dependent corrections
of the material dielectric functions [6, 26, 30, 33]. Qualita-
tive and direct information could be gained from an inverse

approach by extracting from measurements the dielectric
contribution induced by the film alone [37, 38] (i.e., the
IS). However, the direct determination of the “dielectric
thicknesses” faces the long-standing problem [39] of the
derivation of complex optical constants from Fresnel coef-
ficients via unique spectroscopic measurements. Beyond
combination of different independent measurements to
constrain the solution [38–40] (such as measurements
of reflection/transmission/absorption/ellipsometric coeffi-
cients at various incident angles and/or polarization), the
single spectroscopic approach can be supplemented by an
analysis based on the celebrated Kramers–Kronig (KK)
relations [41] which link real and imaginary parts of the
sought response function. The difficulty is to match the
finite energy bandwidth in which data are recorded to the
infinite range on which KK integrals are defined. The only
way to overcome the nonlocal character of the KK transform
is to introduce some physical input or guess for the missing
part of the signal [41]. For thin continuous films, strategies
have been based on estimates of the dielectric function at the
boundaries that can be derived either as static values [37, 42,
43], or at one or several points to design a single/multiple
subtractive KK analysis [38, 44, 45], or via a fit to an “edu-
cated guess” of the solution [39, 46]. However, in the case
of supported particles, the problem is more stringent since
the IS response functions which scale with the object polar-
izabilities depend on the morphology of the interface and
are not isotropic. This is fairly well illustrated by compar-
ing IS of a floating layer of noninteracting full spheres [47]
γ (ω) = β(ω) = t[ε(ω)−1]/[ε(ω)+2]with IS of a thin con-
tinuous layer [3] γ (ω) = t[ε(ω)−1], β(ω) = t[1−1/ε(ω)]
with the same dielectric function ε(ω) and thickness t . For
a Drude metal ε(ω) = ε∞ − ω2

p/ω
2, both the static IS at

ω = 0 (and therefore the layer conductivity) and the high
frequency limit differ between the two cases.

The suggestion for supported nanoparticles is to set up
an iterative algorithm based on KK relations complemented
by a fit of the spectra with a basic model of spheroid in the
dipole approximation [3, 48–50] that is expected to grasp
the missing information while the algorithm restores the
main polarization physics of the islands. The approach is
tested on synthetic data involving metals with plasmonic
resonances in the UV–visible range (Ag and Au) sup-
ported on nonabsorbing (alumina) and absorbing (titania
and zincite) oxide substrates.

Thin Film Fresnel Coefficients as Functions
of Interfacial Susceptibilities

Consider an incident plane wave shining a substrate 2 from
a medium 1 (herein assumed to be vacuum) at an angle of
incidence θ0 relative to the surface normal. The discussion
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is restricted to in-plane isotropic interface between nonmag-
netic media characterized by their bulk dielectric constants
ε1,2 or refractive indexes n1,2 = √

ε1,2. When the inter-
face between them deviates from a sharp boundary as in
the cases of either roughening or film made of nanoparti-
cles, the calculation of the Fresnel linear optical coefficients
becomes no longer straightforward as it depends on the
local interfacial topography in the dielectric sense. Bedeaux
and Vlieger [3] developed a full theoretical framework to
describe the optical response of interfacial layer in which
typical in-plane correlation length and thickness are much
smaller than the wavelength λ of the incident light. Their
modeling is based on special boundary conditions at the
interface between the bulk media and involves the integral
along the surface normal of the electromagnetic fields in
excess to the sharp case. Similar results can be obtained by
introducing singular fields at the dividing surface [3, 18,
51, 52]. The integrated excess fields are related to the bulk
fields extrapolated to the surface by constitutive relations
involving IS of first (γ, β) and second-order (δ, τ ). More
precisely, γ (respectively β) relates the integrated excess of
the parallel polarization density to the average of the parallel
(respectively perpendicular) components of the extrapolated
bulk electric (respectively displacement) fields. For contin-

uous films of thickness t , the “optical thicknesses” γ, β are
given by

γ = t (ε2 − ε1), β = t (1/ε1 − 1/ε2), (1)

while for sub-wavelength islands, as in the present case:

γ = ρ
〈
α‖

〉
, β = ρ 〈αz〉 /ε1 (2)

ρ are the density of nanoparticles, and
〈
α‖

〉
, 〈αz〉 is the

average island polarizabilities parallel and perpendicular to
the surface [3, 19, 53, 54]. Second-order IS δ, τ were also
introduced to feature the nonlocal link between the fields
due to the arbitrary choice of the dividing surface [3, 19].
Shifting the polarization density inside the layer leads to a
coupling to the field at the original position, but the con-
tribution is of the order of t/λ compared to the first-order
term. Having sizable effects in media with low dielectric
constant [3, 19], they contribute marginally to the response
of metal particles (section “Synthetic Data of SDRS: Limits
of Long-Wavelength Approximation and SDA Fits”) and
were therefore ignored in what follows.

By using the modified boundary conditions that include
γ, β, the Fresnel reflection amplitudes for the two polariza-
tions s, p are given by

rs = n1 cos θ0 − n2 cos θt + i(ω/c)γ

n1 cos θ0 + n2 cos θt − i(ω/c)γ
(3)

rp = (n2 cos θ0 − n1 cos θt )[1 − (ω/2c)2ε1γβ sin2 θ0] − i(ω/c)γ cos θ0 cos θt + i(ω/c)n1n2ε1β sin2 θ0

(n2 cos θ0 + n1 cos θt )[1 − (ω/2c)2ε1γβ sin2 θ0] − i(ω/c)γ cos θ0 cos θt − i(ω/c)n1n2ε1β sin2 θ0

where θt is the complex transmitted angle given by the
Snell–Descartes law: n1 sin(θ0) = n2 sin(θt ); ω is the opti-
cal angular frequency; ω/2π is the frequency; and �ω is the
photon energy. The incident wave vector modulus is given
by the vacuum dispersion relation k = 2π/λ = ω/c, where
c is the speed of light. The dependence on the frequency
ω/2π of all the quantities is implicit in the above equa-
tions. Fresnel’s formulae for a flat interface are recovered
by setting all IS to zero. The dependence of rs on γ only
reflects the excitation of the interface by the parallel compo-
nent of the electric field, while the p−polarized light probes
both parallel and perpendicular directions. Of course, the
only experimentally accessible parameters are the reflection
coefficients in energy:

Rs = |rs |2, Rp = |rp|2 (4)

Equation 3 and a fortiori Rs,p are nonlinear functions of
the complex interfacial susceptibilities γ, β. Not speaking
about the mixing of excitations along the parallel and per-
pendicular directions in p–polarization, the various substrate
and film contributions are quite entangled in the reflection

coefficients through a cross coupling between the real and
imaginary parts of the IS and the substrate dielectric constant.

The situation simplifies somehow for differential reflec-
tivity in the long-wavelength regime where 2π/λ|γ, β| =
ω/c|γ, β| � 1. A first-order expansion of the squared
moduli [18, 36] of Eq. 3 yields

Rs

Rs

= 4
ω

c
n1 cos θ0Im

[
γ

ε2 − ε1

]

Rp

Rp

= 4
ω

c
n1 cos θ0Im

[
(ε2 − ε1 sin2 θ0)γ − ε2

2ε1 sin2 θ0β

(ε2 − ε1)(ε2 cos2 θ0 − ε1 sin2 θ0)

]

(5)

For a nonabsorbing substrate Im(ε2) = 0, the optical
response is governed only by optical absorption inside the
layer itself, and the SDRS spectra can be directly inverted
to obtain the imaginary parts of the interfacial susceptibil-
ities. Differential reflectivity formulae analogous to Eq. 5
have been derived over years by several authors [5, 12–
16] using concepts of parallel and perpendicular “dielectric
thicknesses” analogous to the IS that are used herein [3,
18]. Drude [12] has justified the elliptic polarization upon
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reflection on a rough transition layer by the lack of “discon-
tinuity in Nature.” Later, this local and isotropic approach
was generalized by McIntyre and Aspnes [5] through a
long-wavelength expansion of the thin plate model. Digman
and Moskovits introduced thereafter anisotropic dielectric
layer treated as an uniaxial medium to uncouple the parallel
and perpendicular dielectric behavior in the SDRS formu-
lae [13, 14]. In the context of the electromagnetic modeling
of the surface of metals, Bagchi et al. [15] developed a
perturbation formalism of the Fresnel case to handle the
reflection of light at the metal/vacuum interface in terms
of frequency-dependent quantities called �x and �z which
have the dimension of a length. At the same time, Feibelman
(ref. [16] and references therein) developed a microscopic
theory of electron behavior upon irradiation at metal sur-
faces. He introduced two complex lengths d‖ and d⊥ which
measure the position of the interface in the electromagnetic
point of view and the centroid of the induced charge. He
related them to the reflection coefficients through formu-
lae equivalent to Eq. 5. However, although it has not been
stressed so much in all these works, the approaches rely
in one way or the other onto the long-wavelength limit in
the dielectric meaning and not in the geometrical meaning
as with the concepts of excess fields and IS of Bedeaux
and Vlieger [3]. The thin plate expansion of McIntyre and
Aspnes [5, 13, 14] is accurate when the phase shift of
the beam across the thin film is much smaller than one
i.e. 2π

λ
n2 cos(θt )d � 1. In papers of Bagchi et al. [15]

and Feibelman [16], this assumption is hidden into either
the perturbation formalism or the expansion that is used.
However, as shown in (section “Thin Film Fresnel Coef-
ficients as Functions of Interfacial Susceptibilities”), the
long-wavelength approximation may fail even for well sub-
wavelength surface region because of dielectric blowup or
resonance effects such as plasmon absorptions in nano-sized
particles.

Inversion Algorithm of Optical Data
Based on Kramers–Kronig Transform

An inversion procedure based on Eqs. 3–4 is in principle
possible by linking the real and imaginary part of γ (ω) (and
also β(ω)) through Kramers–Kronig (KK) relations:

Re[γ (ω)] = 2

π
℘

∫ +∞

0
dω′ω′Im[γ (ω′)]

ω′2 − ω2

Im[γ (ω)] = − 2

π
ω℘

∫ +∞

0
dω′Re[γ (ω′)]

ω′2 − ω2
(6)

where ℘ is the Cauchy principal part of the integral. The IS
γ (ω), β(ω) are indeed the Fourier transform of real causal
function response [3, 18, 41]. In the case of thin continuous

films (Eq. 1), this results obviously from the KK proper-
ties of the layer dielectric constant itself ε(ω) or of its loss
function 1/ε(ω). For island films (Eq. 2), the polarizabil-
ity tensor, as a causal linear response coefficient, obeys
the above transform. In passing, by definition [3], γ (ω)

includes the divergence due to the layer conductivity, if any.
Knowing the dielectric constant of the substrate and

the experimental reflection coefficients in s, p-polarizations
(from a SDRS measurement for instance), Eqs. 3–4 can
be inverted in the variables Im[γ (ω)], Im[β(ω)] at con-
stant Re[γ (ω)],Re[β(ω)] using a root-finding algorithm for
a set of nonlinear equations. The domination of the opti-
cal response of metal particles by absorption supports the
choice of solving the system of equations at constant real
part (see the long-wavelength limit Eq. 5). The inversion
proceeds iteratively from a given spectral range; at each iter-
ation, Re[γ (ω)],Re[β(ω)] are calculated by KK relations
(Eq. 6) and used as input to the next step. The process ends
when the sought quantities are stable enough. To insure a
better convergence, Im[γ (ω)], Im[β(ω)] are increased only
by a given amount along the expected gradients at each
step instead of being set to the roots of the system of equa-
tions (3–4). This forces Im[γ (ω)], Im[β(ω)] to keep KK
consistent with Re[γ (ω)],Re[β(ω)] [37] at each iteration.
Root-finding is performed with Brown’s variation of New-
ton’s method (SLATEC numerical library http://www.netlib.
org/slatec/). The Cauchy principal part is calculated through
trapezoidal integration since signals and dielectric con-
stants are cubic spline interpolated on equally spaced energy
abscissa. This reverts to a discrete KK transform [43]; sim-
ilar accuracy was obtained with conjugate Fourier series
approach [55]. A further advantage for the convergence is
brought in the analysis of actual experiments by the contin-
uous recording of data and their inversion as a function of
time; the inverted IS of each spectrum is used as input for
the next analysis.

However, a crucial issue in the KK transform of experi-
mental data [41] is the finite wavelength/energy bandwidth
[ω1, ω2], whereas Eq. 6 are valid only for an infinite integra-
tion range. A residual part Re[γr(ω), βr(ω)] of the total sig-
nal Re[γ (ω), β(ω)] is lacking in the measurements because
of the inherent nonlocal character of the KK transform:

Re[γ (ω), β(ω)] = Re[γr(ω), βr(ω)]
+ 2

π
℘

∫ ω2

ω1

dω′ω′Im[γ (ω′), β(ω′)]
ω′2 − ω2

(7)

In general, this term results from tails of external lying
absorption thresholds in the imaginary part of the dielectric
constants, from either the particle itself or indirectly excited
in the substrate by particle polarization, or tails of plas-
mon modes peaking outside the probed frequency range.
Re[γr(ω), βr(ω)] terms must be accounted for to avoid
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bias of the inversion algorithm of the reflection coefficients
towards unphysical solutions with negative imaginary part.
To partially avoid edge effects in the calculation of the inte-
gral in Eq. 6, Im[γ (ω)], Im[β(ω)] were extrapolated using
a low-order polynomial fit (second order in general) over
limited windows at both edges (typically 0.5 eV). Although
useful for KK transform close to the boundaries ω1, ω2,
this does not cure the problem. At best, if the probed range
encompasses most of the resonant behavior as in the case
of plasmon excitations in noble metal particles, the residual
term can be approximated by a constant offset independent
of the frequency Re[γ0, β0] which cannot be neglected.

To cope with the issue, the SDRS data were fitted to
the spheroidal dipole approximation (SDA) [3, 48], a light
method that was preferred to more realistic but demanding
approaches [3] based on interacting truncated spheres [6, 7,
29, 33, 56] or truncated oblate or prolate spheroids [30]. In
SDA, the particle is assumed to be a full spheroid sitting on
the substrate (Fig. 1). Its polarizability is obtained by solv-
ing the Laplace equation up to dipolar order. Compared to
multipolar calculations, SDA [3, 48] leads to more accu-
rate depolarization factors than Yamaguchi’s model [3, 48,
57, 58] that corrects the unsupported full spheroid dipole
behavior only from image field. However, despite the flexi-
bility of the model in terms of aspect ratio, the full spheroid
shape and the restriction to dipolar order of the electro-
static coupling with the substrate unable SDA to reproduce
quantitatively the multipolar modes excited by particle trun-
cation and image fields [31, 32, 34, 35] and to feature
correctly particle morphology [33, 56]. Nevertheless, for
sharp plasmon peaks, SDA is expected to grasp most of the
“smoother” dielectric contribution of Re[γr(ω), βr(ω)] in
the spectral range under study [49, 50]. On a practical point
of view, to recover an estimate of Re[γr(ω), βr(ω)], parti-
cles (Fig. 1) are modeled by a hexagonal lattice (parameter

L) of oblate spheroids with revolution axis normal to the
substrate that interact through dipole–dipole coupling. Their

parallel D‖ = 2a
√

1 + ξ2
0 and perpendicular Hz = 2aξ0

diameters are function of the flattening parameter ξ0 (1 <

ξ0 < +∞) and of the size of ring of foci a of the ellipsoidal
shape. The spheroid center O is located at a distance d =
aξ1 from the substrate surface z = 0, and its aspect ratio
is defined through Ar,S = D‖/Hz. As shown in Appendix,
the polarizabilities and corresponding IS (γS, βS) are ana-
lytic function of the geometrical parameters (a, ξ0, ξ1, L)

and dielectric constants ε, ε1, ε2 for particle, embedding
medium and substrate, respectively. To mimic the inhomo-
geneous broadening due to size/shape distributions in real
samples, the IS can be folded with Gaussian of widths
σ‖, σz which proved to be satisfactory even for quantitative
analysis [6, 7, 26, 33]:

γS(ω), βS(ω) = 1

σ‖,z
√

2π

∫ ω2

ω1

αS ‖,z(ω′)e−(ω′−ω)/2σ 2‖,zdω′

(8)

Once fitted to SDRS data through formulae Eqs. 3–4, the
SDA γS, βS are used to estimate the residual term through
the following equation:

Re[γr(ω), βr(ω)] 
 Re[γS(ω), βS(ω)]
− 2

π
℘

∫ ω2

ω1

dω′ω′Im[γS(ω′), βS(ω′)]
ω′2 − ω2

(9)

In some cases, for films close to percolation, a way to
improve the fits is to add to the spheroid model a thin film
behavior following Eq. 1.

Fig. 1 Oblate spheroid
morphology used as the starting
point of the inversion algorithm
(see text). The particles of
parallel diameter D‖ and height
Hz (or perpendicular diameter)
have a revolution axis along the
z-direction perpendicular to the
substrate and are organized on a
perfect hexagonal lattice. Their
centers sit at a distance d from
the substrate. O and Or stand
for the position of the direct and
image points

2
0// 12aD +=

0z 2aH =
ξ=

− + //=x

=⊥z

=irR

=iR
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Inversion Tests on Synthetic Differential Reflectivity
Data

The inversion algorithm was tested on synthetic data
obtained with the GranFilm software [56] for silver and
gold on alumina (Al2O3), zincite (ZnO), and titania (TiO2).
The Ag and Au metals are test beds for plasmonic exci-
tations [47] with a Drude behavior poorly damped by
interband transitions [59]. Alumina is an archetype of non-
absorbing wide bandgap material, while zincite and titania
represent a semiconducting behavior that is characterized by
a bandgap located in the UV–visible range with a threshold
of absorption close to 3 eV (Fig. 2).

Synthetic Data of SDRS: Limits of Long-Wavelength
Approximation and SDA Fits

The model system to calculate SDRS synthetic data was a
layer of truncated spheres (see Fig. 2 of ref. [33] for def-
initions) of diameter D = 8 nm packed on an hexagonal
lattice of parameter L = 12 nm leading to surface cov-

erage � = ρπD2/4 = πD2

2
√

3L2 = 40 % and an average

film thickness of t = 1.92 nm. The particle aspect ratio
Ar = D

H
= 2

1+tr
(in-plane diameter/height) was fixed at

Ar = 1.25 (truncation tr = 0.6) giving a contact angle θc =
arccos(−tr ) = 126◦ which, typical for noble metals on wide
bandgap oxides [60], corresponds to Ag/alumina at equilib-
rium [6, 24, 33]. Polarizabilities α‖, αz and corresponding
IS (Eq. 2) were determined in the quasi-static approximation
by means of a multipole expansion technique [3, 29–31, 33,
61]. A satisfactory convergence was achieved at a multipolar
order of M = 24. Polarizabilities were then renormalized by
particle–particle interaction at dipolar order. No finite-size
correction was applied to the bulk interpolated dielectric
constants from ref. [62] (Fig. 2). Media were made optically
isotropic by averaging if necessary.

Frameworks of calculation of the reflection coefficients
are compared for Ag/Alumina in Fig. 3: (i) IS of first-order
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Fig. 3 Synthetic surface differential reflectivity spectra for silver par-
ticles of 8 nm in diameter that are represented by truncated spheres
(aspect ratio Ar = D/H = 1.25; contact angle θc = 126◦) supported
on alumina in a s−polarization and b p−polarization within different
frameworks: (i) only the first-order IS (γ + β), (ii) all the susceptibili-
ties of first (γ +β) and second order (δ+ τ ), (iii) the long-wavelength
approximation (Eq. 5), and (iv) Eqs. 3–4 where the real part of the IS
is set to zero

Fig. 2 Dielectric constants used
herein for a the oxide substrates
and b the metallic films. Full
lines, real parts; dashed lines,
imaginary parts. From ref. [62]
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Fig. 4 Silver and gold on
alumina: Check of the
long-wavelength approximation
for silver and gold supported on
alumina for the IS
corresponding to the SDRS
spectra of Fig. 5: a 2π/λ|Im(γ )|
and 2π/λ|Re(γ )| and b
2π/λ|Im(β)| and 2π/λ|Re(β)|
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γ, β only (Eqs. 3–4), (ii) IS of all orders γ, β, δ, τ , (iii)
long-wavelength approximation (Eq. 5), and (iv) Eqs. 3–4
where the real parts of the IS are neglected. Fresnel expres-
sions including second-order interfacial susceptibilities δ, τ
which are linked to the static particle quadrupole polariz-
abilities can be found in refs. [3, 19]. Firstly, for metallic
particles, the second-order IS δ, τ have a minute effect on
a signal dominated by plasmon absorption which confirms
that they can be neglected [19] (Fig. 3 (i, ii)). Conversely, in
SDRS spectra mostly driven by the imaginary parts of the
IS, the contribution of the real terms remains sizable (Fig. 3
(iv)). Finally, the failure of the long-wavelength approxi-
mation to reproduce accurately both widths and intensities
of peaks (Fig. 3 (iii)) shows the limit of the hypothesis
2π |γ, β|/λ � 1. As illustrated in Fig. 4 for Ag and Au on
alumina, this quantity can be much higher than 10 % even
for nanometric-sized (D = 8 nm herein) particles because
of the strong plasmonic resonances. Originally derived by
McIntyre and Aspnes [5] from a long-wavelength expansion
of the thin plate model, Eq. 5 were extended by Dignam
and Moskovits to anisotropic layer [13, 14]. Although
appealing in terms of physical meaning, these equations are

to be used cautiously for quantitative analysis since γ, β

can reach values as high as several tens of nanometres (see
next sections). In what follows, calculations and inversions
are based only on Eqs. 3–4.

Notably, there exists a good apparent agreement between
synthetic SDRS data and SDA fits (Figs. 5–6). However,
it systematically requires strong distortions in the morphol-
ogy of the supported clusters. Silver and gold particles
supported on alumina are flatter (the spheroid aspect ratio
is Ar,S = 2 instead of Ar = 1.26 for the initial trun-
cated sphere), films are thinner (tS = 1 nm instead of
t = 1.92 nm), and, more strikingly, spheroids are par-
tially buried with d < Hz/2 although it is not allowed
in the modeling. Regarding supported silver (Fig. 5a), the
shoulder at 3.5 eV previously assigned to a quadrupole-like
mode [31, 32] is not accounted for. In the case of silver on
zinc oxide and gold on titanium oxide (Fig. 6), the quali-
tative agreement of SDA with synthetic data hides similar
discrepancies. Particles are even flatter (Ar,S 
 2.6), films
much thinner (tS 
 0.7 nm), and coverages much lower
(
 10 % instead of 
 40 %) with partially buried spheroids.
These examples highlight the pitfalls which result from

Fig. 5 Fit of the D = 8 nm
truncated sphere synthetic SDRS
spectra with the spheroidal
dipole approximation (SDA): a
silver on alumina and b gold on
alumina. The discrepancies
between synthetic data and SDA
model are discussed in the text
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Fig. 6 Same as Fig. 5. a Silver
on zincite. b Gold on titania.
The discrepancies between
synthetic data and SDA model
are discussed in the text
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the use of “basic modeling” [48, 57, 58] for a quantitative
description.

Nonabsorbing Substrates: Silver and Gold on Alumina

However, although not appropriate for the modeling of the
optical response as a whole, SDA was quite successful
in fitting the synthetic SDRS signals Rs/Rs , Rp/Rp

obtained from Eqs. 3–4 to derive estimates of the residual
terms γr , βr prior to inversion.

Results of the inversion process are presented for silver
and gold on alumina in Figs. 7 and 8, respectively. Cal-
culations of IS from synthetic data, IS from SDA fit, and
IS from inversion of SDRS spectra with and without SDA
residual terms are compared. Without residual terms, the
inversion can be biased towards negative values of Im(β)

for silver, while for gold, the imaginary parts of IS are
overestimated outside the plasmon peak. In addition, the
real parts of IS are strongly underestimated except for the
Re(γ ) term of silver which shows a slighter discrepancy.
Adding the SDA residual term much improves the quality
of the inversion results. Most importantly, the imaginary
parts are correctly extracted. A nearly constant offset is still
missing on the real part, but it is difficult to derive accu-
rately these terms whose contribution is relatively small.
The case of gold highlights the interest of the inversion
since, unlike silver (Fig. 5a), parallel γ and perpendicular
β susceptibility contributions are completely entangled in
the SDRS spectra (Fig. 5b) while they are clearly separated
by inversion. The tests made herein are quite stringent since
the IS have values (up to 60 nm) much higher than the
weighted thickness of the film t = 1.94 nm. Moreover, as

Fig. 7 Inversion results of the
synthetic SDRS spectra for
silver on alumina: the initial IS
data from GranFilm (full
lines); IS from fits of SDRS data
in the SDA framework (dashed
lines. Note the strong
discrepancies with synthetic
data); inversion without (circles)
or with (square) the use of SDA
model to estimate residual terms
in the Kramers–Kronig
integration. The latter is seen to
much improve the quality of the
inversion for the imaginary and
real parts of the perpendicular
IS (β)
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Fig. 8 Gold on alumina: same
as Fig. 7. The use of SDA
strongly improves the inversion
for the real part of γ and the real
and imaginary parts of β

25

20

15

10

5

0

R
e( γ) (nm

)
25

20

15

10

5

0

Im
(γ

) 
(n

m
)

 Synthetic data
 Inversion without fit
 Inversion with fit
 Spheroid fit

2.0

1.5

1.0

0.5

Im
(β

) 
(n

m
)

5432

 Photon energy (eV)

5

4

3

2

1

0

R
e( β

) (nm
)

5432

 Photon energy (eV)

Au/Al2O3

already noticed in the direct fitting of experimental data [6,
33] with truncated sphere, D 
 8 nm was an upper limit
above which the agreement between experiments and the-

ory becomes poorer. Indeed, even better inversion results
are obtained for smaller particles (not shown) as the reflec-
tivity gets closer to the long-wavelength approximation.

Fig. 9 Silver on zincite: same
as Fig. 7
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Semiconducting Substrates: Silver on Zincite and Gold
on Titania

The question which rises up now is the validity of the
inversion in the case of absorbing substrates with a semi-
conducting behavior. Two systems were studied, Ag/ZnO
and Au/TiO2. The use of the fitted residual terms γr , βr does
improve the inversion process as seen in Figs. 9–10. The
extraction of IS is as good in the case of Ag/ZnO as it is
for Ag/Al2O3 even close to the bandgap. The success of the
method can be related to the moderate value of the dielectric
function of zincite. The inversion is slightly less satisfactory
for Au/TiO2, regarding in particular the real contributions.
The strong resonance of Im(γ ) induces a nonphysical nega-
tive Im(β) at the same frequency which is cured by adding
the proper fitted offset. However, Re(β) is underestimated,
while Re(γ ) and Im(γ ) present a wrong feature at onset
of titania absorption threshold. The Au/titania case encoun-
ters a series of difficulties: (a) the spectral intertwining of
the IS, (b) the strength and structure of the dielectric func-
tion of the substrate which enhance considerably the gold
plasmon peak close to 2 eV compared to alumina, and (c)
the huge discrepancy between parallel and perpendicular IS.
Other tests made with Ag/TiO2 or Ag/Si, the latter substrate
having an even higher and more structured dielectric func-
tion in the UV domain, lead to similar conclusions. Despite
those drawbacks, the main components involved in the plas-
monic response of the two metals (Au and Ag) along the

directions parallel and perpendicular to the substrate are
always well recovered. For instance, the structures which
appear at 3.5 eV for silver on zincite (Fig. 9) or 2.5 eV for
gold on titania (Fig. 10) are clearly disentangled from SDRS
spectra. This paves the way to their identification in actual
experiments.

Conclusions and Outlook

An algorithm was set up to derive the parallel and per-
pendicular interfacial susceptibilities that characterize the
optical response of supported metallic nanoparticles. It is
based on inversion of the reflection coefficients for two
polarization states s and p and KK analysis. In order to
calculate the KK integrals over a limited energy domain,
the strategy was to complement the data in the UV–visible
energy range by spectra calculated in the framework of the
SDA, although the SDA alone is shown not to be appropri-
ate to quantitatively model supported films. The algorithm
has been successfully tested on SDRS for nanoparticles of
silver and gold in an energy range where optical responses
are dominated by plasmonic excitations with a notice-
able Drude behavior, these particles being supported on
either nonabsorbing wide bandgap Al2O3 or semiconduct-
ing zincite ZnO or titania TiO2. The algorithm was shown to
allow recovering IS features hidden in the reflectivity mea-
surements. Moreover, it was evidenced that sizable plasmon

Fig. 10 Gold on titania: same
as Fig. 7
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resonances prevent the use of the classical long-wavelength
dielectric approximation even for nanometric-sized objects.
Provided moderate substrate dielectric constants and spec-
tral range which encompasses most of the resonant plas-
monic behavior, the present work could be generalized
to (a) other morphologies beyond the case of supported
nanoparticles as well as to (b) other combinations of optical
coefficients. Examples are the cases of (a) rough thin films
or surfaces for which basic models of IS exist [3] to estimate
the residual terms and (b) of ellipsometric coefficients. The
application of the algorithm to SDRS measurements dur-
ing metal/oxide growth will be the topics of a forthcoming
paper (Lazzari et al. 2013, submitted).
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Appendix: Supported Spheroid Polarizability
in the Spheroidal Dipole Approximation

The aim of this appendix is to recall the expressions of the
supported spheroid depolarization factors which are used

as starting point of the inversion algorithm of SDRS. The
geometry will be restricted to an oblate spheroid as it better
describes the experimental particle flattening. Electrostatic
interactions, both with the substrate and between particles,
are kept at dipolar order for the sake of simplicity. Particles
are ordered on a lattice of parameter L. Anyhow, equations
for prolate case and up to the quadrupolar order can be eas-
ily found in the literature [3]. All the geometrical parameters
are defined in the text and in Fig. 1.

The derivation of spheroid polarizabilities was obtained
by Bobbert and Vlieger [3, 48, 56]; the Laplace equation is
solved by using a multipolar spheroidal expansion [63] of
the potential located both at the centers O and at the image
Or points in the substrate for all the spheroids. The con-
tinuity of the potential and of the normal derivative of the
displacement field at the surface of the spheroids leads to
an infinite set of linear equations for the spheroidal multi-
pole coefficients. Once restricted to dipole interaction, the
particle polarizability reads as follows:

αS,z = ε1V
ε − ε1

ε1 + Lz(ε − ε1)

αS,‖ = ε1V
ε − ε1

ε1 + L‖(ε − ε1)
(10)

where V = 4/3πa3ξ0(1 + ξ2
0 ) is the spheroid volume. The

depolarizations factors are given by

Lz = (1 + ξ2
0 )
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The dipole–dipole interaction between particles comes into
play through the lattice sums (S20, Sr

20) over the direct
Ri and image Rr

i points. They are defined through the
following:

S20 =
∑

i �=0

(
L

r
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)

(13)

where Y 0
2 (θ, φ) is the spherical harmonics of order � =

2, m = 0. They depend on the spherical angle from direct
(θ, φ) or image (θr , φr) points (Fig. 1). The sums are cal-
culated using the convergence trick of ref. [64]. The IS in
the spheroidal dipole approximation are related to the above
polarizabilities through the following:

γ = ραS,‖, β = ραS,z (14)

where ρ is the number of particles per surface unit.
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