Quantum Fields—from the Hubble to the Planck Scale Selected Solutions

26.3 Fixed points of a (2,, + 2, = 1 universe.

a.) Multiply the acceleration equation by a/a? and introduce w;,

ad drG _,
2 —TH zi:l)i(l + w;).

The LHS equals minus ¢(¢). Using the definition of p. and inserting wj;, it follows

1
q= §(Qm +2Q, —2Q4). (344)

b.) We differentiate Q;,

. 87G [ . H

Q; = 32 (Pi - 2§P¢> :
Combined with p; = —3(1 + w;) Hp;, we obtain

: H
Next we differentiate H = a/a, obtaining H = i/a — H? or

H aa
Replacing ¢ by (344), it follows

Qi = G H(Q + 29, — 204 — 1 — 3w;).

c.) Setting ©, = 0 and inserting w,, = 0 and wpy = —1 gives
Q= U H[(Qy — 1) —2Q4] and  Qp = QuH[Q,, — 2(Qp — 2)].
We elimininate H and ¢ dividing the two equations, obtaining a first-order differntial equation,

dQx  Qa[Qm — 2(Q2 — 2)]

dQm  Qu[(Q — 1) — 2Q4]

Trajectories in the (24, ,) plane describe the evolution of a specific universe (which could be
specified e.g. by the set of present day values (Q4 0, 2m0)). The condition % = (0 specifies fixed
points: The point (0,1) is an unstable fixed point (starting point of all trajectories), while (1,0)
is a stable fixed point (where all trajectoires end).
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