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2. Probability Theory

instead of the random variable ¢, the probability density W,(») of the random
variable # is, according to (2.7, 10), given by

W,0) =60 —m) =0 —g(&)
= [0(r—g)) We(x)dx. (2.13)

The last integral is easily evaluated. If g, '(y) is the nth simple root of
g(x)—p =0, then

W,0) = L Welgy '0ONdg(e)/dx |l oy 2y, (2.14)

from a well-known expression for the & function, see e.g. [2.7]. (Another
possibility to obtain (2.14) is by transformation of the differentials.)
As an example, we calculate from the one-dimensional Maxwell distribution

| [ m mu*
Wi(u) = — exp(— ZkT) (2.15)

the probability density of the energy

E=Ltmv’=g(v). (2.16)
Here we have

vy =g; (E)= £ |/2E/m

22
49 — |mo,| = /2amE (217)
do o= (E) 2
2
m E 1 m i 1
W(E) = exp| ——— + exp| — — | ——
27kT p( kT) 1V2mE I/ 2nkT p( kT) l/2mE
1 E
=—_ _exp| ——— . (2.18)
V2kTE ( kT)

2.2 Characteristic Function and Cumulants

The characteristic function Cg(u) is the average

Crlu) = (&™) = [e™* Wy(x)dx.

B e e e ey
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2. Probability Theory

Ky=M;—3M,M,+2M}

2.26
Ky=M,;—3M3— 4M,M; + 12M3M, — 6 M} (e:26)
M1 - K]
M,=K,+ K7
o 2.27)

M3=K3+ 3K2K1 +K%
My=K,+4K:K,+3K3+ 6K,K1+ K.
Gereral expressions for the connection between cumulants and moments may be

found in [Ref. 2.4, p. 165]. A very convenient form in terms of determinants
reads

M, 1 0 0 0
M, M, 0 0
2
K,=(-1"1 3 3 (2.28)
M, M, (1)M2 @M1 1 ...
4 4 4
M () (o ()
..................................... "
K, -1 0 0
K, B -l 0
2
R (1>K2 K = 0
M, = 3 3 (2.29)
K, (1 Ks <2>K2 K -1 ..
4 4 4
K (1) K (2) K <3) K, K,
..................................... "

where the determinants ||, contain » rows and #» columns and where

n n! . . .. .
=———  are the binomial coefficients. These connections between
m (n—m)lm!

the expansion coefficients of (2.24 and 25) are found in [2.8], [To obtain (2.28)
the /th row of the corresponding determinant in [2.8] has to be multiplied with
(i—1)! and the jth column with the exception of the first column has to be
divided by (j—2)!. For the derivation of (2.29) the /ith row of the corresponding
determinant has to be multiplied with (i—1)! and the jth column has to be
divided by (j—1)!].

B e e T s e o e e ey ey -
=55




|
)

=
<
-
7
)
2
|
’
.
3
:
+

4 ]
107 4
3
= & S&P
A — Fit (Truncated Levy)

10°

_OL_ w\

mOlm ﬁ L PR - N L : \ i

10° 10" 10° 10'
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symmetric TLD L, of index no= w We have also shown on the same graph the values

of the parameters 4 and o~ as obtained by the fit.

e The particular value u = w has a simple theoretical interpretation, which we
shall briefly present in Section 2.8,

In order to characterize a probabili ty distribution using empirical data, it is al ways better
to work with the cumulative distribution Junction rather than with the distribution density.
To obiain the latter, one indeed has to choose a certain width for the bins in order to
construct frequency histograms, or to smooth the data using, for example, a Gaussian with
a certain width. Even when this width is carefully chosen, part of the information is lost.
1t is furthermore difficult to characterize the tails of the distribution, corresponding lo rare
events, since most bins in this region are enmpty. On the other hand, the construction of the
cunlative distribution does not require 1o choose a bin width. The trick is to order the
observed data according to their rank, for example in decreasing order. The value Xk of the
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Fig. 2.9. Elementary cumulative distribution for the DEM/$, 4
using a symmetric TLD hv:v of index u = w In this case, il
been considered. The fit is not very good, and would have beer

of o ~ 1.2. This increases the weight of very small variations.

kth variable (out of N) is then such that:

k

N+1

This result comes from the following observation: if one dr
variable from the same distribution, there is an a priori equa
it falls within any of the N + 1 intervals defined by the previ
probability that it falls above the kth one, x). is therefore equa
beyond xy, which is equal to k, times 1/N + 1. This is also equ
(See also the discussion in Section 1.4, and Eq. (1.45)). Since
distribution is a particular inferest, it is convenient to choose
probabilities. Furthermore, in order to check visually the s

Po(xp) =

Al
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2 particular value p = m has a simple theoretical interpretation, which we
11 briefly present in Section 2.8.

der to characterize a probability distribution using empirical data, it is always better
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ain the lanter, one indeed has to choose a certain width for the bins in order to
uct frequency histograms, or to smooth the data using, for example, a Gaussian with
tin widith. Even when this width is carefully chosen, part of the information is lost.
rthermore difficult to characterize the tails of the distribution, corresponding to rare
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Fig. 2.9. Elementary cumulative distribution for the DEM/S, for r = 15 min, and best fit

using a symmetric TLD hmu, of index ¢ = W In this case, it is rather 1008x/x that has
been considered. The fit is not very good, and would have been better with a smaller value
of s ~ 1.2. This increases the weight of very small variations.

kth variable (out of N) is then such that:

k

Po(xi) = T (2.7)
This result comes from the following observation: if one draws an (N + 1)th random
variable from the same distribution, there is an a priori equal probability 1 /N + Vthat
it falls within any of the N + 1 intervals defined by the previously drawn variables. The
probability that it falls above the kth one, x;, is therefore equal to the number of intervals
beyond xp, which is equal to k, times 1 /N + 1. This is also equal, by definition, to P (x).
(See also the discussion in Section 1.4, and Eq. {1.45)). Since the rare evenis part of the
distribution is a particular interest, if is convenient to choose a logarithmic scale for the
probabilities. Furthermore, in order to check visually the symmetry of the probability
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