
Quantum Fields—from the Hubble to the Planck Scale Selected Solutions

4.1 Z[J ] at order λ.

Calculating δF [J ]/δJ(x) for F [J ] = f (W0[J ])

δF [J ]

δJ(x)
= lim

ǫ→0

1

ǫ
f(W0[φ(x) + ǫδ(x− y)])− f(W0[φ(x)]) (78)

= lim
ǫ→0

1

ǫ
f(W0[φ(x)] + ǫ

δW0

δφ
)− f(W0[φ(x)]) (79)

= lim
ǫ→0

1

ǫ
f(W0[φ(x)]) + g′ǫ

δW0

δφ
− f(W0[φ(x)]) (80)

= f ′(W0[J ])
δW0

δJ
(81)

Calculating the first derivative

δ

iδJ(x)
exp (iW0[J ]) =

δW0[J ]

δJ(x)
exp (iW0[J ]) (82)

Calculating the second derivative (using the functional derivative product rule)

(

δ

iδJ(x)

)2

exp (iW0[J ]) =

(

(

δW0[J ]

δJ(x)

)2

+
1

i

δ2W0[J ]

δJ(x)2

)

exp (iW0[J ]) (83)

Calculating the third derivative

(

δ

iδJ(x)

)3

exp (iW0[J ]) =

(

(

δW0[J ]

δJ(x)

)3

+
3

i

δ2W0[J ]

δJ(x)2
δW0[J ]

δJ(x)
+

1

i2
δ3W0[J ]

δJ(x)3

)

exp (iW0[J ])

(84)

Calculating the fourth derivative

(

δ

iδJ(x)

)4

exp (iW0[J ]) =

(

(

δW0[J ]

δJ(x)

)4

+
6

i

δ2W0[J ]

δJ(x)2

(

δW0[J ]

δJ(x)

)2

+
3

i2

(

δ2W0[J ]

δJ(x)2

)2

+

+
4

i2
δW0[J ]

δJ(x)

δ3W0[J ]

δJ(x)3
+

1

i3
δ4W0[J ]

δJ(x)4

)

exp (iW0[J ])

=

(

(

δW0[J ]

δJ(x)

)4

+
6

i

δ2W0[J ]

δJ(x)2

(

δW0[J ]

δJ(x)

)2

+
3

i2

(

δ2W0[J ]

δJ(x)2

)2
)

exp (iW0[J ])

Substituting the functional derivatives

(

δ

iδJ(x)

)4

exp (iW0[J ]) =

[

(
∫

d4y∆F (y − x)J(y)

)4

+ 6i∆F (0)

(
∫

d4y∆F (y − x)J(y)

)2

+3 (i∆F (0))
2
]

exp (iW0[J ])
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