FY3452 Gravitation and Cosmology 2024

Exercise sheet 3

1. Measurements.

The universe is filled with cosmic microwave background (CMB) photons. Assume for sim-
plicity that they have a single energy wy. Which energy measures the uniformly accelerated
observer from the last exercise sheet at time 77

a.) For an observer at rest, the time-like basis vector eq(7) agrees with its four-velocity wqps of
the observer. A measurement of a particle with four-momentum k* = (w, k) performed by the
observer at rest results in the energy w. We can rewrite this as tensor equations,

w =k Ugps (1)
and thus the RHS is valid also for a moving observer.

b.) In exercise sheet 2, we found as the four-velocity of an observer accelerated along the x axis

dt¢
0 1 _ — i
U =— = cosh(aT), u = = sinh(a7),

For the photon, we have
k* = (wo,wom)

where n is a unit 3-vector. Thus the observed frequency is
w =k - Uops = wplcosh(ar) — sinh(a7) cos I

where ¥ is angle between the x axis and the photon 3-momentum. In particular, for 9 = 0 and
180°, it follows
w=wpexp(—ar) and w = wpexp(+ar).

Thus for 7 < 0 and ¥ = 0 (photons and observer approaching), the frequency is blue-shifted,
while for 7 > 0 and ¥ = 0 (photons and observer moving away), the frequency is redshifted.
The minimal and maximal photon energies measured follow as

—al7] alr)

w € [woe : woe

2. Line-element.
Show that the line-element

ds? = dt? — 2dz dt — dy? — d2?
corresponds to a flat spacetime.
Option 1: Calculate Christoffel symbols. If they are zero, the spacetime is flat. If they are non-

zero, you have to calculate additionally the curvature—something we still have to learn how to
do.

Solutions are discussed Thursday, 01.02.24
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Option 2: Find a coordinate transformation to flat space: We can eliminate the mixed terms
setting
t=t +2a, x=2a, y=1, 2=z,

what gives

ds? = (dt' 4+ dz’)? — 2dz/(dt’ + dz’) — dy’? — 2"
_ dt/2 _ dflf/z _ dy/2 _ dZ/2-

3. Cylinder coordinates I.
Calculate for cylinder coordinates z = (p, ¢, z) in R3

Ty = peosg,
y = psing,

/
1’322’,

the basis vectors e;, the components of g;; and g%, and g = det(g;;).

From e; = 2" /dx'e’,, it follows
0
e = a?e =cosge] +singe, =e,,
or;
ey = a—¢e = —psinge| + pcospey, = pey.
833j ’ ’
€=, €=

Since the e; are orthogonal to each other, the matrices g;; and g” are diagonal. From the
definition g;; = e; - e; one finds g;; = diag(1, p?,1) Inverting g;; gives g” = diag(1,p~2,1). The
determinant is g = det(g;;) = p?. Note that the volume integral in cylindrical coordinates is

given by
/d3 ':/d?’xJ:/d?’:E\/ﬁ:/dpdqbdzp,

since g;; = %f: %’;J gy, and thus det(g) = J2det(¢') = J? with det(g’) = 1.

4. Hyperbolic plane H?
The line-element of the hyperbolic plane H? is given by

ds? = y~2(da?® + dy?) and y>0.

a.) Show that points on the x-axis are an infinite distance from any point (z,y) in the

upper plane. [The length s of a line between a and b along x is given by s = fab N
b.) Deduce the Christoffel symbols I'*, .
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c.) Write out the geodesic equations and solve them to find x and y as function of the
length s of these curves.

a.) The length of a = const. line is

what diverges if the lower integration limit approaches zero.

b.) Using as Lagrange function L the kinetic energy T instead of the line-element ds makes
calculations a bit shorter. From L = y~2(i? + ¢?) we find

oL doL d, . _, o . s
oz 0 ) & or — ar\By ) =20y R
oL 2 5 doL d, . e
a9y yg(x +9%) , 3 5 dt( vy~ ) = 24y gy Yy

and thus the solutions of the Lagrange equations are

o . . 2 . 2
b &
-2 —0  and §-L +T —o.
Yy Yy Yy
Comparing with the given geodesic equation, we read off the non-vanishing Christoffel symbols

as —I'*,, = —T?,, =Y, =-TY, =1/y. (Remember that —2y iy = e, a9+ %, 29.)
c.) The geodesic equations written more explicitly are

d?z _ 2dzdy

@_ydsds

@y _ 1 de)® 1 (dy)T
ds?2  y \ds y \ds/)

We can rewite the first equation as

21 (Ldz)  2dydz d%
Y s y? ds

and

ydsds—l_@zo'

Dividing by y?, integrating and calling the integration constant 1/r results in

dx_y2

ds 1’
1 [ /de\ 2 2
L O I
y2 |\ ds ds

dy
- = +/y% — y4/r2
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. 2
insert % = £ and solve for
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Finally we obtain an equation for z(y) writing

dr  dz/ds Yy

& -+ :
dy dy/ds 2 — 2

Integrating we find the equation of a circle centered at the integration constant xg,

(x — 20)> + % =12

Remark: This result was historically important as first counter-example to Euclid’s 5.th postulate.
It states that for a straight line L and a point P there is only one straight lines (i.e. a geodesics)
through P that does not intersect L (namely the straight line parallel to L). The hyperbolic plane
is an example where an infinite number of straight lines go through P that do not intersect L.

5. Killing vector fields of Minkowski space

Find the Killing vector fields of Minkowski space and specify the corresponding symmetries
and conserved quantities. [Hint: Differentiate the Killing equation, permute the indices
and find an equation for a single term which you can integrate.]

Extra for the dedicated student: Since the condition g*(Z) = ¢g"”(Z) defines an isometry, that is,
a distance conserving map between two spaces, ds? = d3?, the Killing vectors in Minkowski space
are the generators of Poincaré transformations. The symmetry group of the Maxwell equations is,
however, the larger conformal group. In this case only the light-cone structure is kept invariant:
g (%) = Q%(%)g"" (%), or ds? = 0. Repeating the steps in the lectues, one finds the conformal
Killing equation which simplifies in Minkowski space to

v + Oy = K, (2)
where & is a function to be determined. Derive the additional Killing vector fields in d dimensions.
The Killing equation V,§, + V,§, = 0 simplifies in Minkowski space to
Oy + 8,6, = 0. (3)
Following the hint, we take one more derivative,
0p0u&y + 0,0, = 0. (4)
Cycling the indices to generate three equations, then adding two and subtracting one gives
28,0, = 0. (5)
Thus the solution &, is linear in the coordinates. Integrating twice, we find
& =wh ¥ + at. (6)
Because of

14 _ 14 _ vp __ 14
et = wh Fal = wh,g"P = W,
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the matrix w”” has to be antisymmetric in order to satisfy Eq. (3). Thus the Killing vector
fields are determined by ten integration constants. They agree with the infinitesimal generators
of Poincaré transformations:

The four parameters a* generate translations, z# — x* 4 a*, described by four Killing vector
fields which can be chosen as the Cartesian basis vectors of Minkowski space,

T, = ey, T, =e,, T, = ey, T,=c¢e,.

For a particle with momentum p* = mu* moving along a geodesics x#()\), the existence of a
Killing vector T, implies (y is just labelling the four vector fields)

d d
a(T(p) ‘u) = m(T(u) -p) =0,
i.e. the conservation of the four-momentum component p,,.
Consider next the ij (=spatial) components of the Killing equation, which satisfy w = —w’.
Setting wh = —w?% = 1 and all other ones to zero,
¢ =0, ¢ = wha?, & = wiz!, & =0
or
£ =ye, —xe, x J,, and cyclic permutations.

The existence of Killing vectors J; implies that J; - p is conserved along a geodesics of particle.
But

Jyop= _(ypz - Zpy) =—J;

and thus the angular momentum around the origin of the coordinate system is conserved. The

other three components satisfy the Oa component of the Killing equations (w” = wol),

K =10, + 20, and cyclic permutations. (7)

The conserved quantity ¢tp, — zE = const. now depends on time and is therefore not as popular
as the previous ones. Its conservation implies that the centre-of-mass of a system of particles
moves with constant velocity vy, = po/E.

Extra: Taking the trace k = 20,£"/d follows. Inserted into the Killing equation, we obtain

2
8u§u + aufu = aapgp Ny = K Muw - (8)
Next we take one more derivative d,, exchange then indices p <+ ;1 and subtract the two equations,
arriving at
8{)(8#51/ - augu) = a,u“nup - 81/“77;4)' (9)

Integrating this equation, we find

D6 — D€y = / (Ourdary — Dyrcda) + 2y (10)
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where w,,,, is an antiymmetric tensor containing the integration constant. Now we add to this to
the conformal Killing eq. (2). Integrating then again, we obtain

& =ad" +w a’ + axtk + % /da:” / (Oykdat — Oy kda”) . (11)

Finally, we have to determine the function k. Acting with 0" on Eq. (8) we find
d¢, = (2 —d)0,0,8". (12)

Hence in d = 2 any harmonic function (i.e. a function satisfying [J¢, = 0) determines a conformal
Killing vector field and the conformal group C(1,1) is thus infinite dimensional. In contrast,
for d > 2 the condition 9,0,£" = 0 follows. Hence the function x can be at most linear in the

coordinates, and we choose it as
k= —2a+ 46,28 (13)

Inserting x into Eq. (10), we find the conformal Killing vector fields as
e = a" +w ¥ + axt + B, 2zt " — v a?). (14)

They depend on (d+ 1)(d + 2)/2 parameters: d translations, d(d —1)/2 Lorentz transformations,
one dilatation and d special conformal transformations.
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