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SOLUTION ASSIGNMENT 1

Question 1

L′ and L are equivalent provided
d

dt

∂

∂q̇

dF

dt
− ∂

∂q

dF

dt
= 0 (1)

We use
dF

dt
=

∂F

∂t
+

∂F

∂q
q̇

in (1) and obtain

d

dt

∂

∂q̇

(
∂F

∂t
+

∂F

∂q
q̇

)
− ∂

∂q

(
∂F

∂t
+

∂F

∂q
q̇

)
=

d

dt

∂F

∂q
− ∂2F

∂q∂t
− ∂2F

∂q2
q̇

=

(
∂2F

∂q∂t
+

∂2F

∂q2
q̇

)
− ∂2F

∂q∂t
− ∂2F

∂q2
q̇

= 0.

In other words, L′ and L are equivalent.

Question 2

(a) x = ℓ sinβ, y = −ℓ cosβ
(b) Potential: V = mgy = −mgℓ cosβ. Kinetic energy: T = (m/2)(ẋ2 + ẏ2). Here, ẋ = ℓβ̇ cosβ and
ẏ = ℓβ̇ sinβ, hence T = (m/2)(ℓβ̇)2. Lagrangian: L = T − V = (m/2)(ℓβ̇)2 +mgℓ cosβ.
(c) The Lagrange equation is

d

dt

∂L

∂β̇
− ∂L

∂β
= 0.

We have:

∂L

∂β
= −mgℓ sinβ

∂L

∂β̇
= mℓ2β̇

d

dt

∂L

∂β̇
= mℓ2β̈

Thus,
mℓ2β̈ +mgℓ sinβ = 0

or
β̈ +

g

ℓ
sinβ = 0.

The same as derived with Newton’s 2. law (N2), of course.
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Question 3

(a) We see from the figure:

x1 = ℓ1 sinβ1

y1 = −ℓ1 cosβ1

x2 = ℓ1 sinβ1 + ℓ2 sinβ2

y2 = −ℓ1 cosβ1 − ℓ2 cosβ2

For m1:

T1 =
1

2
m1(ẋ

2
1 + ẏ21) =

1

2
m1ℓ

2
1β̇

2
1

V1 = −m1gℓ1 cosβ1

For m2:

T2 =
1

2
m2(ẋ

2
2 + ẏ22)

=
1

2
m2

[
ℓ21β̇

2
1 + ℓ22β̇

2
2 + 2ℓ1ℓ2 cos(β1 − β2)β̇1β̇2

]
V2 = −m2g (ℓ1 cosβ1 + ℓ2 cosβ2)

Here, we used cosβ1 cosβ2 + sinβ1 sinβ2 = cos(β1 − β2). The Lagrangian:

L = T1 + T2 − V1 − V2

=
1

2
(m1 +m2)ℓ

2
1β̇

2
1 +

1

2
m2ℓ

2
2β̇

2
2 +m2ℓ1ℓ2β̇1β̇2 cos(β1 − β2)

+ (m1 +m2)gℓ1 cosβ1 +m2gℓ2 cosβ2

(b) Lagrange equations:
d

dt

∂L

∂β̇i
− ∂L

∂βi
= 0 ; i = 1, 2

We need to differentiate the expression for L found in task (a). Starting with β1, we calculate

d

dt

∂L

∂β̇1
=

d

dt

[
(m1 +m2)l

2
1β̇1 +m2l1l2β̇2 cos(β1 − β2)

]
= (m1 +m2)l

2
1β̈1 +m2l1l2β̈2 cos(β1 − β2)−m2l1l2β̇2

(
β̇1 − β̇2

)
sin(β1 − β2),

∂L

∂β1
= −m2l1l2β̇1β̇2 sin(β1 − β2)− (m1 +m2)gl1 sinβ1.

The procedure is exactly the same for β2, but we find slightly different terms:

d

dt

∂L

∂β̇2
=

d

dt

[
m2l

2
2β̇2 +m2l1l2β̇1 cos(β1 − β2)

]
= m2l

2
2β̈2 +m2l1l2β̈1 cos(β1 − β2)−m2l1l2β̇1

(
β̇1 − β̇2

)
sin(β1 − β2),

∂L

∂β2
= m2l1l2β̇1β̇2 sin(β1 − β2)−m2gl2 sinβ2.

Terms with β̇1β̇2 cancel, and the resulting coupled equations of motion are:

(m1 +m2)ℓ
2
1β̈1 +m2ℓ1ℓ2β̈2 cos(β1 − β2) +m2ℓ1ℓ2β̇

2
2 sin(β1 − β2) + (m1 +m2)gℓ1 sinβ1 = 0

m2ℓ
2
2β̈2 +m2ℓ1ℓ2β̈1 cos(β1 − β2)−m2ℓ1ℓ2β̇

2
1 sin(β1 − β2) +m2gℓ2 sinβ2 = 0

In the second equation, a common factor m2ℓ2 may be cancelled.
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