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Examination for FY3464 Quantum Field Theory I

Contact: Jens O. Andersen, tel. 7359 3131
Allowed tools: mathematical tables

1. Noether’s theorem.

Show that a continuous global symmetry of a set of fields φa described by a Lagrangian
L (φa, ∂µφa) leads classically to the conserved current

jµ =
δL

δ∂µφa

δφa −Kµ , (1)

where Kµ is a four-divergence, δL = ∂µK
µ. (6 pts)

We assume first that L (φa, ∂µφa) us invariant under an infinitesimal change δφa,

0 = δL =
δL

δφa
δφa +

δL

δ∂µφa
δ∂µφa . (2)

Exchange δ∂µ = ∂µδ in the second term and use then the Lagrange equations, δL /δφa =
∂µ(δL /δ∂µφa), in the first one. Combining the two terms using the product rule gives

0 = δL = ∂µ

(

δL

δ∂µφa

)

δφa +
δL

δ∂µφa
∂µδφa = ∂µ

(

δL

δ∂µφa
δφa

)

. (3)

Hence the invariance of L under the change δφa implies the existence of a conserved current,
∂µj

µ = 0, with

jµ =
δL

δ∂µφa
δφa . (4)

If the transformation δφa leads to change in L that is a total four-divergence, δL = ∂µK
µ, then

the equations of motion remain invariant. The conserved current jµ is changed to

jµ =
δL

δ∂µφa
δφa −Kµ . (5)

2. A complex scalar field.

Consider a complex, scalar field φ with mass m and a quartic self-interaction proportional
to λ in d = 4 space-time dimensions.
a.) Write down its Lagrange density Ls, explain your choice of signs and pre-factors
(when physically relevant). (6 pts)
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b.) Determine the mass dimension of all quantities in the Lagrange density Ls. (6 pts)
c.) Show that the Lagrange density Ls is invariant under global phase transformations
and determine the conserved current jµ. (6 pts)

a.) It is easiest to start from two real fields φ1 and φ2, combining them afterwards into the
complex field φ = (φ1 + iφ2)/

√
2.

We have to decide which signature we use for the metric, and choose (+,−,−,−). A Lagrange
function has the form L = T − V , and thus φ̇2 should have a positive coefficient, while all other
terms are negative. Thus we choose the Lagrange density as

Li = A(φ̇2i − (∇φi)
2)−Bm2φ2i − C

λ

4!
φ4i (6)

with A,B,C > 0 (Lorentz invariance requires that the coefficient of φ̇2 and (∇φ)2 agree). This
choice of signs can be confirmed by calculating the Hamiltonian density H , and requiring that
it is bounded from below and stable against small perturbations. The correct dispersion relation
for a free particle requires A = B. The kinetic energy of a canonically normalised field has the
coefficient A = 1/2; this gives the correct size of vacuum fluctuations. The choice of C > 0 is
arbitrary. Expressed by the complex fields, the Lagrangian becomes

Ls = ∂µφ
†∂µφ−m2φ†φ− λ(φ†φ)2 . (7)

(Alternatively, we could have used that unitarity requires that L is real. Thus we should use

bilinear quantities φ∗φ or ∂µφ
∗∂µφ.)

b.) The action S =
∫

dxL enters as exp(i/~S) the path integral and is therefore in natural units

dimensionless. Thus L has mass dimension 4. From the kinetic term, we see that the mass

dimension of the scalar field is 1. Thus the mass dimension of m is, not surprisingly, 1, and λ is

dimensionless.

c.) Under the combined global phase transformations φ→ eiϑφ and φ† → e−iϑφ†, the Lagrangian
Ls is clearly invariant. With δφ = iφ, δφ† = −iφ†, the conserved current follows as

jµ ∝ i
[

φ†∂µφ− (∂µφ†)φ
]

. (8)

[We can drop the real parameter ϑ, but should keep the imaginary unit i such that the charge is

real.]

3. Scalar QED.

Consider now the complex, scalar field φ coupled to the photon Aµ, i.e. a massless spin-1
field which field-strength satisfies Fµν = ∂µAν − ∂νAµ.
a.) Find the coupling LI between φ and Aµ requiring that Ls + LI is invariant under
local phase transformations; determine the transformation law for Aµ. (10 pts)
b.) Write down the generating functionals for disconnected and connected Green functions
of this theory. (6 pts)
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c.) How does one obtain connected Green functions for the photon from the generating
functional? (4 pts)
d.) Find the Feynman rules for the vertices involving photons and scalars. (6 pts)
e.) Define the superficial degree of divergence D and draw for each of the casesD = {0, 1, 2}
one 1-loop Feynman diagram. (7 pts)

a.) In case of global transformations, φ(x) → ψ′(x) = Uφ(x), the normal derivative transformed
as ∂µφ(x) → [∂µφ(x)]

′ = U [∂µψ(x)] and thus the kinetic energy was invariant. We define a new
covariant derivative Dµ requiring

Dµφ(x) → [Dµφ(x)]
′ = U(x)[Dµφ(x)] (9)

such that (Dµφ
′)†(Dµφ′) = (Dµφ)

†U †U(Dµφ) = (Dµφ)
†Dµφ. The gauge field should compensate

the difference between the normal and the covariant derivative,

Dµφ(x) = [∂µ + iqAµ(x)]φ(x) . (10)

Now we determine the transformation properties of Dµ and Aµ demanding that φ′(x) = U(x)φ(x)
and (9) hold. Combining both requirements gives

Dµφ(x) → [Dµφ]
′ = UDµφ = UDµU

−1Uφ = UDµU
−1φ′ , (11)

and thus the covariant derivative transforms as D′
µ = UDµU

−1. Using its definition (10), we find

[Dµφ]
′ = [∂µ + iqA′

µ]Uφ = UDµφ = U [∂µ + iqAµ]φ . (12)

[Although not necessary, we do not use that Aµ is abelian.] Compare the second and the fourth
term, after having performed the differentiation ∂µ(Uφ). The result

[(∂µU) + igA′
µU ]φ = igUAµφ (13)

should be valid for arbitrary φ and hence we arrive after multiplying from the right with U † at

Aµ → A′
µ = UAµU

† +
i

g
(∂µU)U † = Aµ − ∂µϑ

where the last step is valid for an abelian transformation as in the case of a photon.
We obtain LI by multiplying out the covariant derivatives,

(Dµφ)
†Dµφ = (∂µφ)

†∂µφ− iq
[

φ†∂µφ− (∂µφ†)φ
]

Aµ + q2φ†φAµA
µ = (∂µφ)

†∂µφ+ LI .

[If you use as start the ansatz LI = qAµj
µ, you have to realise that the replacement ∂µ → Dµ is

necessary in the Noether current.]

b.) The complete classical Lagrangian is

Lcl = Ls + LI −
1

4
FµνF

µν .
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The electromagnetic current Jλ
em

is conserved, ∂λJ
λ
em

(x) = 0 or qλJ
λ
em

(q) = 0. This gives the
condition

−me(A+Bγ5) +mµ(A−Bγ5) + q2(C +Dγ5) = 0

or
A = B = 0

as the photon is on-shell, q2 = 0. Finally we use that the photon is transverse, εµqµ = 0, to
obtain

A(µ → e+ γ) = ελ 〈e| J
λ
em |µ〉 = ελūe(p

′)[(D + Eγ5)iσλνqν ]uµ(p) .

Thus only the on-shell values of the magnetic form factors, D(q2 = 0) and E(q2 = 0), contribute

to the decay process.

Some formulas

The Gamma matrices satisfy the Clifford algebra

{γµ, γν} = 2ηµν (18)

and are in the Weyl or chiral representation given by

γ0 = 1⊗ τ1 =

(

0 1
1 0

)

, (19)

γi = σi ⊗ iτ3 =

(

0 σi

−σi 0

)

, (20)

γ5 = 1⊗ τ3 =

(

−1 0
0 1

)

. (21)

ψL =
1

2
(1− γ5)ψ ≡ PLψ and ψR =

1

2
(1 + γ5)ψ ≡ PRψ . (22)

σµν =
i

2
[γµ, γν ] (23)
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