
Quantum Fields—from the Hubble to the Planck Scale Selected Solutions

1.6 Functional derivative.

We define the derivative of a functional F [φ] by

∫

dx η(x)
δF [φ]

δφ(x)
= lim

ε→0

1

ε
{F [φ+ εη]− F [φ]} .

a.) Find the functional derivative of F [φ] =
∫

dxφ(x) and show thereby that
δφ(x)/δφ(x′) = δ(x− x′). b.) Re-derive the Lagrange equations.

a.) We set F [f ] =
∫ b

a
dx f(x) and η(x) = δ(x− x0). Then

1

ε
{F [f + εη] − F [f ]} =

1

ε

∫ b

a

dx {f(x) + εδ(x − x0)− f(x)} (1)

=

∫ b

a

dxδ(x− x0) =

{

1, for x0 ∈ [a, b]

0, for x0 /∈ [a, b]
(2)

while the LHS is zero for x0 /∈ [a, b] and

∫ b

a

dx δ(x− x0)
δF [f ]

δf(x)
=

{

δF [f ]
δf(x) =

∫

dx′ δf(x
′)

δf(x) , for x0 ∈ [a, b]

0, for x0 /∈ [a, b]

Thus δf(x)/δf(x′) = δ(x− x′).

b.) We calculate

S[x+ εη]− S[x] =

∫

dt {L(x+ εη, ẋ+ εη̇, t)− L(x+ εη, x + εη, t)} (3)

=

∫

dt ε

{

∂L

∂x
η +

∂L

∂ẋ
η̇

}

+O(ε2) (4)

= ε

∫

dt

{

∂L

∂x
−

d

dt

∂L

∂ẋ

}

η +O(ε2) (5)

where we assumed that η(x) vanishes at the boundary points. Thus

lim
ε→0

1

ε
{S[x+ εη]− S[x]} =

∫

dt

{

∂L

∂x
−

d

dt

∂L

∂ẋ

}

η (6)

and

δS[x]

δx
=

∂L

∂x
−

d

dt

∂L

∂ẋ
. (7)
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