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NTNU Institutt for fysikk

Contact during the exam:
Hans Joakim Skadsem
Telephone: 73593101

Exam in TFY4205 Quantum Mechanics
February 26, 2008 (Midterm Exam)
14:15-16:00

Allowed help: Alternativ C
Approved calculator (HP30s)
K. Rottman: Matematisk formelsamling
Barnett and Cronin: Mathematical formulae

Write your student number here : ...........

There are five alternative answers to all questions of which only one alternative is correct.
You can choose 0, 1, 2, 3, 4, or 5 of these alternatives. Your resulting score becomes:

No alternatives chosen: 0 points.

One alternative chosen: 1 point if this is the correct answer, -1/4 point if this answer is
incorrect.

Two alternatives chosen: 3/4 point if one of these is the correct answer, -2/4 point if none
of these are the correct answer.

Three alternatives chosen: 2/4 point if one of these is the correct answer, -3/4 point if
none of these are the correct answer.

Four alternatives chosen: 1/4 point if one of these is the correct answer, -1 point if none
of these are the correct answer.

Five alternatives chosen: 0 points.

There are 20 problems in total. Your maximum score is therefore 20 points. This mid term
exam accounts 20% of the total grade in TFY4205 Quantum Mechanics.

This problem set consists of 14 pages.
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Problem 1. General Quantum Mechanics
Which of the following statements is true ?

1. The electron spin arises because the electron rotates around the positive core of the
hydrogen atom.

2. Schridinger’s formulation of wave mechanics in position space gives different predictions
than Heisenberg’s matrix mechanics.

3. Quantum mechanics does not play any role in the determination of the aluminum ma-
terial parameters which e.g. is important for the second largest Norwegian company
Norsk Hydro.

4. Relativistic effects do not matter for objects described by quantum mechanics because
they can be interpreted as waves.

3. @lectrons, protons, and neutrons are all fermions with a half integer spin.

Solution
Electrons, protons, and neutrons are all fermions with a half integer spin.

Problem 2. The Variational Method
We assume that a particle with mass m only can move in one direction. The particle is within

a potential that is described by
V(z) = K2*, (1)

where K is a constant and z is the position. We use a trial function of the form
f(z) = exp (—aa?), (2)

where ¢ is a constant to find an approximate expression for the ground state energy Ey. The
result is

1.
2
By =223 g2,
2m
2.
34/3 7 K2 2/3 .
e ik /3
By =~ (Zm) K3,
3. 1/
3 K2
By= g3 2/3
0 46 (Zm) k
4. 5
E0=32/3h—K3.
2m
5.

_ 3o (P i 1/3
By =26 (% K3,
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PS: A detailed computation is not necessary. Dimensional analysis is sufficient to find the
answer.
Solution
Dimensional analysis for the kinetic energy determines

Rl

= om I ®3)
where L is a length scale. We can therefore express the length scale L by Planck’s constant
h, the energy E, and the mass m:

hz
2
L= 2mE "’ (4)
Similarly, we find for the potential energy
E = KIL* (5)
i y®
= K ( 5o E) . (6)
This means that the ground state energy should be of the form
hZ 2/3 1/3
where ¢ is a dimensionless constant. A direct calculation gives
34/3
Cc = —4—

Problem 3. The Pauli Matrices
The electron spin fulfills the commutation relations

S2,S,] = ihS,,
[S,,S:] = ihS;,
[S.,S:] = ihS,.

The electron spin can be expressed by

S =

a,

b | o

where & = (04, 0y,0,) consists of the Paul matrices. We use the eigenstates of o, as a basis,

so that
o — 1 0
A W T R

Which of the following expressions is the correct one for the Paul matrices o, and oy?

s (01 g (00
==\ 0 A D A

1
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2.
o 0 4 q (01
== =i 0) ™ T 10

3.
0 1 00
=14 o and oy = 1 0

4.
01 0 —i
=4 g and oy = i 0

5.
3 1 a0
= 0o 0) ™ WT -0

Solution

The commutation relations for the spin are

[Sg;, Sy] —_ ihSz ,
[Sy, 5] = ikSy,
[Sz, Sgg} = 1hSy .

The commutation relations for the Pauli matrices is therefore

[62,0y] = 020y — 0yo, =i20,,
[Uy, Crz] = Cr'yo'z - Crzo'y = i2dm s
[620:] = 02045— 050, =120y

It is given in the text that

(1 0
Jz—o_l.

By inserting this into the commutation relations we find that the only possibility is
S 0 1 o — 0 —i
S N R VI vUNE 0 )

Problem 4. Statistics Force
‘We consider two particles with symmetric spin wave functions in the potential

V(3) = 3md ®)

We assume that one particle is in the ground state and the other particle is in the first

excited state. We want to compute the average relative distance r = {/((G1 — @2)2) between

the particles when the particles are different (r = r;), when the particles are bosons (r = ry,),
and when the particles are fermions (r = rf). What is the relation between the relative
difference between the particles in these three cases?
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1..
Ty =Tp ="t

2.

Ti > Tf > T'p.
3.

T > T > T
4,
b.

Th > T¢ > Ti.

Solution

Fermions cannot be in the same quantum state, and therefore have an effective repulsive in-
teraction. Bosons can be in the same quantum state and therefore have an effective attractive
interaction. We therefore find

TE> T > T,

Problem 5. Dual Vector
The dual vector corresponding to c|aj, where c is a complex number and |a) is a state (ket)
vector is

1. ¢*|a).
2. clal.
3. [c*(al.
4. |c]|a).
5. |c|(al.

Solution
The dual vector to cla), where c is a complex number and |a) is a state vector is ¢*(al.

Problem 6. Quantum Operators

We consider a particle with a total spin S? = s(s+ 1)h% and s = 1. What could be a possible
matrix representation of the spin operator along the z direction, S, ?

&=§(é_ﬂ) ()

1

10
S.=nl 00 0 (10)
0 0
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3
X 10 2
S;=h| 0 0 0 (11)
0 0 -1
4, ]
5 01
5:=3 ( 10 ) {12
5. 5
5 0 <
S’*E(—i 0) (13)
Solution
A particle with total spin S? = s(s+1)k? and s = 1 has three possible eigenvalues of the spin
operator along the z direction, S, = A, 5, =0, and S, = —A. The matrix representation must

therefore be a 3 x 3 hermitian matrix with these eigenvalues, e.g. a possible representation
is
X 10 0
S,=h|{ 0 0 O (14)
00 -1

Problem 7. General Uncertainty Relation
Let us assume that @ and P are two hermitian operators with the following commutation
relation

[0, 2] =k, (15)
where K is also a hermitian operator. We define the uncertainties
AQ = (@- @2 (16)
AP = (P (BB, (17)
Which statement is correct?
1. .
AQAP < —|{K)|
2,
Booa
AQAP > L|(K)|
3.
AQAP =0.
4. 5
AQAP > S|(K).
5.

AQAP < g|(f<>|2.
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Solution
We can check this for the position and momentum operators

We know that "
AzAp; > s

and therefore recognize the general uncertainty relation
A «
sanr s B{(K)
since there is a linear relation between QP - PQ and K.

Problem 8. Addition of Angular Momentum

Page 7 of 14

A system consists of two spin 1 particles with spin §1 and spin §2. What are the eigenstates

for the total spin S = §1 + 85 7 It is known that

(S2+82+52)15,M) = RS(S+1)l8,M),

S5.18,M) = hM|S,M).

1. | There is one singlet eigenstate (S = 0; M = 0), one triplet eigenstate (S = 1; M =
—1,0,1), and one quintet eigenstate (S =2; M = —2,-1,0,1,2).

2. There is one doublet eigenstate (S = 1/2; M = —1/2,1/2), one triplet eigenstate (S =

1; M = -1,0,1), and one quartet eigenstate S = 3/2; M = —3/2,—1/2,1/2,3/2)

3. There is not enough information to determine the eigenstates.

4. There are four singlet eigenstates (§ = 0; M = 0) and one quintet eigenstate (S =

%M =-2-1,01,2).

5. There is one singlet eigenstate (S = 0; M = 0) and two quartet eigenstates (8 =

3/2; M = —3/2,-1/2,1/2,3/2).

Solution

The total spin can attain the values § = 0 (singlet eigenstate M = 0), S = 1 (triplet eigenstate

M = -1,0,1) or § = 2 (quintet eigenstate M = —2,—1,0,1,2).

Problem 9. Quantum Mechanical Inner Product

Let us assume that A is a quantum mechanical operator that represents a physical quantitity.

Which of the following statements is {rue about the inner product <g|fi|g>?

1. It vanishes when |g) is an eigenstate of A.

2. It is equal to A {gl|g).

3. It vanishes if [F:T ; fi] =0, where H is the Hamilton operator of the system.
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4. [Tt must be a real number. |

5. It must be an imaginary number.

Solution
glA] g> must be real since A is hermitian.

Problem 10. The Momentum Operator in the Position Representation

We assume that |z;) is an eigenstate for the position operator & with eigenvalue z;. Corre-
pondingly, |z3) is an eigenstate for the position operator & with eigenvalue x;. What is the
matrix element for the momentum operator p7

1.
Y
(z2|plz1) = —gggg—f (xg — 1) .
2.
. h
(za|plx1) = 70 (x2 —z1) .
3.
; h
(x2|plz1) = —55 (g — 1) .
4 I
(za|p|z1) = "
5y
. h &
(za|plz1) = ga—wzfg(mz —= ).
Solution

The matrix element for the momentum operator 5 is

R _h o
(xa|p|z1) = ;83825(332 @i)-
Problem 11. Planck’s Constant

Planck’s constant determines quantum mechanical effects. It is therefore an important con-
stant in nature. In what units can Planck’s constant be expressed?

—

. | Similar to angular momentum.

2. Similar to energy divided by time.
3. Similar to velocity.

4. Similar to the electron charge.

5. Similar to the electron mass.

Solution
The electron spin is in units of A. This means that Planck’s constant can be expressed in
units of angular momentum.
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Problem 12. The Momentum Representation
The momentum operator p, and the position operator # are expressed in the momentum
representation as

1.
s
2
Go 0 O
3.
p ——E D =z
p:ﬂ iapmﬁ -
4,
b
T4 Opy o
5.
S _ho
Bz ior T
Solution

In the momentum representation, we have

. . h 0
Problem 13. The Quantum Mechanical Postulates
Which of the following statements is not one of the basic postulates in quantum mechanics?

1. There is a state vector in the Hilbert space to any physical state in a physical system.
The norm of the state vector equals 1.

2. There is an operator in the Hilbert space corresponding to any physical observable
variable. This operator is linear and hermitian.

3. | If the state of a system is |a), then the probability to find the system in state |3) is
(Bleg-

4. The operator that represents the coordinate and the operator that represents the mo-
mentum obey the canonical commutation rules [g; fr] = thd; .

5. The time evolution for the state vector |¥(t)) describing a system is determined by
., 0 A
z:’iahll(t)) = H|U(1)).
Solution

The following statement is not one of the basic postulates in quantum mechanics; If the state
of a system is |), then the probability to find the system in state |3) is (8|a).
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Problem 14. Angular Momentum
L is the orbital angular momentum and § is the electron spin. We define I = I, — §. Which
of the following statements is true ?

1. The operator that is associated to the quantity I=L-Sis an angular momentum
operator.

[f,m, f,y] = ik,

A A
4. We cannot find common eigenstates to the operators associated with j?’ 12 og 52,
5. All the other statements are incorrect.

Solution

[ Loy Ly| = iAL..

Problem 15. The Number Representation for a Harmonic Oscillator
The Hamilton operator for an electron in a one dimensional harmonic oscillator is

)
3 S NS O
—2m+2qu’

where p is the momentum operator and § is the position operator. We introduce new operators

. mw ) .
b= VR
4 mw . 3 .

SN Gt

Which of the following statements is not true ?

1. The commutation relation is {EL,&T] =1,

2. & is an annihilation operator and a' is a creation operator.

3. | The eigenvalues to the operator & must be real.

4. 7 = &4 is the number operator.

5. The operators & og @' do not commute with the Hamilton operator H.

Solution
The following statement is not true. The eigenvalues of the operator 4 must be real.
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Problem 16. Stationary Perturbation Theory
We assume that we know the eigenvalues E° and the eigenstates In) for the exactly solvable
(unperturbed) system

Holn) = ES|n)
and seek the eigenvalues and eigenstates for the perturbed Hamilton operator
H= FIO + \H 1,

where A is a real parameter, H, is time independent and we assume that )\I:I1 is small. We
furthermore assume that the states are non-degenerate. What is the correct expression to the
second order in A for the energy levels?

1.
" 2
o [l B )|
m(#n) m
2
% 2
. |(nlrd |m)|
E, = E, + (n|\Hi|n) + Z TEO_R0
m(#n) m
3. 1
’ n[AH1|m |
E, = EX + (n|]AH;|n) — Z
m
4 2
o |(nirfn )|
m n m
5. .
n|/\H1[m)
E, = ES — (n|]AH|n) +Z|E |
m m
Solution

- 2
|< RIAH >
Foiqon)

En=E+ <nAHin>+ Y
m(#n)
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Problem 17. Spin Precession
We consider the interaction between a magnetic moment of a spin 1/2 particle and an external
magnetic field along the z axis. The Hamilton operator is

~

H=-ws,,

where w = ggB/(2m) is determined by the particle mass m, the electric charge g, Lande’s
g-factor and the external magnetic field. We assume that we measure at time ¢ = 0 the spin
component along the x axis and find the value +/4/2. What is the probability to find the spin
directed along the z axis (S.) at a later time, p(t)?

1.
p(t) = sin (wt).
2.
p(t) = exp (—iwt).
3.
p(t) = sin(g-t).
4.
p(t) = exp (+iwt).
a. -
() = COSZ(§1’J).
Solution

p(t) = cos? %t.

Problem 18. The Stark Effect in Hydrogen

We consider the induced changes in the energy levels of the hydrogen atom caused by an
external electric field. We assume that the electric field is directed along the z direction. The
Hamiltonian therefore has an additional term due to the external electric field:

M = —ef3,

where £ is the electric field strength and 2 is the position operator along the z axis. We assume
that the perturbation is weak. We disregard the electron spin. The electron states in the
hydrogen atom are given by the quantum numbers n, l ogm (n =0,1,2,...;1=0,1,...,n—1;
m=—l,—{+1,...,1—1,1). The energy eigenvalues are E,, = —Ey/n?, where E is a constant.
What is the induced change in the ground state energy and in the energy of the first excited
state?

1. | The lowest order correction to the ground state energy is quadratic in the electric
field strength £ and the lowest order correction to the first excited state is linear in
the electric field strength £.




Exam IN TFY4205 QUANTUM MECHANICS, FEBRUARY 26, 2008 Page 13 of 14

2. The lowest order correction to the ground state energy is linear in the electric field
strength £ and the lowest order correction to the first excited state is linear in the
electric field strength £.

3. The lowest order correction to the ground state energy is quadratic in the electric field
strength £ and the lowest order correction to the first excited state is quadratic in the
electric field strength £.

4. The lowest order correction to the ground state energy is linear in the electric field
strength & and the lowest order correction to the first excited state is quadratic in the
electric field strength £.

5. The lowest order correction to the ground state energy is cubic in the electric field
strength £ and the lowest order correction to the first excited state is linear in the
electric field strength £.

Solution

The lowest order correction to the ground state energy is quadratic in the electric field strength
& and the lowest order correction to the first excited state is linear in the electric field strength
S

Problem 19. State Vectors
We assume that the state vector |a) has norm equal to 1, e.g. (ala) = 1. Which of the
following statements is true when |b) = (2+)|a) ?

1.
(a|b) =2 — 1.
2.
(bla) = 2 —i.
3.
(bl =2 +1i.
4.
({a]b))? = =1 — 2i.
5
({a]b))? = —1 + 2i.
Solution

(bla) =2 —1.
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Problem 20. The Ladder Operator
We assume that & is an annihilitation operator and a! is a creation operator so that

[a,,af] -1

and
[H, 8] = —hwa.

Which of the following statements is true?

1. | An eigenstate to the operator a! does not exist.

2. @ and af are hermitian operators.

3. The energy difference between adjacant states is fiw/2.

4.
a=al
5.
[H, a’f] = —hwil,
Solution

An eigenstate to the operator a' does not exist.



