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25.2 Orbits of massive partiles.

a. Spherial symmetry allows us to hoose # = �=2 and u

#

= 0. Then we replae in the

normalization ondition u � u = 1 written out for the Shwarzshild metri,
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Inserting e and l, then reordering gives
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with
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Eq. (310) has the same form as in Newtonian gravity, with the only hange that the e�etive

potential ontains the general relativisti orretion term �Ml

2

=r

3

(suppressed by 1=

2

) that

beomes important at small r. Thus the analysis of possible orbits proeeds as in Newtonian

gravity. Note however the di�erent meaning of the variable r in the two ases: In the Newtonian

ase, the oordinate r equals the physial distane to the star, in the general relativisti ase the

oordinate r and the distane di�er.

b.) The potential is shown in Fig. 1. The asymptoti behavior of V

e�

for r ! 0 and r!1 is
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while the potential at the Shwarshild radius, V (2M) = 1=2, is independent of M .

We determine the extrema of V

e�

by solving dV
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=dr = 0 and �nd
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Hene the potential has no extrema for l=M >

p

12 and is always negative: A partile an reah

r = 0 for small enough but �nite angular momentum, in ontrast to the Newtonian ase. By

the same argument, there exists a last stable orbit at r = 6M , when the two extrema r

1

and r

2

oinide for l=M =

p

12. This so-alled \innermost stable irular orbit" at r

ISCO

= 6M for a

Shwarzshild blak hole is e.g. relevant for the study of aretion disks around blak holes.

The orbits an be lassi�ed aording the relative size of E and V

e�

for a given l:

� Bound orbit exists for E < 0. Two irular orbits, one stable at the minimum of V

e�

and

an unstable one at the maximum of V

e�

; non-irular orbits osillate between two turning

points.

� Sattering orbit exists for E > 0: If E > maxfV

e�

g, the partile hits after a �nite time the

singularity r = 0. For 0 < E < maxfV

e�

g, the partile turns at E = maxfV

e�

g and esapes

to r !1.
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Figure 1: The e�etive potential V

e�

for various values of l=M as funtion of distane r=M ,

for two di�erent sales.
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