TFY4345 Classical Mechanics. Department of Physics, NTNU.
SOLUTION ASSIGNMENT 9

Question 1

The inertia tensor I is given by
L=1w

where L is the angular momentum and w is the angular frequency. With summation over repeated indices,
as usual, we have

L = r;xp,
= r; X M;v;

= m;r; X (w X ’I"i)

and found in the lectures

L=m; {r?w — (r; - w)m}

This yields, for the elements of I:

Lw = my(r} —af) = mi(y} + 27)
Iy = mi(r} —y7) = mi(z} +27)
L. = mi(r] = 28) = mi(a} +47)
I, = —mizyy; = Iy,
I, = —mizizi =1y
Iy, = —myyizi =1y

a) Relative to the axes z,y, z:

L. = Mad®+ Ma®+ ma® +ma® = 2(m + M)d*

Iy, = 2(m+ M)a?

I. = 4(m+ M)d?

Iy = I,=—Ma®>— M(—a)*—ma(—a) —m(—a)a = 2(m — M)a®
Ip: = Lap=1y.=1y=0

b) Relative to the axes 2,4/, 2"

Iyy = 2M(V2a)? = 4Ma?
Iy = 2m(V2a)? = 4ma?
Ly = 4(m+ M)d®

Ly = Iy =0

Iyy = Loy =1y =11 =0

i.e., diagonal.



Question 2

Let x1 and zo denote the distance of the two blocks from the wall. The kinetic and potential energy of the
system is then

1 1
T = gm(if +43), V= gh(ad + (21 - 22)%).

Writing out the Lagrangian in matrix form gives

1 . . 1 1 ..
L= §m(ac% + i2) + 5]43(2%’% — 2xx0 + 22) = B (Tijdity + Vijaixg),

10 2 -1
Tij_m(o 1) Wj_k(—l 1)

If we introduce w? = k/m, the equation for the eigenfrequencies is

where

2 2 2
2w — w —wj

2

—wj Wy — w

‘V—w2T‘ = 9

This gives a second order equation for w?, with the solutions

1
w? = 5 <3wg +4/(3w3)? — 4w§) = wi.

The (relative) amplitudes of the two masses in the two normal modes are determined by inserting the
solutions for w?, one by one, into the original set of equations. This gives

1+ +v5
A11=—< \f>x421

2

and

2
Ajg = ——= ) Aogs.
= ()



Question 3

We need to solve the set of equations
(k - wim)Ala - kA2a =

—kAio + (2k — WZM)AQQ — kA3,
—kAs, + (k‘ — wim)Aga =

Here, Aj, corresponds to the amplitude of atom j in normal mode o.
w1 = 0 gives A1 = Ay = A3y, i.e., translation of the molecule (along the molecule axis).

wo = /k/m gives Azy = 0 and A3y = —Aj2. The symmetric mode, where the C atom is at rest and the O
atoms oscillate with equal amplitude in opposite direction.

w3 =+/(2m + M)k/mM gives A13 = A3z and Ayz = —(2m/M)A;3. The antisymmetric mode where the O
atoms oscillate with equal amplitude in the same direction and the C atom in the opposite direction, with
an amplitude such that the center of mass is at rest.

Question 4

Both a) and b) are derived on pp 111 and 112 in the Norwegian compendium from 1997.



