
Quantum Fields—from the Hubble to the Planck Scale Selected Solutions

24.14 Jeans length and the sound speed.

We start with the Euler equations

Dρ

Dt
= −ρ∇ · u →

∂ρ

∂t
+ u · (∇ρ) + ρ(∇ · u) = 0 (322)

Du

Dt
= −∇

(
P

ρ

)

+ g →
∂u

∂t
+ u · (∇u) +

∇P

ρ
= g. (323)

With the perturbation ansatz (small perturbations in a fluid at rest)

ρ = ρ0 + ερ1(x, t) (324)

P = P0 + εP1(x, t) (325)

u = εu1(x, t) (326)

and the Poisson equation

△φ = 4πGρ → ∇ · g1 = −4πGρ1 (327)

we obtain (with the EoS P = wρ) in order ε

∂ρ1
∂t

+ ρ0(∇ · u1) = 0 (328)

∂u1

∂t
+

1

ρ0
∇P1

︸ ︷︷ ︸

=
w

ρ0
∇ρ1

= g1. (329)

Differentiating both (with respect to space and time) we obtain a wave equation

∂2ρ1
∂t2

− w△ρ1 = 4πGρ0ρ1 (330)

with the speed of sound c2s = w. Inserting the wave ansatz ρ1 ∼ exp[i(k · x − ωt)] yields the
dispersion relation

ω2 = c2sk
2 − 4πGρ0. (331)

For wave numbers kJ <
√

4πG/c2s the ω becomes complex which gives rise to exponentially
growing modes. Therefore the Jeans length is given by

λJ =
2π

kJ
= cs

√
π

Gρ0
=

√
πw

Gρ0
. (332)
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