Quantum Fields—from the Hubble to the Planck Scale Selected Solutions

10.5 Hyperbolic plane H>.
The line-element of the Hyperbolic plane H? is given by

ds? = y~%(da® + dy?) and y>0.

a. Write out the geodesic equations and deduce the Christoffel symbols I'%,.. (4 pts)
b. Calculate the Riemann (or curvature) tensor R, and the scalar curvature R. (4 pts)

a. Using as Lagrange function L the kinetic energy T instead of the line-element ds makes
calculations a bit shorter. From L = y~2(#? 4 ¢?) we find
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and thus the solutions of the Lagrange equations are
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Comparing with the given geodesic equation, we read off the non-vanishing Christoffel symbols
as -1, =-I" = Iy = -TY, = 1/y. (Remember that —2y~liy = e 2y + %, 9.
b. We calculate e.g.
Rymy:v = 8Z/Pymm - aﬂﬁry:vy + Fyeyre:m: - Fye:vremy
2
- _1/y +0+ Fyyyrymc - Fymmrxmy
= 1y +0-1/y" +1/y* = ~1/y%.
Next we remember that the number of independent components of the Riemann tensor in d = 2

is one, i.e. we are already done: All other components follow by the symmetry properties.
The scalar curvature is (diagonal metric with g% = g%% = y?)

R = g“bRab = ngm + gnyyy = yQ(Rxx + Ryy) .
Thus we have to find only the two diagonal components of the Ricci tensor Ry, = R¢,,. With

RJBJB = Rcmc:}: = Rx:rmm + Ryry:v =0 + Ry:vym = _1/y2

2
Ry, = Rcycy = Rﬂ&ya:y + Rﬂ&yxy = Rﬂ&yxy +0= _Rya:a:y = Rﬂ&yxy = _1/y )
the scalar curvature follows as R = —2. Hence the hyperbolic plane H? is a space of constant
curvature, as R? and S2.
[If you wonder that R = —2, not -1: in d = 2, the Gaussian curvature K is connected to the

“general” scalar curvature R via K = R/2. Thus K = +1 means R = +2 for spaces of constant
unit curvature radius, S% and H2. You may also check that the Riemann and Ricci tensor satisfy
the relations for maximally symmetric spaces, Rqp = K gqp and Raped = K (GacGvd — Jadgbe)-]
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