Quantum Fields—from the Hubble to the Planck Scale Selected Solutions

2.2 Propagator as Green function.

Show that the Green function or propagator K (2',t'; z,t) = (/| exp[—1H (t' — t)]|z) of the
Schrédinger equation is the inverse of the differential operator (i0, — H). Hint: It is simpler
to consider the advanced or retarded Green functions,

GE(2/ 2, t) = G(a' Vs, )0(£7) (24)
where 7 =t/ — ¢ and ¢ is the step function.

The interpretation of the propagator as the Green’s function G of the differential equation
(10; — H) is derived simplest after introducing the advanced and retarded Green’s functions,

GE(a! V' x,t) = G(a! s 2, 1) (£T) (25)

where 7 =t —t. 1 Considering e.g. the retarded case,

It — ), 1) = i/dng+(x',t’;x,t)1/J(x,t) (26)
applying the Schrédinger operator [i0y — H (z')] on it, gives
10y — H(z')] 0(t' — t)(a 1) = i / dBzfidy — H(2)|GT (2t 2, )0 (z,t) . (27)
The LHS is
(109t — O)|(a, ) + It — t) [i0y — H(i/)w(x/, t') = i0(t' — t)p(a',1) (28)
=0

where ¥ = ¢ and the Schrodinger equation were used.
Thus

6 — (1) = i / Balidy — H@ G (&, )0, 1) (29)
can be valid for an arbitrary solution v only if
[0y — H(z) |G (' ¢ 2,t) = 6B (2 — a). (30)

Thus the retarded Green’s functions G is the inverse of the differential operator (i0; — H). The
same reasoning holds for the advanced Green function G—, and thus also for G = GT + G~

'The step function 9J(z) = 0 for < 0 and ¥(x) = 1 for z > 0. From its integral representation
(1) = — o= [ dwS - one derives V' = 6.
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