FY3105/8104 Application of symmetry groups in physics
Solution to exam, December 2017

Problem 1

(a) Each conjugacy class consists of all rotations by a given rotation angle, regardless of the rotation
axis. The conjugacy classes are therefore labeled by the rotation angle 7.

Justification: Let n; and ngy be two arbitrary rotation axes. Then there
is a rotation axis m that is perpendicular to both n; and n9 such that

Y
a rotation by angle ¢ around m takes n; to ns (as illustrated in the N\ 2

figure, where the axis m points out of the paper). It can then be seen 5
that

R(nz,n) = R(m,Q)R(ny,n)R ™" (m, (). (1) - Nq

This relation shows that the two rotations R(ni,n) and R(ns,n), which

have the same rotation angle n but different rotation axes, are conju-

gate to each other (with R(m,() as the conjugating element) and are m
therefore in the same conjugacy class.

(b) We have
DY) (R) = (j,m'|[U(R)|j, m). 2)
(This follows from
G m"|U(R)j,m) = (5" m”|j,m') D ZﬁwWWM%mh@mwum»<w

m’

where we used the orthogonality of basis states, (", m”|j,m') = §;1 ;j0m» ms.) For a rotation around the z

axis (n = 2), J-n = J,. Since J,|j,m) = mh|j, >, we get exp(—iJ,n/h)|j,m) = > oo, %Jﬂj, m) =
327 SR ()|, m) = exp(—imn)|j, m). Thus

DY) (R) = DY) (2,m) = (j,m/|exp(—iT.n/h)|j,m) = exp(—imn) (G, m’[j,m) = € ™6 pim. (4

(c) Since x(R) is a function only of the conjugacy class to which R belongs, it follows from (a) that x(R)
will only depend on the rotation angle 7, not the rotation axis n. To evaluate x(R) we may therefore
pick n at will. In light of the calculation done in (b), it is clearly convenient to pick n = 2. Thus

2j
X(j)(R) Tr D(J) Z e~ Z(eﬂn —jtr _ Gidn Z ﬂn
m=—j r=0
o1 — (e7 2L glin _ emune=in gmn/2(giH1/2)n e—z(y+1/2)77) sin((j + 1/2)n)
1 —e 1 —e M 67“7/2(6“7/2 — 677'77/2) Sln('f’/2) ( )

Here we used >.""_jz" = (1 — z"*)/(1 — z) (sum of a geometric series) and €'Y — e~ = 2isiny.

(d) Taking n = 2 and considering an infinitesimal rotation angle dn, the left-hand side is
URT{UNR) = (I —idedn/ht . TP (I +idedn/h+..) = T{Y —i(dn/m)[ 2, T{P]+ O((dn)?), (6)

and the right-hand side is

S TIDR (R =S TP emt0i5,, = T® 99 = TV (1 —igdn +...) = TH — igdyTH + O((dn)?),

q/
(7)
where we used (4). For each power of dn, the coefficients on the two sides must be the same. We see that
this holds trivially for the zeroth order terms, for which the coefficient is Tq(k) on both sides. Equating



the coefficients of the first-order terms gives (—i/h)[Jz,Tq(k)] = —iqTq(k), ie. [Jz,Tq(k)] = thq(k). QED.

(e) A rank-0 spherical tensor operator has k = 0, so ¢ can only be 0. Furthermore, since r and p are
rank-1 spherical tensor operators, we have ky = ko = 1, so ¢; and ¢ can take values —1,0,1. Taking
X — r and Z — p thus gives

1

T =3 (15aa/11;00)rg, pgy = > (113q1, —q1[11;00)74,p_g, (8)
q1,q2 n=-1
where in the last step we used that the Clebsch-Gordan coefficients vanish unless ¢; +q2 = ¢, i.e. ¢o = —q1

in our case. Using the tables of Clebsch-Gordan coefficients we find
Téo) = i(7"71]91 —7opo + T1p-1)- (9)
V3

Inserting the given expressions for the spherical components of 7 and p in terms of the cartesian ones,
one finds, after some cancellations,

1 1
Téo) = —%(rggpz + rypy + T2Dz) = —ﬁfr - p. (10)

Thus T, éo) is proportional to the dot product (scalar product) r - p. This is a very reasonable result,
since a dot product is invariant under rotations, i.e. it is a scalar (as implied by ”scalar product”), and
a rank-0 spherical tensor is a scalar operator.! 2

Problem 2

(a) (i) We do the proof of bjc = b3 graphically by showing that the effect of the two sides on a triangle
are identical (see the figure below).

Bl - B u b

(ii) There are several ways to find the missing elements in the multiplication table. One could also here
use the graphical proof method used in (i). Alternatively, one can rewrite the relevant unknown products
in terms of known products. Doing this for the unknown products in the third row gives

62b1 = C(Cbl) = Cb2 = b3, (11)
C2b2 = C(Cbz) = Cbg = bl, (12)
C2b3 = C(Cbg) = Cbl = bz. (13)

The missing elements in the fourth row can then be found by applying the rearrangement theorem to
each of the last three columns. This gives bib; = e, biby = 2, and b;b; = c. Alternatively, it is obvious

Tt can be seen from the defining transformation law (Eq. (6) in the problem text) that a rank-k spherical tensor
operator has 2k + 1 components that transform among themselves under rotations according to the irrep D® For k=0
there is thus only one component, which transforms according to the 1-dimensional irrep D(°), which is the trivial irrep, and
so Téo) is invariant under rotations, i.e. it is a scalar. Equivalently, this can also be seen from the commutators [J, Tq(k)}
and [J4, T,;k)}. For k = 0 one finds (see the formula set) that all three commutators vanish, and thus TO(0> commutes with

the generator of infinitesimal rotations J - n = Jyng + Jyny + J.n. around any rotation axis 1, and consequently Tém is
invariant under all rotations.

2In this example we took X — r and Z — p. The opposite choice would have given —p - r/+/3, which is obviously
also a perfectly valid rank-0 spherical tensor operator. Thus 7 - p and p - r can differ only by another scalar, which can be
found from the commutation relations [rj, pi] = ihd; to be 3ih. Using the symmetric combination 7 - p + p - r would give
a rank-0 spherical tensor operator that is also hermitian.



that bib; = e since b? is a 27 rotation which thus is equivalent to the identity element. And since the 7
rotations b; therefore are their own inverses, we get

biby = blbyt = (boby) P ="t =6 (14)
bibs = b7lost = (bsb) = () = (15)

The missing elements in the third row can now be found from the rearrangement theorem. Alternatively,
one can deduce all six missing elements entirely from the rearrangement theorem. For example, this
theorem gives that the missing elements in the third row must be by, by and b3. In the fourth column, by
and by are excluded since they already appear in it, so b3 must appear at the intersection of the third row
and fourth column. Then e must be the other missing element in the fourth column. Similar reasoning
easily gives the missing elements in the fifth and sixth columns.

In conclusion, the complete multiplication table for the group D3 is shown below.

[ lelcl[c[bi]b[bs]
e e c [ by | by bs

62 (& b2 b3 bl
Al 2] e c | by | b1 | by
by || b1 | b3 | b2 2| e

o o
]

ba || b2 | b1 | b3 e | ¢
by |[ b3 | ba | b1 | 2| c | e

(b) A conjugacy class of a group G consists of a set of elements, such that if a and b are in this set, we
have b = gag~' for some g € G.

1

The identity element e is a conjugacy class by itself, since geg~* = e for any g. Next, let us identify

elements conjugate to ¢. The multiplication table gives

ece! = c, (16)
cccl = ce?=ct= c, (17)
Ae(®)™t = ee=ct =, (18)
bieby' = bychy = biby = 2, (19)
bacby ' = bochy = bobs = 2, (20)
bscby' = bychs = bsby = 2, (21)
which shows that {c,c?} is a conjugacy class. Furthermore,
chicl = ebic? = cby = bs, (22)
AEbi () = Ebie = by = b, (23)

from which we conclude that {by, b, b3} is a conjugacy class. As each element of the group has now been
placed in a conjugacy class, we conclude that D3 has 3 conjugacy classes: {e}, {c,c?}, and {b;,b2,b3}.3

(¢) According to Lagrange’s theorem, the order of a subgroup must be a divisor of the order |G| of the
group G itself. Any group G has the subgroups G and {e}, of order |G| and 1, respectively. Since D3
has order 6, any other subgroups must have order 2 or 3. As Dj is a finite group, the distinct powers of
any element form a subgroup. For the 7 rotations b; we have b? = e, so {b;,e} is a subgroup of order
2 for i = 1,2,3. Also, the distinct powers of ¢, i.e. {c,c?,¢® = e} is a subgroup of order 3; the distinct
powers of ¢? give the same subgroup. In conclusion, D3 has six subgroups: Ds, {e,c,c?}, {e, b1}, {e, b2},

{e,bs}, {e}.

3That ¢ and ¢? cannot be in the same conjugacy class(es) as b1, b2, and bz could have been concluded from the outset
from the fact that D3 is a subgroup of SO(3), for which rotations by different angles are in different conjugacy classes
(unless the angles add to a multiple of 27).



(d) As the number of irreps equals the number of conjugacy classes, it follows from (b) that D3 has 3
irreps. We denote these by T'(®) (o = 1,2,3). These label the rows of the character table. The columns
are labeled by the conjugacy classes, since the characters are the same for all elements of a conjugacy class.

The irrep dimensions d, satisfy Y. d2 = |G| (see formula set), which for D3 becomes
di +ds +dj = 6. (24)
It follows that two dimensions equal 1 and one dimension equals 2. We pick dy = ds = 1 and d3 = 2.

Any representation is a homomorphism and must therefore satisfy

['(g192) = T'(91)T(g2)- (25)

Taking go = e gives I'(g1e) = T'(g1) = I'(91)T'(e). Multiplying with (I'(g1))~! from the left gives
I'(e) = I, i.e. the identity element is always represented by the unit matrix. Thus x(*)(e) = do = 1, 1,
2 for a = 1,2, 3. This gives the left column of the character table.

For any group, I'(g) = 1 for all g is a possible solution of (25). As this is a 1-dimensional representation,
it is irreducible. Tt is called the trivial irrep; we take this to be I'»). Thus the characters x(*)(g) = 1
too. This completes the top row of the character table.

For 1-dimensional irreps, x(g) = I'(g), and so the characters themselves must satisfy the homomorphism
property (25), i.e. x(g192) = x(91)x(g2). Taking g1 = go = by, this gives x(b7) = (x(b1))?. Using
b? = e and x(e) = 1 then gives x(b;) = £1. Next, taking g; = b; and go = c gives x(bic) = x(b1)x(c).
Using bic = b3, and x(b1) = x(b3) = £1, this nonzero character can then be cancelled to give x(c) = 1.
This holds for both the 1d irreps. Since I'D) has y(b;) = 1, I'® must then have the remaining alter-
native x(b;) = —1 in order to be distinct from I'™). This completes the second row in the character table.

To complete the third row in the character table we use the orthogonality relation for columns/classes
(see formula set; I denote the classes by k and &’ as the symbol ¢ is already used for a group element),

3
> erxs X = |Gloww. (26)
a=1

Taking k = {e} and k' = {c¢,c*} gives 1-(1-1+1-1+2- X,(C?,’)) =0, so ng) = —1. Instead taking
k' = {b1,ba,b3} gives 1-(1-1+1-(-1)+2- X,(j)) =0, so X;(j) = 0. This completes the character table:

{e} | {e;c®} | {1, 02,03}
r® 1 1 1
r® 1 1 -1
r® 2 -1 0

(e) The kernel K of a group homomorphism f : A — B is the set of elements in the source group A that
are mapped to the identity element in the target group B: K = {a € A | f(A) = eg}. The kernel K
is a subgroup of A that is also normal. A subgroup is normal if it consists of complete conjugacy classes.*

For (matrix) representations, the target group is a matrix group, whose identity element is the unit
matrix. So for each irrep we wish to identify the elements that are mapped to the unit matrix.

For 1-dimensional irreps, the unit matrix is the number 1, and x(g) = I'(g), so we can read I'(g) directly
from the character table. In this way we can determine the kernels for the 1d irreps I'™) and T'®). For
I'D we see that all elements are mapped to 1, i.e. the kernel K; = Ds, the whole group, which is
obviously a normal subgroup since it consists of all the conjugacy classes. For I'®) we see that the kernel

4Equivalently, a normal subgroup is characterized by left and right cosets being identical. But the equivalent criterion
based on complete conjugacy classes is much more practical for checking ”"normality” in our case.



is Ko = {e,c,c*}. We identified this as a subgroup in 2(c), and it consists of the two conjugacy classes
{e} and {c, c?}, so it is also normal.

For the 2-dimensional irrep I'®) | we have x ) (e) = 2. No other elements have character 2 for this irrep, so
the kernel is K3 = {e}. This is a subgroup consisting of the single conjugacy class {e}, so it is also normal.

f) As mentioned before, the identity element e is always represented by the unit matrix. Since I is a
3-dimensional representation, I'(e) is therefore the 3 x 3 unit matrix.

There are several methods that can be used to determine the matrices for the remaining three elements.
One method is to make use of the multiplication table and the homomorphism property (25) to express
each matrix as a product of known matrices. For example,

=c = T(P)=T(c)T(c), (27)
by =cbs = F(bl) = F(C)F(bg), (28)
by =b3c = F(bg) = F(bg)F(C) (29)

In this way the unknown matrices can be found simply by matrix multiplication.

Another method is based on the transformation rule for basis vectors (see formula sheet), a¢; =
>_; ¢;L'ji(a), which gives® I';;(a) = (¢, a¢;). Thus we need to know how the group element a transforms
the orthonormal basis vectors, which are &, ¢, and 2 in our problem. I will illustrate this method by
finding I'(b;). We have

. 1. V3,

R V3. 1.
biy = 7511 - §y, (31)
bz = -3 (32)

Here, (30) and (31) follow from the figure below (the red arrow is the basis vector of interest (& in the

7 A y
-T O\}Cl% R)‘h
2. -
R e
. — X

2. 1/:2

left panel, g in the right panel) and the blue arrow is the transformed basis vector (b;& in the left panel,
b1y in the right panel)). Furthermore, (32) follows since b; is a m-rotation around a rotation axis in the

PDerivation: (¢x,ad;) = 3 ;(¢k, $;)Lji(a) = 30, 0k;Tji(a) = Trila).



zy plane. This gives

Talb) = (60i61) = (6.018) = (65, 58 + %29) = 2(0,.8) + L2(6,.9)

= T'u(b) = %, Io1(b1) = ?a [31(b1) =0, (33)
FjQ(bl) = (¢j7b1¢2) = (Qsjablg) = ( 79 ?iﬁ - %y) = ?(quvi) %((ijg)

= Tab) = g, Lao(b1) = —%, I3z(b1) =0, (34)
Ljs(b1) = (¢j,0193) = (¢5,012) = (¢, —2) = —(¢;, 2)

= Flg(bl) = O7 Fgg(bl) = 0, Fgg(bl) = —1. (35)

The matrix I'(b;) can then be written down from its 9 matrix elements worked out here.

Other methods may also be possible, including working out the matrices as special cases of general
rotation matrices in SO(3). Regardless of the method, one arrives at the following matrices:

1 00 -3 —-Iv3 0
Fe)=( 0 1 0 |, V3o -1 o0 |,
001 0 0 1

—
—
o

[ V)
~—
Il
N[
N|—

A SN
re)=| V3 -5 o |, T)={ -Lv3 =1 o |. (36)
0 0 -1 0 0o -1

All matrices of this representation have determinant 1. This can be understood from the fact that the
matrices determine the transformation properties of vectors in 3 dimensions under the rotations of Ds
and thus constitute a subgroup of the rotation matrices of (the defining, faithful representation of) SO(3),
which have determinant 1.6

(g) T is a 3-dimensional representation of Ds. From the entries in the leftmost column of the character
table, which are the dimensions of the irreps of D3, one sees that D3 has only 1- and 2-dimensional
irreps. Thus I' must be reducible.

The decomposition of I' into irreps of D3 can be written I" = @izlaaf(a), where

0 = 17 20 X (A(A) (37)
AeaG

The characters of the representation I' are easily seen to be x(e) = 1+ 1+ 1 = 3, x(c) = x(c?) =
—1/2—-1/24+1=0, and x(b1) = x(b2) = x(b3) = —1. This gives

o %[1.1-3+2-1-0+3-1-(—1)]=0a (38)
o = %[1.1.3+2.1~0+3-(—1)-(—1)]:17 (39)
4 = é[1.2-3+2'(71)~0+3~0~(*1)]:17 (40)

~ T =T® gr®. (41)

Checking the dimensions of (41) to be on the safe side, we see that the rhs has total dimension

6In order to preserve dot products of vectors, it can be shown that the determinant must be +1, and since rotation
matrices are continuously connected to the unit matrix representing zero rotation, which has determinant 1, general rotation
matrices have determinant 1 too.



ds + d3 = 1 + 2, which agrees with the dimension dr = 3 of the lhs.”

(h) Since DM is a single-valued representation of SO(3), its matrices satisfy the homomorphism property
(25), which in this context reads

DW(R,Ry) = DV (R)DW(Ry), (42)

where R; and Ry are arbitrary rotations of SO(3). As all elements of the group Ds are rotations
around the origin, D3 is a subgroup of SO(3), and so (42) clearly holds also if Ry and Ry are restricted to
the elements of D3. But then (42) becomes simply the defining property of a representation of D3. QED.

Two representations are equivalent if their characters are identical. (This condition also contains within
itself the necessary but not sufficient condition that the dimensions of the two representations must be
identical, since the dimension equals the character of the unit matrix representing the identity element.)
We have already calculated the characters x of the representation I' in 2(g), so it just remains to calculate
the characters x!)(n) of the representation DM for the rotation angles 7 of the elements of Ds, and
check that they agree. For this we use the already encountered Eq. (5) in the problem text (also in the
formula set), which specialized to j = 1 becomes xM)(n) = sin(3n/2)/sin(n/2). This gives

sin(3n/2) 3n/2

X(l)(o) _ %IL% W = 7171_r>% 02 3 = x(e), (43)
xP@2r/3) = ;ﬁﬂgzozﬂdv (44)
YV(r) = SSIEI((ZZT//;)) = %1 = —1=x(b). (45)

Thus we see that the relevant characters of D) indeed all agree with those of I".%

(i) We need to decompose D) into the irreps of D3: D) = @2_,a,T(®. Thus we need to calculate
x?)(n) = sin(5n/2)/ sin(n/2) for the same values of 7 as in 2(h). We find

@ = lim sin(61/2) = lim 511/2 =

X (0) %ao Sin(ﬂ/2) %%0 7]/2

@) (97 _ osin(5w/3)  —V3/2
X en/3) = sin(m/3) V3/2 = -1 (47)

sin(bm/2) 1

5 (46)

) S ——" 4
X (m) sin(w/2) 1 )
This gives
1
@ = [ 15421 (-1 +3-1-1] =1, (49)
1
ap = 115421 (-1)+3-(-1) ] =0, (50)
1
az = 6[1.2.5+2.(_1).(—1)-1-3~0-1]:2, (51)
=~ D@ 1M gor® M TG ¢T®, (52)

(Let us again check the dimensions. The total dimension on the rhs is dq +2ds = 1+ 22 = 5, which is
also the dimension of D(Q).) We conclude that the five-fold degenerate D(?) level splits into three levels;
one level belongs to the irrep TV and is therefore nondegenerate, while the other two levels belong to
the irrep I'® and are therefore each two-fold degenerate.

"The result (41) also makes sense by looking at the matrices in the representation T', which have an explicitly block-
diagonal structure with a 2x 2 ”zy block” and a 1x1 ”z block” | and it is evident that the z coordinate transforms according
to the irrep I'(?) (invariant under e, ¢ and ¢2, while changing sign under by, ba, and b3), and so the zy coordinates therefore
transform according to the 2-dimensional irrep r®,

8Since ¢? rotates by an angle 47/3, you may also want to check that x()(47/3) = 0, which indeed is the case. Note
that 47/3 = 27 — 27/3. One can show that for j integer, i.e. for the single-valued irreps of SO(3), x(9) (2w — 1) = x¥) (n).



