FY3452 Gravitation and Cosmology 2024

Exercise sheet 10

1. Christoffel symbols and the Ricci tensor
Find the Christoffel symbols and the Ricci tensor for the metric dI? =
S(t) [B(r)dr? + r2dQ).

We solve the Lagrange equations for a test particle,
L = B(r)i? + r2(9? 4 sin? 9¢?)
where we neglected the overall factor S(t). Comparing the Lagrange equations
i} oy e g gl T .2 . .2 o
PF——7°— (¥ +sin“¢p° )= =0, o+ —-ro+2cotdp =0, ¥+ — —cos?sindp” =0
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with the geodesic equation & +1"  i#i” = 0, we can read off the non-vanishing Christoffel
symbols as

I, =-B/(2B), [y, =—rsin®¥/B and [y =—r/B

F‘z’w = Fﬁrﬁ =1/r F‘z’w =cotd¥ and Fﬁw = — cos¥sin .

Since the metric is diagonal, the non-diagonal elements of the Ricci tensor are zero too.
We calculate with

Rab = R* achab - abl—‘cac + 1—‘Cabrdcd - decrcad

ach —
for instance the rr component as

B
RT?“ =0+ Fcrrrdcd - Fdrcrcrd = Frrr(r¢r¢ + Pﬁrﬂ) = _T_B (1)

Similarly, we find Ryy =1+ 55592 — L and Ry, = sin® ¥ Ryy.

2. Redshift

Derive the redshift of a photon in the FLRW metric analogous to the redshift of a photon
in the Schwarzschild metric, using the fact that homogenity leads to the existence of three
space-like Killing vector fields. [For simplicity, restrict yourself to the flat case k = 0.

The metric of the flat FLRW spacetime depends only on time, and admits therefore three

space-like Killing vector fields, £, = (0,1,0,0), &, = (0,0,1,0), and &, = (0,0,0,1). With p
as four-momentum of the photon, it follows &; - p = const. Consider e.g. the z component,

& p = gulipt = —a’p” = const.
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and thus p” oc 1/a?. Next we use that p is a null vector,
(p')* = a*(p*)* =0
or p' o< ap® < 1/a. An observer at rest, u = (1,0,0,0) measures thus as frequency

w=p-u=p xl1/a

3. New galaxies.
As the universe expands, the horizon grows. FEstimate the time it takes for one galaxy
entering the horizon assuming the universe to be matter-dominated.

We need to estimate the amount of mass crossing the horizon per time, M, (t). The time
5t between new galaxies with mass M), ~ 10*? M, enter our horizon can then be estimated
as ot ~ Mgal/Mh.

As first step, we estimate the mass inside the present horizon as

with (k = 0)

Inserting and differentiating,

th(t) ) . , t dt 2 1
=g ([w) a
d]\éf;(t) = 47y ()2 (2)

For a matter-dominated universe, d(ty) = 2/Hy (and dy(to) ~ 3.3/ Hy for ACDM). With
Pm = Qmper it follows
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i.e. the result is independendt of the expansion rate Hy. Finally,

Mhﬁllﬂ' Qm

M,
At ~ =2 ~ 0.05yr.
My,

Thus ~ 20 galaxies enter each year the visible volume of the universe.

Solutions are discussed Thursday, 18.04.24



