TFY4345 Classical Mechanics. Department of Physics, NTNU.

SOLUTION ASSIGNMENT 7

Question 1
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Lagrange’s equations:
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Hamilton’s equations:
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The Hamiltonian is )
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Here, we have used p; = 0L/dq;, which gives
pr=mi , pg=mr’0 , p.=msi
and next eliminated ¢; from the expression for T. Hamilton’s equations are
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The three equations for ¢; are already in place, via the expressions for p;.

Question 2

a) We will show that z(t) and y(t) obey the equations
-2+ wir = 0 (1)
j+208+uwiy = 0 (2)

where Q = wsinf and wi = g/I. The forces acting on the sphere, measured in the Realfagbygg coordinate
system, are:

e gravity mg = —mgZz

e the wire § = S,& + S,y + 5.2



e the Coriolis force Feor = —2mw X v

We neglect the centrifugal force —mw x (w x r).
The angular velocity of earth is
w=wsinf z+ wcosh gy

The velocity of the sphere is
v =3aT+yy+ 22
We assume small oscillations, hence we may write

S =|S| ~mg

and further assume that
2L T,y
The cross product in the Coriolis term is then approximately
wXxv ~ (wsinf z+wcosh §) x (& + yy)

= fwsinfy — ywsin 0z — tw cosH2

= Qiy —yz) — fwcoshz
Consider the components of the wire force. When the distance from the origin is

r =2zt + yy,

we have (with an angle 3 between the z axis and the wire)

|Sz| = Ssinﬁsin¢:5§§gmg§
1S, = Ssinﬁcosgﬁ:S%%:mg%
S = Scosf=S"7 mmg ="
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The horizontal component of S is all the time directed towards the origin, so we have S, > 0 when z < 0,
the same for S, and opposite when x > 0, or y > 0. Hence,

S, = —mgx/l=—mwiz
Sy = —mgy/l = —muiy
S, = mg(l—=z/I)

The equations of motion for the sphere are

ma:F:mg—l—S+Fcor

For the x component:
mx = —mw%x + 2mSly

For the y component:
my = —mw%y —2mSx

Which is what we were supposed to derive, for the movement in the zy plane.
b) With u = = + iy:
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Multiply equation (2) with ¢ and add this to equation (1). This gives
§ + i + 203 + 1Y) + wi(z +iy) =0

ie.
i+ 2iQu + wiu = 0

c) We try u ~ exp(at) as solution. This yields
o +2iQa+w} =0

with solutions

a = —iQ+iud+02

~  —iQ) £ iwg
since wp > . The general solution for u is therefore
u(t) = et (Aei‘“ot + Be*iw0t>
= Ce ™ cos (wot + )
The complex conjugate of u is then
u*(t) = C*e™ cos (wot + )

Since u = x + 1y, and therefore u* = z — 1y, we find

r = %(u +u*) = cos (wot +7) - R {Ce*mt}
_ 1 *\ —1Qt
y = Z(u—u)fcos(wot—kfy)-%{C'e }

With the given initial conditions z =y =0 at ¢t = 0:

= cosvy-RC

0
0 = cosy-3C

Since we cannot have C' = 0 (in that case v = 0), we must have cosy = 0, i.e., v = 7/2, and therefore

cos (wot + ) = sinwpt. Next, we calculate # and y:

T = wpycoswytR {Ce*mt} + sin wot {—iQC’e*mt}

¥ = wpcoswytS {Ce_mt} + sin wot {—iQCe_mt}

Insert £ =vgand y =0 at t = 0:

Vo = Wo rC
0 = wo sC
which gives
SC 0
RC = 2
wo



The complete solution is
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x(t) = sinwgt-RN {Oe_mt} = 2 cos Qt sin wot
wo wo
. ~ )Y ot . Yo . .
y(t) = sinwpt- - —e = —— sin Q¢ sinwyt
wo wo

which corresponds to a harmonic oscillations in the xy plane, with angular frequency wgy, where the plane
of oscillation rotates clockwise, with period




