TFY4345 Classical Mechanics. Department of Physics, NTNU.

SOLUTION ASSIGNMENT 4

Question 1

a) We have z = r — s for the vertical position of mass 2, and Z = 7 since s is constant. The various energy
contributions are:

T1 = %m (7“2 + 7’2(92)
i =0
T, L2
2 = 27717’
Voo = mgz=mg(r—-s)

This gives the Lagrangian
2 1 9
L=Ti+To, —V3 —Vo=mr —|—§mr 0° —mg(r — s).

b) Lagrange equation for 6:
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In other words, the angular momentum ¢ = m#26 is conserved.

Lagrange equatin for r:

oL .
o = mrd? — mg
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00
= 2mi —mrf®> +mg = 0

We replace 6 = £/ms? and find
2

2mit — —= +mg = 0.
mr

¢) Circular motion if # = 0. Then

e 2/ 2 \1/3
m—rg—mg—() = ro=(L*/m°g)’".
Direct argument: Circular motion if the centrifugal force mro0? balances the weight mg of the mass below

the table, i.e., rof% = g. With ¢ = mr%é, the same expression for rg is found.

d) The radial equation is, with r = r¢ + p:
. 2
2mro+p— ————5 +mg =0.
oTr m(ro + p)? I
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Here, 7y = 0, and to leading order

Thus,

In this equation, the constant terms cancel since
2 B 2 m2g B
mrg  m 2
The equation for p is therefore

.3
p+ —gp =0.
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This is a harmonic oscillator with angular frequency w = /3g/2rg.

Question 2

The force on the particle in x = 0, F' = —VV, acts in the negative x direction. Hence, the y component of
the momentum is conserved: )
. . sina v
mugsina = musin S = - = —,
sinff v

The total energy F is also conserved:

1 5, 1 v L 2W Vo
5 = VWw = —=4/1- =4/1——=n.
o Mvy = mu + Vo % — o

since E = mw3/2. Combination of these equations gives

sin «v )
- =4/l——==n.
sin 8 E

Question 3

a) Each mass m; can perform circular motion in the plane with radius a and angular velocity 9, and circular
motion around the z axis with radius asin § and angular velocity czS = (). The mass ms can move along the
z axis with velocity Z. Since its position relative to A is z = —2a cos @, its velocity is Z = 2afsinf. The
total kinetic energy is therefore

1 . 1 1 . 2 . .
T=2- (2m1a292 + imlaQ sin? 0(22) + 5m2 (2@0 sin 0) = m1a2(92 +sin 6 QQ) + 2msa’0? sin? 6.
Potential energy, with V' =0 in A:

V=V1+ Vo =—-2mygacosf — 2msga cosb.

Lagrangian: ' '
L=T -V =mia*(6? + sin® 0 Q%) + 2moa?6? sin® 6 4 2(m; + ma)ga cos 6.



b) We perform the derivatives and establish the Lagrange equation:

L .
20 = ma*Q? - 2sinfcosb + 2moa’6? - 2sinf cos  — 2(m1 + mg)gasinf
= a2 (m1Q2 + 2my0%) sin 20 — 2(my 4 my)gasin @
oL 2 .9
— = 2a“0(mq + 2mgsin“ 0
0 (m 2sin”0)
d oL . .
dtz& = 2a20(my + 2mysin® ) + 2a%6* - 4mysinf cos b

= 2a25(m1 + 2mg sin® 0) + 4a%mo0? sin 260
Lagrange equation:
2a2é(m1 + 2my sin® ) + 4a’my0? sin 20 — a?(mQ? + 2m292) sin 26 + 2(m; + mg)gasinf = 0.
Or with w? = 2g/a:
Qé(ml + 2my sin? 0) + 4mo0? sin 260 — (le2 + 2m292) sin 260 + wg(ml + mg)sind = 0.
Rotational equilibrium means rotation around the z axis with constant 6 = 6y, i.e., = 6 = 0:

—m Q2 sin 2600 + wi(my + ms) sinfy = 0,

or
sin 6y [wg(ml +mg) — 2m 192 cos 90} =0.
There are two solutions, 6y = 0 and
(m1 + ma)wi
2m1(22

Clearly, the right hand side of this equation cannot be larger than 1, so a nonzero value of g is only possible
if Q0 exceeds the threshold value

cos by =

mi + mg
Qmin = 27 wo-
my

¢) We set m; = mg = m and collect terms that contain 0 as a kinetic energy and terms without § as an

effective potential for the one-dimensional problem with 8 as coordinate:
L = ma?(1 + 2sin?0)6% — V'(6)
with
V'(0) = —ma®(Q%sin? 0 + 2w3 cosh).

We assume ©Q > wg. (With equal masses, Quyin = wp above.) Zero derivative of V' now corresponds to
equilibrium:
av’
do

Solutions are § = 0 and cos § = w?/Q?, in agreement with what we found in b).

= —ma®(2Q%sin 0 cos f — 2w sin ) = 0.

Check yourself whether these values of 6 correspond to stable or unstable equilibria when Q > wq. If Q < wy,
we know that § = 0 is the only equilibrium angle, which must then be stable.



