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Introduction
Introduction

e Vacuum : x3 > ((x)
@ Scattering medium : x3 < ((x)

*2

-~
X

The surface profile function is a single-valued function of x| = (x1, x2, 0) that is
at least twice differentiable with respect to x; and x,, and constitutes a
stationary, zero-mean Gaussian random process defined by

(Clx)elx))) = 2Wix = x)).

The angle brackets denote an average over the ensemble of realizations of the
surface profile function.
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The root-mean-square height of the surface is given by

5 =(C%(x)))? -

The power spectrum of the of the surface roughness is defined by

g(ky) :/d2><n W (x)) exp (ikj - x;) -
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A Perfectly Conducting Surface

Stratton-Chu formula for the magnetic Field in vacuum:
1
Bloca = Clox1)) W™ () =Hxoline + 5 [l (Vo] ¢ )

where
@ 0(z) is the Heaviside unit step function
@ H(x|w)inc is the magnetic component of the incident field

A JH(X|\|W) =[nx H>(X|W)]|X3:<(XH)
o n=(—C(x)), —C(x)), 1)
° CI(XH) _ 3§(XH , j=1,2

and go(x|x’) is the scalar free-space Green's function

exp [i2 |x — x'[]

o) =T 7
d? 2mi , ) )
= G watary & e 0o =] o iaatanis — 41,
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with
ao(q)) = [(w/c)* — qf]?,  Reao(q)) > 0,Imao(qy) > 0.

We evaluate the equation at x3 = {(x|) + 7 and at x3 = {(x|]) — 7, where 7 is a
positive infinitesimal, add the resulting two equations, and take the cross product
of the sum with n, and obtain

i 1
Jn(x)|w) :2J§L,)(x”\w) + gP/dzxﬁ n x {[[Vgo(x\x')]] X JH(x'H|w)} ,
where

(¢ 1ine =0 x HX[wYinclxy=c(x) )

P denotes the Cauchy principal value, and

This is the equation satisfied by J(x||w).
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In view of the definition Jy(x|w) = [n x H>(x|w)]|x3:<(XH) it follows that

n- JH(XH |w) = 0,

so that only two components of Jy(x||w) are independent. We choose
JH(x|/|w)1,2 as the independent components, while

Jn(xlw)s = GO xylw)s + G (x)) Jn(x) |w)2-
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Equations satisfied by Jy(x|w)12

JH(XH|w)1 :2-/,1(-;)()(\”“))1
- %P/dzx'u {[gs(o)(xu\xi\) — 8 x x))G(x]) — o))l (x) ) I o)

+ 81701 [c2(x) = Gl | n(x] |w)2}
Jr(x)j|w)2 :2-/,1(-;)()(\”“))2

N %P/dQXﬁ {gz(o)(XHIXﬂ){Cl(XH) —Cl(xm Iulxiwh

+ [ 0xy 1)) — &8 00y X)) = Galx )l 3y X)) Jn(x] '“)2}
where

géo)(XH ‘Xi‘) = [[%g()(x')(l)]]

w1 - /
_(X( — Xg) [|x — X,‘z - |X _ X/|3:| eXp[I(UJ/C)‘X —X |]X3/_§EX’;
X3=61x)
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Incident Field

Gaussian Beam

The electric vector of an incident field that is p polarized is

Ep(x|w)inc =2~ / d’q) €, (a-|w)exp[iq_ - x] exp {—z(m —ky) }

qu<*

The electric vector of an incident field that is s polarized

w? NG ) w?
Es(xlw)inc :g / dqu gs (q,|W) exp [lq* ' X] exp |:_2(q| - k||)2:| .
<t
where q+ = q + ao(q‘|)>”(3 and

ao(g))%1 + qi%s

[4? + 03(q))]?

q1a2%1 — [af + ag(qy)]R2 — g200(q) )%
2[q? + ad(q))]?.

2()
€,/ (a-|w) =

20
£, (q-|w) =
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The magnetic vector of the incident field that is p polarized is

W2 ) ( 2
Hp(x|w)inc :% d qH s ( |w) exp [lq* X] exXp | ——5~
<%

> (a) — k) ]

The magnetic vector of the incident field that is s polarized is

w? NG . w?
H(X|w)ine = — > / d?qy €, (a_|w) exp[iq_ - x] exp {—2(q| - k|)2} .

q <%
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The magnitude of the total time-averaged incident flux of polarization v is

c2

v C .
Pi(”c) - Re/d2XH 8r [EV(XH |w)ine X Hu(x\||w)inc}3 = %pinc

where

Pinc =w* /dqu ao(qy) exp [-w?(q — k| )?]

q<%

jus

3 k
=27w* (%) exp(—w2kﬁ) /d@ sin cos? 6 Iy (2w2wC| sin 0)
0

X exp {— (%)Zin2 0] ,

and fp(x) is the modified Bessel function of the first kind and zero order.
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The Scattered Field

The Stratton-Chu equations for H> (x|w):

Bloa = 1)) W™ () =Hxoline 5 [ (VoL % )

The magnetic vector of the scattered field is therefore

1
H” (x|w)se = / A [Vao(xX)lg=c(e) x In(Xjlw)

d2 i / . /
go(x|x") :/(2:)“2 ao2(q|) exp [qu (x) — XH)} exp [iao(q))|xs — x3]] -

If we write the electric vector of the scattered field in the form

(o) = [ s (6@ 3, aele) + Exash(acle)] explias -]

where

—ao(q))a) + g)%s

. PR
oJC. Fs(a+|w) = G x X3,

’?p(ch,'(x}) =
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we can write the magnetic vector of the scattered field as

2
Hx)e = | (“;f)' [Ep(a )44 1) — Ea(a[)3,(a )] exp (g, ).

We find that (v = p, s)

_ (w/<)
2a0(q))

Eu(alw) = /d2XH Yo (@ilw) - In(xylw) exp [—iqy - x| — iao(q)<(x))]

Leskova, Letnes, Maradudin, Nordam, and Simonsen The scattering of light from two-dimensionally, randomly rough surfaces



Perfect Conductors An Isotropic pectrum An Anisotropic Roughness Power

The total time-averaged scattered flux

'Dsc :/d2XH Re (525)3

C *
- / d2x) Re [E(x|w)se x H* (x|o)scly
c? d?q) 2 2
o5 | T ool [1Ea- ) + iExas )]
a <z

We write q| in terms of the polar and azimuthal scattering angles 65 and ¢ as

q“ :% Sin 05(C05¢57Sin ¢S7 0)

Then

c

B w \2 2 2
Pe =5~ (5) / a0, cos s [1Ex(aslw)l” + €:(ay )] -
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ntial Reflection Coefficient

The differential reflection coefficient (OR/0€s) is defined such that
(OR/0Qs)d s is the fraction of the total time-averaged flux incident on the
surface that is scattered into the element of solid angle d€25 about the scattering
direction (0s, ¢s).

The differential reflection coefficient for the scattering of light of polarization 3,
the projection of whose wave vector on the mean scattering surface is k|, into
light of polarization «, the projection of whose wave vector on the mean
scattering surface is qy|, is given by

Pos _ (Y10 oz [Eula )

—— ) —cos
00 2rc/ ¢ Pinc
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Since we are scattering from a randomly rough surface, it is this average of this
expression over the ensemble of realizations of the surface profile function that we
wish to calculate:

(PR (2 2 costy {l£a(a+ )
27c ° ’

0 c Pinc

The contribution to the mean differential reflection coefficient from the light that
has been scattered incoherently (diffusely) is

2
)y g )t

Qs 2nc
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L,
1
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An Isotropic Roughness Power Spectrum

The full angular intensity distributions

@ /(w/c)

XZ
e e W(x)) =exp| -

g, pe s Wooo K2 22

o g(k) =ma®exp

00
a/(w/c)

R e

o Parameters:

" o (6o, $o) = (20°,0°)
0.06 ] 5 = )\
°” e a=2\
/e " o w =4\
o [2 =16\ x 16\
- o Ax=\/T
o N, =12000
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A Metallic Surface

In-plane and out-of-plane intensity distributions for p polarized incident light
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All parameters as on previous slide.
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Unitarity

The fraction of the total energy flux scattered from the surface to that incident
on it — the unitarity — is defined as:

Us(600, do) = Z/dﬂ <8R‘W> 1, B=ps

a=p,s

For the numerical simulation results just presented we obtained:

U,(20°,0°) =0.9962
U,(20°,0°) =0.9966.
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An Anisotropic Roughness Power Spectrum

0/ (w/c)

X2 X2
s G i o W(x|)=exp(—-3% -3
.08 o.08 aj a;

2.2
o g(kj) = majazexp (f - 22

05 1o 05 To

0. 0
q/(w/e) a1 /(w/e)

o Parameters:
o (6o, ¢0) = (20°,45°)
ar = )\; a = 1.5)\;
d=A
w =4\
1?2 = 16X x 16\
Ax = )\/7
N, = 6000

@ /(w/c)

0. 05 o
a0/ (w/e)
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© A Penetrable Surface
@ A Metallic Surface
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A Penetrable Surface

Franz Formulas

x3 > ((x)):
1
2 (xlw) =H(xwlne + 1=V / ] go(x|x') (a1 (X))

ic
_ mv x V x /dzx"l go(X|Xl)|X3’:§(x’H)JE(X“|w)

1
E” (x|w) =E(x|w)ine + 5 -V % / x| go(X[X') = I (X] )

va x V x /d x| go(X[x") = =C(x} I (xjlw)-
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x3 < ((x):
1
|#uwy>~—Vx/¥w&@Wm$wNMﬁW)

+EEVXVX/¥%&MﬂMﬂwkMW)

1
() == 27 ] K g el )

WV x V x /d x| e (x|x’ )xg= ¢x) J,_,(xmw).
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In(xilw) = [nx H> (x|w)] |
Je(x)|w) = [n X E>(X|w)} |X3=C(XH) -
n =(—Gu(x), —C(x), 1)

[n x H<(x\w)]|
[n x E<(x|w)]|

xa=C(x) xs=C(x)

x3=((x))

exp [i2 |x — x'[]

gO(x‘x/) = |X*X/|
_ d2qH 27i . , . ,
- [y el -] v i -]
g (x|x) =22 [~ T;i ):"\ /d(w)]
d? T /
=/(2:)”2 %q”) exp [iQH “(x) = X/u)] exp [—0(qy)xs — x5
, 1
Blay) = {q” + m} ; ReB(q)) > 0,ImB(q) <0
d(w) =</ Red(w) > 0,Im d(w) > 0

e
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The Miller Equations

) =3y + 1P [ @] [nx {9 x [en(xix) — g ()l )]
- % /d2x [nx {V x V¥ x [go(x|x") — g-(x|x")Je(x]||w)}]

Je(X))|w)ine
el
+ %(w] /d XH nx {V x V x [go(x|x) — g-(x|x’ )]JH(xH\w)}]]

4nw(l

Je(x|w) =2 d2x"‘ [n x {V x [go(x|x") — e(w)g=(x|x") e (x||w)}]

JH (x| |w)ine =n x H(x\w);nc\X3:C(XH)
Je(x)|w)ine =n X E(X|w)inc|x=¢(x))
n-Je p(x)lw) =0
JeH(x)|w)s =Cu(x))Ie.H(x)lw)r + C(x))IE,H(X)[w)2

Je H(x|w)1,2 satisfy a system of 4 coupled, inhomogeneous, two-dimesional integral equations.
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Local Impedance Boundary Cond

Je(x)|w)i =K (x| [w)In(x)|w),

Kij(x)|w) = i d(w) ( (162 (1+Cz2)>

1; d)(XH) _(1 +Cl2) _CIC2
1+ 3)ak N2 2
~2(1+G)(1+ @) ?52(21 [(+1§i)<2)(fizg)t%gglcgj
v d?*(w) +C2(1+ ()0t ! 2 152
c 2¢3(x|) —Cu(1+ Gt
Cu [(L+ )+ ) — 236 Y 2
+2C12(1 4 (7)o — Coa(1 + C%I)2 +25122(21(:—51C)f()22242)
+ O(dB(w))

O*¢(x))

etc.

N
I
=

X
=
I

o(x) = 1+ Glx +Gx]7,

) _
AT




Penetrable Surfaces

A Metallic Surface

The full angular intensity distributions

A Metallic Surface
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Penetrable Surfaces A Metallic Surface

A Metallic Surface

In-plane and out-of-plane intensity distributions for p polarized incident light
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All parameters as on previous slide.
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Outline

@ Solution of the Reduced Rayleigh Equation
@ A Metallic Surface
@ A Dielectric Surface
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Reduced Rayleigh Eq.

Solution of the Reduced Raylelgh Equat|

x3 > ((x))
E(x;t) = [ N (x|w) + EC (x\w)} exp(—iwt)
where
EO(x|w) = {: [0k + ks | £00)) + [ky x %3 5s(i)(k|)}
X exp [lkH C X = iao(k”)x:g] y
2
EC)(xjw) = /((;:)lg {2 [—ao(q))ay + qy%s] 9 (ay) + [@) x %3] 55(5)(Q|)}

X exp [iq” X+ iao(qH)X3] .
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A linear relation exists between the amplitudes &(f)(qu) and Séi)(ku) , which we
write as (a = p,s, 3 =p, s)

E9(ay) ZRaﬁ aylkEP (k))-

The contribution to the differential reflection coefficient from the incoherent
(diffuse) component of the scattered light is then

(562),0 =5 (5rc) ety (IRt~ [{Rostab)

where

w . . w . .
ki == sin By (cos ¢y, sin ¢, 0), q == sin Os(cos @s, sin ¢s, 0).
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The Reduced Rayleigh equations

M(pyla))R(ay k)

_ I(a(py) + aolky)lpy — ky)
B ap)) + ao(k)) N(pylk)-

/ d?q; I(a(py) — eo(q))lpy — ay)
(2m)? a(p)) — ao(q))

1(1Qy) :/d2"\| exp [—iv¢(x))] exp [-1Q) - x|]

=(27)%5(Q)) + Z (,:77?,)'7 /d2X||C”(xH) exp(—iQy - x))
n=1 ’

(g + alp)By - Gpeo(a))]  —2adpy) By x als
M(play) = < “[py x ayls co(qy) =P )

_ | ik = alpby - kjaolk)]  —2a(py) By x kyls
N(pylta) = ( —<[By x kyls (k) “h) -k ) ‘
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A Metallic Surface

A Metallic Surface A Dielec
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Reduced Rayleigh Eq. A Metallic Surface A

Comparison of the results obtained by the Rayleigh approach (solid lines) and
rigorous approach (dashed lines):
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Reduced Rayleigh Eq. A Metallic Surface A Dielectric Surface

A Dielectric Surface
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Discussion and Conclusions

@ The use of the method of moments and the biconjugate gradient stabilized
method provides a formally exact solution to the scattering of p- and
s-polarized light from a two-dimensional randomly rough perfectly
conducting surface with a modest expenditure of computational time.

@ The addition of an impedance boundary condition on a two-dimensional
rough surface to these two methods provides a formally exact solution to the
scattering of polarized light from a two-dimensional randomly rough metallic
surface, also with a modest expenditure of computational time.

@ Rigorous calculations of the full angular distribution of the intensity of light
scattered from strongly rough perfectly conducting and lossless metallic
surfaces have been carried out.

@ The accuracy of the methods used in our calculations, and the adequacy of
the discretization of the mean scattering surface are indicated by the results
that conservation of energy in the scattering process is satisfied within an
error smaller than 0.5%.
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Discussion and Conclusions (continued...)

@ A rigorous numerical solution of the reduced Rayleigh equation for the
scattering of p- and s-polarized light from a penetrable surface has been
carried out. Good agreement between the results obtained in this fashion
and those obtained by the use of the rigorous computational methods
indicate that the simpler approach yields accurate results for the scattering
from surfaces that are not very rough. The limits of validity of this equation
have yet to be determined.

@ The door is now open to rigorous computational studies of other properties
of electromagnetic waves scattered from two-dimensional randomly rough
surfaces. These include calculations of ellipsometric parameters of metallic
and dielectric surfaces, transmission through dielectric surfaces, all the
elements of the Mueller matrix, and scattering from coated surfaces.
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The Mueller Matrix

Mt

o W(x)) = exp (-i)

& 2.2
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