Quantum Fields—from the Hubble to the Planck Scale Selected Solutions

1.6 Functional derivative.
We define the derivative of a functional F'[¢]| by

[tz ®) =t (Fio-+ 2 - i),

a.) Find the functional derivative of F[¢] = [da¢(z) and show thereby that
do(z)/6p(x") = §(x — a'). b.) Re-derive the Lagrange equations.

a.) We set F[f] = fabdmf(x) and n(z) = 6(z — x¢). Then

b
S e~ FIf = 2 [ (@) + eba - a0) - (@)} (1)
Y _J 1, for zg € [a,b]
B /a dwd(e = 20) = {O, for zo ¢ [a,b] @)

while the LHS is zero for z¢ ¢ [a,b] and

~—

b OF[f] _ 10 f(x)
/ dzé(x — wo)éF[f] - {Mm = [da'S5os, for a2 € [a, 0]

5f(x) 0, for z¢ ¢ [a,b]
Thus §f(z)/df (') = §(x — 2).

b.) We calculate

Slz +en| — Slz] = /dt{L(m+en,:’n+e7'7,t) — L(x +en,x +en,t)} (3)
:/dta{g—in—kg—é??}—k(’)(s% (4)
:E/dt{g—i—%g—é}n—i-(’)(g) (5)

where we assumed that n(z) vanishes at the boundary points. Thus
1 OL doL
lim — {S[x +en] — Sz]} = [ dt {————,}77 (6)
e—0¢€

and
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