
Quantum Fields—from the Hubble to the Planck Scale Selected Solutions

12.1 Quantum action for a free field

Show for a free scalar field φ that the quantum action Γ[φc] coincides with the classical
action S[φ].

The free generating functional for connected Green functions is

W0[J ] = −
1

2

∫

d4xd4x′ J(x)∆F (x− x′)J(x′) , (226)

and the classical field becomes

φc(x) =
δW

δJ(x)
= −

∫

d4x′∆F (x− x′)J(x′) . (227)

If we apply the Klein-Gordon operator to the classical field,

(�x +m2)φc(x) = −

∫

d4x′ (�x +m2)∆F (x− x′)J(x′) (228a)

=

∫

d4x′ δ(x− x′)J(x′) = J(x) , (228b)

we see that φc is a solution of the classical field equation. Now we have all we need to write down
an explicit expression for the free quantum action,

Γ0[φc] = W0[J ]−

∫

d4xJ(x)φc(x) (229a)

=
1

2

∫

d4xd4x′ J(x)∆F (x− x′)J(x′) . (229b)

Inserting the expression (228) for J(x) and integrating by parts twice, we obtain

Γ0[φc] =
1

2

∫

d4xd4x′
[

(�x +m2)φc(x)
]

∆F (x− x′)
[

(�x′ +m2)φc(x
′)
]

(230a)

= −
1

2

∫

d4xφc(x)(�x +m2)φc(x) = S0[φc] . (230b)

Thus the quantum action of a free field equals the classical action of the field.
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