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Lecture notes 15

15 Semi-classical Radiation Theory

We would really like to study processes involving emission or absorption of single
photons. However, this requires quantization of the electromagnetic field, which
is treated in a more advanced course. In the present course we therefore have to
rely on the so-called semi-classical radiation theory, in which the radiation
field is treated as a classical field. The interactions between the particles and the
radiation field then correspond to certain interaction terms in the Hamiltonian,
which are treated by time-dependent perturbation theory. The particles, includ-
ing the Coulomb interactions between them, are treated quantum-mechanically.
That is why this is called a semi-classical radiation theory. The presentation
given here follows chapter 12 in Hemmer’s book quite closely. References will be
given also to relevant sections in Bransden & Joachain (B&J) and in Griffiths

(G).

15.1 Charged particle in external field

(H 12.1, B&J 11.1)

15.1.a The Schrodinger equation

If the Hamiltonian for a single particle without the electromagnetic field present is *

— 1’52
Hy=—+U(r,t),
0= 5 +Ul(r,t)
then according to the so-called minimal-coupling recipe, the Hamiltonian in the presence

of the electromagnetic field is obtained by the substitutions

o~

Hy — H—qd(r,t)
(T15.1)

Here, ¢ is the charge of the particle and A(r,t) and ®(r,¢) are the vector and scalar
potentials of the field, defined by
0A

B=VxA and E=-Vdb—- —.
ot

!The potential U(r,t) represents possible non-electromagnetic forces.
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This substitution gives

—

1
H—qgd=—(p—qA)? .
q 2m(p qA)" + U(r,t)

This recipe is the same as the one used in classical mechanics. (See, e.g., Appendix A in
Hemmer.) In the absence of non-electromagnetic forces (U(r,t) = 0) we then arrive at the
following one-particle Schrodinger equation:

ov 1 h
h— = |—(p — qA)’ @}qf p=-V]|. T15.2
ih - = |5, (P —qA)" +q®| T, (p Z.V> (T15.2)
15.1.b Gauge transformations of the potentials
The physical fields
B=VxA and 8:—V<I>—%?

do not define the potentials A and ® uniquely. Thus, if A and ® are a suitable choice, we
may just as well replace them by a new set of potentials:

A(r,t) — A'(r,t) = A(r,t) + V x(r, 1),
(T15.3)

O(r,t) — P'(r,t) = O(r,t) —

ot

where x(r,t) is an arbitrary differentiable function. This so-called gauge transformation?
does not alter the fields, because

VxA'=VA+V xVxy=VxA

and
oA’ 0A 0 0 0A
o = Ve TV YN Ve ey

for an arbitrary function x(r,?).

The freedom to make gauge transformations is in general an advantage, because it allows
us to “choose the gauge” that is most suitable for each problem. In the present context we
shall use the so-called Coulomb gauge, where we choose the vector potential in such a way
that it is divergence-free:

VP —

V-A(r,t) = 0. (Coulomb gauge) (T15.4)

Maxwell’s equation V-€ = p/ey then gives

V. (%‘? - V(I)) = —V2®(r,t) = p(r,t) /e,

2The pronounciation of gauge is similar to that of cage and rage. A commonly used Norwegian term is
“juster-transformasjon”.
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which we recognize as Poisson’s equation, with the solution

O(r,t) =

) dr!
p(r' t)d°r ( Instantaneous ) (T15.5)

dmeg|r — 1| Coulomb potential

Here we note that the scalar potential ® at r,¢ is given by the charge distribution p(r’,t) at
the same instant ¢. It is therefore called the instantaneous Coulomb potential. The gauge
corresponding to the choice V-A =0 is therefore called the Coulomb gauge.

The fact that the Schrodinger equation involves the gauge-dependent potentials (rather
than the unique physical fields) may perhaps cause you to worry — it means in fact that
the wave function will depend on our choice of gauge. However, we shall see that this gauge
dependence enters the wave function only in terms of a phase factor. Thus, measurable
quantities like the probability density and expectation values turn out to be gauge indepen-
dent. To see how this comes about, let W' be the solution of the Schrodinger equation with
the transformed potentials,

o’
i
o

We want to find out how the solution ¥’ of this equation is related to the solution ¥ for the
original potentials, which satisfies (T15.2),

1
_ {Qm(p _gA') ¢ q@’} v, (T15.6)

ov 1
n L — | (p—qA) @]\p.
ih = [Qm(p qA)" +q
Inserting
A=A"-Vy and (I):(I)I—i_(?;t(

into the latter equation, moving the term q%’f‘lf to the left side, and multiplying on both
sides by exp(igx/h), we have

. OV dx 1 (h 2
i /h | i gl & = | 2V — gA’ O RVE
)
. 0 igx/h igx/h 1 h / ’ /
zh—{\lleqx }:eqx — | =V —qA"+qVyx | +qd'| V. (T15.7)
ot 2m

Since . .
—V f(r,t)e?/m = e/ (V + qu) f(r, ),
1 1

we have the identity
igx/h h / h / igx/h
e'x ZV—qA +qVx | f= ;V—qA e f

which may be used twice to move the exponential function in (T15.7) to the right. The
result is

1 & .
—(=V —qA)* + qqf] W elax/h (T15.8)

2m 1

in 2 [wenn) = [
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We can conclude that (T15.6), with the transformed potentials, is satisfied by
U = g/

Thus, as announced, the two wave functions differ only by a phase factor. The freedom to
multiply the wave function by a global phase factor (independent of r and ¢) is something
we learnt about a long time ago. What we see here, is that we may even multiply the
wave function by a local phase factor expligx(r,t)/h] if we compensate by adjusting the
potentials accordingly; we are allowed to make the gauge transformation

U(r,t) — U'(r,t) = ¥(r,t)expligx(r,t)/h],

A(r,t) — Al(r,t) = A(r,t) + Vx(r, 1), (T15.9)
o) o We )= o) - 2

15.2 The field as a perturbation

(H 12.2, B&J 11.1)

15.2.a Interaction terms

Here we consider a charged particle together with a pure radiation field. This means that
there is no “external” charge distribution p(r,t). Thus, ®(r,t) equals zero in the Coulomb
gauge (V-A =0). Then we may write the Hamiltonian as

H=—(p—qgA?=H,+H
2m(p qA) o+ H',

where Hy = p2/2m  and
B = H-Hy= - [(p—qAP -5
2m

q2A2
2m

q . ~
- — 1 (BA—A.
2m(p p) +

In the Coulomb gage, the momentum operator commutes with the vector potential; for an
arbitrary function f(r,t) we have

pA flr,t) = ?V(Af) LN ACLVf = AP f(r,1). (T15.10)

i
Thus, the interaction between the charged particle and the radiation field is represented by

the interaction terms 272
i=-Laps!
m 2m

= H| + H}. (T15.11)
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For a system of particles (like e.g. the hydrogen atom), we may similarly write

H=H,+H, (T15.12)
where =
=Y 2‘;’;‘ F Vo(rr,ra, ) (T15.13)

is the Hamiltonian in the absence of the radiation field (but including the Coulomb
interaction terms between the charged particles), and

2
T7/ qi ~ q;
H =) {—mi A(r;,t)-p; + o [A(r;, t)]Q} (T15.14)

represents the interaction between the charged particles and the radiation field.

In what follows we shall treat H asa perturbation. Thus the initial and final states will be

eigenstates of H,. We shall limit ourselves to considering processes for which the transition

probability is given dominantly by the first-order contribution due to the term
H=-LAp, (T15.15)

m

and for which the A2 term gives negligible contributions.

15.2.b The radiation field

Applying the Coulomb gauge (V-A = 0) for the radiation field, we see from (T15.5) that far
away from the sources we may set the scalar field ®(r,¢) equal to zero. Thus the physical

fields
OA(r,t)

ot
may both be expressed in terms of the vector potential A(r,¢). This potential can be written
as a superposition of plane harmonic waves of the type

E=— and B =V xA(r,t)

A(r,t) oc ellkr—etg, (w = ck).

Here, the unit vector ey is a polarization vector (giving the direction of £). We shall consider
a simple monochromatic wave

A(r,t) = 2Apex cos(kr — wt) = Ag (ek 'kt 4 complex conj.) : (T15.16)
corresponding to the fields
E = —%? = —2wAj e sin(k-r — wt)
(T15.17)
B = V xA=-24,(k x ey)sin(kr — wt).
Here, we note that due to the condition
V-A = Aper-Vcos(kr —wt) = —Agsin(k-r — wt) ek =0, (T15.18)

the polarization vector ey is perpendicular to the propagation vector k. Thus, &€ is transverse
to k, and B is transverse to k and £, as shown in the figure on the left.
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ez
As shown in the figure on the right, we may choose to work with two real orthogonal

polarization vectors e; and e,. 3

We shall later need the relation between the amplitude Ay and the energy density of the
plane wave, which is

1
%6082 + ﬂ B2 = %60(82 + 02B2) (,U/OEO = 1/02)
0

= Le9(24p)?sin’(k-r — wt)(w® + 2K?).
Averaged over time the energy density of the harmonic wave (T15.15) then is
u = 260 Agw?, (T15.19)

corresponding to an energy flux I =uc = 2¢yA3w?c.

15.3 Transitions between atomic states

(H 12.3, B&J 11.2, G 9.2)

In sections 14.5 and 14.6 we considered respectively the cases of discrete — continuous
transitions (e.g. ionization) and continuous — continuous transitions (e.g. scattering on a
static potential) and established Fermi’s golden rule. We shall now consider the case of
discrete — discrete transitions, where an electromagnetic wave induces either excitation of
an atom (via absorption) or de-excitation (via stimulated emission):

absorption stimulated emission

5 /ls Bty L l/ £i= £y
2 Ei= £y 5 Ec= £

B - E

E - E
Wy = >0 L=

7 W = ) <0

We assume (to begin with) that the the incident beam of radiation is a mixture of harmonic
waves with a quasi-continuous frequency distribution, so that the number of waves (i.e.
frequencies) in the interval Aw is p(w)Aw. Each of these waves is of the type (T15.16),

3If we want to desribe a wave with e.g. circular polarization, we have to use a complex polarization
vector.
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with an amplitude Ag(w). We assume that they all have the same direction of propagation
k = k/k and polarization ey.

With ¢ = —e (the electron charge), the perturbation term corresponding to one har-
monic wave is given by (T15.15) and (T15.16) and may be written on the standard form
(T14.24) for a harmonic perturbation,

7 = -Lap="4wp (ek eltlr—et) 4 C.C.)
m m

17(1‘, w)e—iwt + ?T(r, w)e—I—iwt’

where

V(r,w) = % Ap(w) exp ™. (T15.20)

15.3.a Stimulated emission as probable as absorption

According to (T14.35-37), the transition rates for stimulated emission and absorption due
to one harmonic wave are equal, given by

2m
Wa1 = Wis2 = f|V21w)|25(E2 — FEy — hw)

Ez—El>

27
= ﬁ|V21’25(w21 - w) (w21 = n

But what happens when we have a whole bunch of harmonic waves in the beam? The answer
is that, provided that the radiation is incoherent, we can add the transition rates for all
the waves; there is no interference between the different harmonic waves. The same holds
for the energy density in the beam. Thus with p(w)dw frequencies in the interval dw, we
have from (T15.19) that

u(w)dw = 26 A% (w) w? - p(w)dw, (T15.21)

where u(w) is the energy density per unit angular frequency (the spectral energy density).
For the total transition rate we get

2
Was1 = Wis2 = 7;77; / Vo1 6 (war — w) - p(w)dw

21 €2 ier 2
= ﬁ@flg(wl)ﬂ(a&ﬂ’ek'<¢2|136k )|
Using (T15.21), we have
u(CL)Ql)
AZ =
o(wa1)p(war) R

which allows us to express this result in terms of the spectral energy density u(w):

7 e u(way) ik
Wa—1 = W12 = B2 m2 ol ‘ek'<¢2|P €Zkr|77/11>

. (T15.22)
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15.3.b The dipole approximation

The Bohr frequency ws; corresponding to a transition between atomic states typically is of

the order of g B 10 &V
— e _
Wa1 = 2 5 L~ 5 ~ 10%6s71,

The transitions 1 — 2 and 2 — 1 thus are induced by radiation with a wavelength of the
order of

2
A= 10 m,
w

which is a factor 103 larger than the radii of the orbitals ¢, and 5. In the matrix element
(o |Pe™ ™) = /%FIA) ey dir
we may therefore expand the exponential exp(ik-r) in a rapidly converging series:
e*T =14 ikr — kr)? + -

Since k-r ~ 27r/\ << 1, the first non-vanishing term in the resulting matrix element will
be a very good approximation. The first term, i.e. exp(ik-r) =~ 1, gives the so-called
electric-dipole approximation. If this term does not contribute, the next term, ik-r,
corresponding to magnetic-dipole and electric-quadrupole radiation, will of course give a
much smaller transition rate.

The electric-dipole approximation

For the case that the first term (e’™ ~ 1) does contribute, we may simplify the matrix
element as follows: Firstly, we remember (cf section 15.2.a) that the states 11 and 1), are
eigenstates of the unperturbed part of the Hamiltonian (the “particle part” H,):

~9
m
Secondly, we note that
(Hy) = o (25 = o (pulpet] + enalpe) = - (115.24)
r = — T = — x €Ty T ) xr x - T T °
P om Pys om Pz (P p P Zmp
which can be generalized to .
p= %[H\p, ). (T15.25)

In the electric-dipole approximation (often simply called the dipole approximation), we then
have from (T15.23)

(V2 |p ™™ [1hr)

Q

(Valplin) = T (al Fyr — Ty )

= D ulBar = v} = im 2 s el )

imwgl d21, (T1526)
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where

doy = (U |r|th) = /@wl &r (T15.27)

is called the dipole moment of the transition. Thus, in the dipole approximation, the
transition rates for absorption and stimulated emission are given by

2 ic-di
e ( electric-dipole ) (T15.28)

2
Wiz = W1 = 35— u(wa1) ex-dar|”, approximation
0

where u(ws1) is the spectral energy density (energy density per unit angular frequency) in
the beam.

15.4 Spontaneous emission via Einstein’s equilibrium ar-
gument

(H 12.4, B&J 11.3, G 9.3)
The equality of the transition rates for absorption and stimulated emission was proved
already in 1917 by Einstein, eight years before the advent of quantum mechanics.

15.4.a Einsteins equilibrium argument

As discussed in section 8.3.d in Lecture notes 8, Einstein considered an ensemble of atoms in
equilibrium with thermal radiation at a temperature T'. Let us briefly review his argument.
At equilibrium the radiation energy density per unit angular frequency is given by Planck’s
law (T8.53) as
u(v)dv  hw? 1

u(w) = dw 723 ehw/kT _ 1" (T15.29)
Furthermore, the ratio between the number of atoms in the states v, and 1), is given by the
Boltzmann factor

M itm-m T _ e/RT (T15.30)
Ny
where w = wq;. For each atom in the state 1o, there is a certain transition rate wy’,; = A
of spontaneous emission and de-excitation to the state ¢;. This rate is independent of
the temperature and thus occurs even in the absence of radiation. The rate of absorption,
Bj_ou(w), on the other hand, is proportional to u(w). The same turns out to be the case
for the rate of stimulated emission, By ,ju(w). This is how the three Einstein coefficients,
A, Bi_,5 and Bsy_,1, come into play.
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induced by u(w) independent of u(w)

Ao
i 1 1
Sfi ma(ai’ei .sponfane&us

emession emisscon

Y | R B / A,

Rates per atom: Bj_,5 u(w) By u(w) A

absorptian

Total rates: N1B1_>2 U(W) NQBQ_>1 ’LL(CU) NQA

At equilibrium, the total rates of emission and absorption must balance each other. Using
(T15.30), we get
dN
7; = Na(A+ Byyi)u(w) — NiBiosu(w)
= N, {A + By u(w) — €hw/kTBl—>2 U(W)} =0,
or, solving for u(w),
Bi_yy e/FT — By 1 /By’

Comparing with (T15.29), we see that

u(w)

Bl_>2 = B2_>1 =B and A= — Bl_>2. (T1531)

Thus, Einstein’s results may be summarized as follows:

The transition rate By_,; u(w) of stimulated emission is
exactly equal to the rate of absorption, By, u(w), that (T15.32)
is, Boy1 = B,

and

The ratio between the rates of spontaneous emission
and absorption (or stimulated emission) is given by

A 3 (T15.33)
hw _ ow/KT _ |

Bisu(w) w23 u(w)
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15.4.b Approximate result for B;_ .o = By 4

In 1917, before quantum mechanics, Einstein was only able to find the ratios between his
coefficients. We are now in a position to find the size of the rates for absorption and
stimulated emission, using the quantum-mechanical results calculated for the radiation beam
in section 15.3.b.

Contrary to the beam, the thermal radiation is isotropically distributed over all angles,
and it is of course also unpolarized.

directed polarized beam thermal radiation

—_— e T
atom atem
A D —
—_—
ﬁ T

Let us therefore change the scene and consider the case on the right, where the energy density
u(w) per unit angular frequency is distributed isotropically. We must then take the average
of the result for the beam,

7T€2

Wi—2 = W1 = TU(W21)|ek'd21’27
h €0

over all directions of k and over polarizations.

This corresponds to averaging |ey-da;|* = |da|? cos? @ over all directions of dy;. With 4

I 1 27 1
cos? 6 = —/ dqb/ d(cosf) cos® § =
4 Jo -1

7

1
3
4The factor 1/3 holds also for the case where dg; is complex, and where Re
different angles (g and 6;) with respect to ex. Then

(d21) and Sm(dy;) point at
|ek-(§Re(d21) + z%m(d21))|2 = |ek~8‘ﬁe(d21)\2 + \ek-%m(d21)|2
= |Re(da1)|? cos? O + |Sm(da1)|? cos? Or.
Averaging over cos? fz and cos? 07, we get

1 1
|§R€(d21)|2 . g -+ \%m(d21)|2 . = g‘d21|27 qed

Wl
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we simply get the result

we?

3h2€0
for the rates of absorption and stimulated emission in the case where u(ws;) is isotropically
distributed.

So, now we are one step ahead of Einstein: For the size of the B-coefficient our result
(to first order in the perturbation, and in the dipole approximation) is

Wiso = Wo_yy = u(way ) |dar|? (isotropic case) (T15.34)

Bioa = 4% = T () = B (T15.35)
12 w(onr) 307 2 1 251
Can we rely on this result, which has been derived using semi-classical radiation theory?
The answer is yes: The result agrees with that obtained using non-relativistic quantum
electrodynamics, where also the electromagnetic field is quantized, leading to the concepts
of creation and annihilation of photons.

15.4.c Approximate result for spontaneous emission

Can our semiclassical theory also be used to obtain the rate of spontaneous emission? The
answer is no: In the absence of radiation, there is no perturbation and hence no de-excitation,
according to the semi-classical theory.

Here, we are rescued by the second of the Einstein relations above. According to Ein-
stein’s equilibrium argument, de-excitation via spontaneous emission does occur, at a rate

2,3
WP — A= hw21 = €Wy | 21|2
2—>1 - -
w23 3meghc3

or, with «a = e?/(4reghc) ~ 1/137.036,

4w2

o | (x| vn) ], (T15.36)

sp _
Wy, = A=

rate of spontaneous
emission

valid to first order in the perturbation and in the electric-dipole approximation (as the other
results).

Can this result be obtained directly? Yes, if we quantize the electromagnetic field as just
mentioned, and apply first-order perturbation theory, we can calculate the rate of sponta-
neous de-excitation from 1), to 11, where a photon with polarization ey is emitted into a
solid angle dS2, as

o War —iker ~ 2
dws?sy I e ’9:'<¢1|€ 8 P|1/J2>‘ dQ
o W

- i (| €7 B )| d2

21 m2c?
Introducing the dipole approximation (cf (T15.26)), (1|e®T P |1h1) = imwa (1o |r|11), we
can simplify this to

3
dwy’,; Wy

aaQ @ 27 c?

e (Yo |r|1hy )2 (dipole approx.). (T15.37)
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A small exercise:

-
St

eix in the plane through k and dyy =— ey Ldy

Suppose that (1s|r|1;) = dg; is real, and consider a photon emitted in the
direction k.

a) Why is the photon polarized in the plane through k and do;? [Hint: Let ey
be a polarization vector in this plane, and let es be orthogonal to ey, k and
hence to dg;. What is then dw3?,; /d) for photons with ex = e 7]

b) Express dw,,/dS) in terms of the angle 6y between k and dy;. Show that
(T15.36) follows by integrating this expression over angles.

15.5 Selection rules for electric-dipole radiation

(H 12.5, B&J pp 530-541, G 9.3)

15.5.a Selection rules

As we have just seen, the transition rates in the electric-dipole approximation are governed
by the matrix elements (“dipole moments”)

dy; = / V() T (x)dPr.

The selection rules (in the electric-dipole approximation) are simple rules telling us when
these matrix elements are different from zero.
The simplest case is that of particles moving in a spherically symmetric potential, with

an initial state
Yi(r) = Ru(r) Yim (0, ¢).
It turns out that dy; differs from zero only for a selection of final states

by(r) = Ror(7) Yo (6, 0),

such that the changes of the quantum numbers are limited to

selection rules in the electric-
dipole approximation

(T15.38)

Am=m'—m=0,£1 | and | Al=0'—1=+1. (
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For transitions which do not satisfy both these conditions, the matrix elements dy; are equal
to zero. Such transitions are “forbidden” in the electric-dipole approximation. Of course
they do not have to be absolutely forbidden; the rules above only tell us that the first term in
the expansion exp(+iik-r) =1+ik-r+--- does not contribute. This means that for such a
transition the rate will be much smaller than for those which are allowed in the electric-dipole
approximation.

How the rules are proved

Starting with the identity

r = e,rsinflcos¢+e,rsinfsing +e,r cost
4 e, —ie e, +ie
= r/— e, Yio— ——2V + =Y, 4], T15.39
3 l 10 NG 11 NG 1,-1 ( )

we note that the matrix element dy; can be written as a radial integral
]rad = / Rn’l’(r) r Rnl(’f‘)’l"sz (T1540)
0

multiplied by a linear combination of three angular integrals of the type

1
T = ,/% / Y Vi Yimd 2, (T15.41)

where m” = 0,+1 or —1. Since the parity of Y}, is (—1)!, we note at once that the parity
of the angular integrand is

(_1)l/+1+l _ (_1)2l(_1)l/—l+1 _ (_1)Al+1‘

Thus, the integrand is antisymmetric (and J,,,» and hence d; are equal to zero) unless Al is odd.
Next, we note that the angular integral J,,,» contains the factor

2 - / 1" 2 ; "
/ ezd)(mfm +m )d(b _ / €Z¢>(m fAm)d¢ — 271'5m”,Am7
0 0

which is zero unless Am = m” = 0,+1. This proves the Am part of the selection rules, and
allows us to write the matrix element as

A

e, —ie e, +ie
d i — dra éz J, 5m’ m - J 5m’ m+1 T+ = 4 J_ 5ml m— s T15.42
f d ( 0 s \/§ 1 ,m+1 \/§ 1 R 1 ( )

where Jy, J; and J_; are given by (T15.41).
It remains to show why Al is restricted to £1. A simple argument goes as follows: If the
initial state is an s-state, with Y}, = Yoo = 1/v/47, we simply have

Jm” = \/1/3/Ytn/}/im’/d9 = 1/3 51/715m’,m”>

showing that the final state is a p-wave (Al = 1).
For [>1, we may use our experience with the addition of angular momenta. The
product Y3,,» Y, occurring in (T15.41) may be regarded as a product state resulting from
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separate measurements of the z-components of two angular momenta (with l; = 1 and I, = [).
According to the triangular inequality, the “old” product states can be linearly combined
to “new” states with a resulting quantum number [ — 1,/ and [ + 1. Inverting these linear
combinations, we can of course express the product state in terms of the “new” states, as
follows
YimYim = &1 Yt mamr + €2 Yi— 1 mame-

(There is no term Y} .+ on the right because it has the wrong parity.) Inserting this expres-
sion into (T15.41), we see that the rule Al =1"—1= 41 follows from the orthogonality of
the spherical harmonics.

A small exercise:
a) The product

3 , 5
Yi1Ye = —Ug Sinﬁew-wﬁ(iicoﬁ@— 1)

may be expressed in terms of two spherical harmonics. Which are these?

b) Check that
3/ 3 /1
Y10Yzo—§ %Y:zo—i‘ aylo-

¢) What is the direction of dy; for a transition with Am = 07

15.5.b Examples, for hydrogen

Atomic spectra (spectral lines) provide the best measurements of atomic energy levels. The
figure below illustrates (electric-dipole) transitions to the ground state 1s (n = 1,1 = 0) for
hydrogen. The initial state must then be a p-state, so that Al = —1. The lowest of the
photon energies here is approximately 10.2 eV. Therefore the entire series of these spectral
lines are in the ultraviolet region. These lines are known as the Lyman series.

Fy 4=0 L= /=2 =3

£ 3 : :
%5 %r 77 77
3a 3p 32
£ 2r al=-1
72

Transitions to 2s and 2p
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Here the energy differences
12 o] 1
AE:—Ea mc 52 ;2 (n:3,4,~-)

are of the order of 2 eV, corresponding to spectral lines in the visible part of the spectrum.
These lines are known as the Balmer series (Balmer, ca 1885), which was the basis for
Balmer’s empirical formula (see Lecture notes 1), which in turn formed part of the back-
ground for the Bohr model.

Cascade

As illustrated above, there is no restriction on An, the change of the principal quantum
number. However, it happens (e.g. when free electrons and protons recombine) that a
hydrogen atom is found in a highly excited state where [ has the maximal value n — 1.

A — ="

3 Al=1
z ' am =4
y
Then, as illustrated in the figure, electric-dipole transitions are only possible for An = Al = —1.

This way we get a whole cascade of transitions, with spectral lines corresponding to a whole
series of energy differences between neighbouring levels.

15.5.c Lifetime. Line width

It is important to remember that the spontaneous transition rate (T15.36),

gives the probability per unit time for transition from the state 1; to the state 1. This
means that we are not able to predict what happens with a single atom in an excited state
1;; we cannot tell when the photon will be emitted, and we don’t know in which direction.

So, in order to compare our theory with experiments, we must consider an ensemble of
a large number of atoms. With N (¢) atoms in the state ¢; at the time ¢, the theory predicts
that the number that is expected to decay into ¢¢ in the time interval (¢,¢ + dt) is

dNy = N(t)w;?, ,dt.

Summing over the possible final states 1, we then find that the expected change of N(¢) in
the interval dt is

dN = =Y dNy = —N(t) w; dt,
/



TFY4250/FY2045 Lecture notes 15 - Semi-classical radiation theory 17

where

w; =Yy wr; (T15.43)
f

is the total rate of de-excitation for the state v;. Then,

AN
N(t)_ w; at,

which is readily intergrated to

N(t) = N(0)e ™ = N(0) e~/ = —. (T15.44)

Here, 7, = 1/w; is called the lifetime for the state ;.

A small exercise:
Show that 7; indeed is the average lifetime of the ensemble N(0). [Hint: The
expected number “dying” in the interval (¢,t 4 dt) is |dN| = w; N (t)dt.]

As an example we consider the hydrogen atom, with the initial state v; = ¥919. Then there
is only one possible transition, to the ground state 1100. With a dipole moment |d;| of the
order ag, and a frequency wo; ~ 109571, we then get a transition rate

3 48
Wa1 2 210 20 —~1 _ 109 .—1
waNa?]a(ﬂ ~ 10 WlO s =10"s"".
The lifetime of this state then is of the order of
1
mi=—n~10"s.
w;

We notice that the lifetime is much longer than the natural atomic period T = 27/wq; ~
10716 s,
As another example, let the initial state be 141¢.

4

//

24

Ve

The possible final states (allowed in the dipole approximation) then are the three 3d-states
320, V321 and 39,1, together with the s-states 1300, ¥200 and 1199. Each of these contribute
to the total transition rate (T15.43).

Note that the transition from 9gy to 1199 is “forbidden” in the electric-dipole approxi-
mation. De-excitation here is effected mainly by two-photon emission, with a rate which is
much smaller than in the example above. In fact, the lifetime is as long as ~ 0.1 s. Such
long-lived states are often called meta-stable states.
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Natural line width

In classical radiation theory, if a charge undergoes a damped oscillation with frequency wy
and a damping time 7, then also the amplitude of the radiated wave will be damped. Fourier
analyzing this signal, we then get a frequency distribution with a peak at wy, but with a finite
width Aw of the order 1/7. This width corresponds to a finite line width A\ = AAw/w.

It turns out that quantum mechanics gives a similar result for spontaneous emission. As
an example, in the spontaneous de-excitation 2p — 1s in hydrogen, the spread in the energy
of the emitted photons is® hAw = hw;, where w; is the transition rate. More precisely, it
can be shown that the probability distribution of the photons emitted goes as

1

P(h
(hw) o (hw — hway)? + (3hw;)?’

(T15.45)

where w; = wi’,; = 1/7; is the spontaneous transition rate from (any of) the 2p state(s)
to the ground state. This is called a Lorentzian probability distribution.

=73 A

AW ey,
0 05 1 15 2 2.5 é"
O\)/ [

As illustrated in the figure, the “full width at half maximum” of the peak is Aw = w;.
The interpretation of this result (using energy conservation) is that the energy of the initial
excited state is not sharp,® but has a probability distribution with a width

It is fairly common to call the width AF5 the energy uncertainty of the 2p level, and to call
the relation

AE-7=h

a time-energy uncertainty relation, but that may be somewhat misleading.”

5See, e.g., section 11.5 in Bransden & Joachain, or W. Heitler, The Quantum Theory of Radiation (3'4
edition), Chap. V, §18 p 181..

6Note that the initial state 1) is an eigenstate of the “particle part” f[p of the Hamiltonian, but not of
the total Hamiltonian H. Therefore the initial energy can not be sharp.

Stricly speaking, AFE is not an ordinary uncertainty, because the root-mean-square deviation does not
exist for the distribution (T15.45). Also, time is not an observable, just a parameter.
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We note that the smaller the liftime of an excited state is, the larger its energy width is.
This is important in particle physics, where most of the “elementary” particles have lifetimes
of the order of 10723 s, and hence an energy width of the order of 100 MeV, and a mass width
~100 MeV/c?, which can be up to 10 percent of the particle mass.

For excited atomic levels, the relative widths become small. Thus, for the example above
the relative width is given by

Aw w; 10°s7!

~ -7
W W om0

The corresponding width A\ of the wavelength is called the natural line width, and is in
principle measurable in atomic spectra. However, observed spectral lines usually have much
greater widths than this, due to collisions and Doppler broadening.



