Quantum Fields—from the Hubble to the Planck Scale Selected Solutions

18.10 Expansion of the I' function.

We start from the recurrence relation for the digamma function,

1
Y1) = +0(e), (253)
which becomes for the special case of non-negative integers n =0,1,2, ...
Y1) = () = - () (284)
n ! n n-—1

In order to differentiate 1, we generalize this relation to arbitrary z,

1 1 1
= et = 2
P(z+n) Z+n_1+z+n_2+ +Z+1/)(z) (285)
n—1 1
=D T YR (286)
k=0
Subtracting (286) from (284), we obtain
n—1 1 1
¢(z+n)—¢(z+1)=kzo<z+k—k—+l>+¢(z)+ry. (287)
Taking the limit n — oo, it follows (see also appendix)
limy(z+n)—Y(z+1)=0(1/n) —0 (288)
and thus -
1 1
=-7- - 2
Ve == kZ:O<Z+k‘ k+1> (289)
Now we can calculate the second logarithmic derivative of the I' function,
PInl(z) d(z) =/ 1 \?
= = 290
dz? dz Z 2+ k (290)

Next we use

d?InT(z)  dI'(z) I"(z) [I'(2)]? (201)
dz2 dzI(2) T(2) ING N
set z =1, insert I'(1) = 1, I'(1) = —v and obtain
> 1 2 n?
(1) —~% = — ) =—. 292
W-2=% (1) =% (202)
k=0
Thus the expansion of T'(1 + ¢) is
L/ o, ™\ 3
F(1+€):1—75+§ 7+€ e“+0(e”). (293)
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