1 Exam TFY4230 - Autumn 2020

Problem 1
= N -
Consider a biased random walk in two dimensions. The displacement after N steps is: Ry = E A, , where
n=1

I&n = (1, 0) with probability p and En = (0, 1) with probability 1 — p. There is no correlation between the

steps, i.e. we have (Bn . Bm} = <5n} . {5m} whenever n = m. The mean square displacement after N
steps is:

Select one alternative:

O (By) = Np(1-p)

O (Ry) = N+ (N? = N) (p* + (1 - p)*)
O (Ry) = Np(1—p) + N*(#" + (1 - p)?)

©(Ry) =N +(1-p)*)
O (Ry) = Np

=2
Y (Ry) = N(p*+(1-p)?)
Solution 1

A%y =1
A)) = pP+(1—p)? fori#j
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Problem 2

Consider a particle in one dimension. The total energy is: £ = zp% + K|:1:|, where K > 0is a constant,

—o0 < & < oo is the position, and p,, the momentum. We are in the microcanonical ensemble where the total

72 + K|z| —E] where C'is a

2m

energy is constant, and the probability distribution is: P(pm ,x) =C9¢ [

constant. Energy conservation restricts the momentum to the interval: —y/2mE < p, < +/2mFE. The constant
C'is equal to:

Select one alternative:

A K
-~ C= 2mE
oOC=1

_ _ K

4/ 2mE
C=K

o C = K
- 2mE
o _K
0C0=GF

Solution 2

V2mE 00 2 V2mE

2 4CV2mE K
/ dpx/ dxca[p—x—E+K|x|]:/ dpp—= = — 2 o 0=
Ny o 2m _omE K K 4 2mE

Problem 3

Consider a microcanonical system. The entropy as a function of energy is S = C'ln (F), where C'is a
constant. The relation between energy and temperature is:
Select one alternative:

OE=Ch(T)

OFE=kgT

O E =1n(CT)

O FE=CkgT

OE=CT

_C

W E — T
Solution 3

as 1
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Problem 4

Consider a particle in two dimensions with Hamiltonian: H =

pi+pd
2m

+ U(z,y). We are in the canonical

ensemble. The potential energy is U(w, y) = K|ar:| + K|y|, where K is a positive constant. The particle can
take any position on the plane: i.e. we have : —oco < < o0 and —oo < y < oo. The partition function is:

Select one alternative:

0Z= 2;:;*(&:31’)21(2
_p K

_ 2 1

0Z="0kpT4

9] 7 = %(kﬁT)S%

0 7 = My Te T

— — h2 B

. . A2
Solution 4

1 2
7 = 72 d2pe_657n /dQTe_ﬁU
Problem 5

2

2m

dpye"?

w (L

A system with IV particles has the density of states: p(E) = C" with E > 0 and C a positive constant. We are

in the canonical ensemble and the partition function is Z = ﬁ fom dE p(E)e PE

Select one alternative:

O (EB)

@) (E) = NkgT + kgTlIn (C)

Solution

= NkpT

5

. The mean energy is:
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1 N —sp_ OV 1
_N!h3N/ dECTe T N3N g

(E) = —%mz_ ; = kpT

Problem 6

Consider a particle in one dimension, confined to the interval 0 < & < L . The Hamiltonian is

H= gi + U(z), where U(z) = ewhen0 <z < £andU(z) =0when{ <z < L. We are inthe
canonical ensemble. Keep £ constant and finite and let . — oo. What is the mean potential energy?
Select one alternative:

) (U) = o0
) (U) =10
(U) = kpT
(U = (ks T)’
) (U) =¢€
O(U) = 55
Solution 6

/ dp, / dre P = — (2”7’”)1/2 [te™P¢ + (L — 0)]

le
E:——IZ_— T4
(B) =552 =3k + o — e
le
(U) = —+—5—5 — 0 when L — o0

(4 (L —1)e?
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Problem 7

Consider a system with energy levels E = ne, withn = 0,1, 2,-- -, 0o and € is a positive constant. We are in
the canonical ensemble. What is the probability ps that the system is in the state n = 27

Select one alternative:

— e 2
S =
— e e
! pz - 1 c—ﬁF
':' pz = 8_2’86

|::::| Py = 6—2,86 _ e—4,8€
O py = e~ 2P _ o—3fe

Solution 7

67266 28 38
— =e € e €
D2 7
Problem 8
Consider two harmonic oscillators with Hamiltonians: H; = Zfri + %mluﬁxz and Hy = zﬁz + %mngxz.

Both harmonic oscillators have the same constant energy (E > 0), and m; = 4msy. Which statements is
correct?

Select one alternative:
O The phase trajectories of the oscillators cross in four points.
O The phase trajectories of the two the oscillators cannot cross.
O The phase trajectories of the oscillators can only cross if the energy is larger than a critical value.
O The phase trajectories of the two oscillators cross in infinitely may points
O The phase trajectories of the two oscillators are identical.

O The phase trajectories of both oscillators are infinitely long.

Solution 8 The phase space trajectory of a harmonic oscillator is an ellipse in the (z, p,) space with
—V2mE <p, < V2mE and —,/ 28 < < 7352 Since the two oscillators have different different

mw?2 —
mass the two ellipses cross in 4 points.
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Problem 9

Consider two particles in one dimension. The Hamiltonian is: H = p‘ +5—+ K(ml = :‘82) , with K > 0.
We are in the canonical ensemble, the mean square distance between the partlcles is:

Select one alternative:
O (e —ma)?) = M2
O ((z1 — z2)?) = 222
O (@1 — 2)?) = 25T

O ((m —m2)?) = 2

—~ 2y _ kgT mym
O (&1 — 2a)?) = 12T mim

O ((:1‘:1 — :1‘:2)2> = ’Zf

Solution 9

2
h22| /dpx\/dpy/dlﬁl/dqu 6[22 +2€32+K(r1 x2)?]

{(z1 — 22)%) = ﬂaK InZ

(1 — 262)2) = _ﬁgK In {/ dxy /dafg e_ﬁK(Il—xz)Q} _ﬁai[(l ﬁif(

(21— ) =
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Problem 10

Consider an ideal two-dimensional gas of N classical particles. The particles are confined to the surface defined
by 0 <z < Land0 < y < co. The particles are subject to a gravitational field and each particle has the
potential energy U = mgy. We are in the canonical ensemble. What is the probability p that the y coordinate of

all the particles are on the interval 0 <y < L ?
Select one alternative:

Op= [1 - e_ﬂmgL]N

L

':' P= LN
Op=[1- %}N
OP=r

2

P 1
OUp= 1+e—fmgl

@) p= efN,Bm_gL

Solution 10 Probability that one particle is on the prescribed interval:

b1 = /OLP(?J)dy

where the Boltzmann distribution is P(y) = Ce #Y®) normalization of the probability distribution

determines the constant C, which gives P(y) = mgBe #"% and
pr=1—ePmk
hence the probabilty that all particles is in the interval is
p=p) =[1—ePmo]"

Problem 11

A system of IV classical distinguishable particles can occupy three energy levels, one ground state and

two excited states. How many different configurations are there with 1 particle in the ground state?
Select one alternative:

~ N(N-1)(N-2)
O 2N

O NoN-1

ON
ON(N—-1)2"

O N?
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Solution 11 N ways of choosing particle for the ground state. The remaining N — 1 particles are
distributed on two energy leves, giving the total number of configurations N x 2V—1

Problem 12

A system with IV particles has the free energy: F' = Ne — kpT'In (). We are in the canonical ensemble.
The variance of the energy AE? = (E?) — (E)? is:

Select one alternative:

AE? = Eﬁ

AFE* = NkgTe
AE? = Né?
AE? =0

AE? = kpTe
AE? = (kpT)?

Solution 12
F=Ne—kgTln(N)= Z =P = Ne#N¢

The system has only one energy level E = Ne¢, and hence AE? = 0.

Problem 13

Consider a system of two spins with Hamiltonian: H = —Js; 83 — hs; + hsy, where J and h are positive
constant, and s; = £1. We are in the canonical ensemble. Suppose that h > .J, what is the mean energy (F)
when the temperature goes tozero 7" — 0 ?

Select one alternative:

O(E) =
O(E)=J-2h
O(E) =—-J—2h
O(E) =

O(E) =

O (E) =

Solution 13

There are four states of the spins (s1,s2) = (1,1),(1,—1),(—1,1),(—1,—1) with corresponding
energies H = —J,J — 2h, J + 2h, —J. Since h > 2.J the lowest energy is H = J — 2h which is the
ground state at zero temperature, i.e. (E) =J —2h at T = 0.
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Problem 14

Consider a system of two spins with Hamiltonian: H = —Js; 8y + Js; — Jsa, where J is a positive constant,
and s; = 1. We are in the canonical ensemble. What is the entropy S of the system when the temperature

goestozeroT — 07
Select one alternative:

O8S=kgJ

O S =kpln(8)
O S =kpln(3)
O 85 =2kg
0S8=0

O 8 =3kp

Solution 14 There are four states of the spins (s1,$2) = (1,1),(1,—1),(=1,1), (=1, —1) with cor-
responding energies H = —J,3J, —J, —J. At T = 0 there are therefore 3 ground states with lowest

energy H = —J, and the entropy is S = kg In 3.
Problem 15

A system is described by the Hamiltonian H = J(sl Sy + 8983 + 3331) where J > 0 and the spins take the

values s; = 1. When T" — oo the mean energy and entropy become:
Select one alternative:

@) E) = —3J and S = kBS]Il(z)

= —J and S = kp3In(2)

Solution 15 At infinite temperature there is no correlation between the spins and (s;s;) = (s;)(s;)

0 when i # j, hence (H) = 0. There are 23 configurations of the spins hence:

(E)y =0and S =kpln(8) = kp3In(2)
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Problem 16

Consider a system with Hamiltonian H = —e(sl + 8182 + 81 3233) with spins that can take the values
s; = £1. We are in the canonical ensemble. The partition function is:

Select one alternative:
O Z = e3P | 9206 4 9p—2Pc | o3P
O Z = e + 3e¥ + 3e% + 1
O Z = 2e3P 1 2e8c | Dp=Fe | 9e—3Pc
O Z — efPe | 3e20c || 3o—2Pc | o—4Pe
O Z = e3P 1 g=30¢

O Z = e384 3efe  3eFe =3P
Solution 16

7 = Z Z Z eﬂ€(sl+8182+s13253)

s1==%1 so=%1s3==%1

= Z Z e56(51+s132)(e[368152+e—553152)

s1==%1 so==+1

_ Z Z e66(81+5182)(666+e—56)

s1==%1 so==+1

- Y ety

s1==+1
= (eﬁe + 6_66)3

7 = 6 4 308 4 o 4 o
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Problem 17

A system has the Hamiltonian H = —J¢1¢2, where J > 0 is a constant and the variables ¢; can take the
two values ¢; = 0, 1. We are in the canonical ensemble. The average energy is:

Select one alternative:

O (B) = —Je*’
O (B) = —Je #
(B) = —J
) (B) =~
> (B) = —J iy
O (B) = T 5

Solution 17

7 — Z Z eﬁJ¢1¢2:3+eﬂJ

$1=0,1 ¢2=0,1

(B) = ——2

1+ 3e B

Problem 18

A system is given by the Hamiltonian:
_N’

H=3(—hg +eg)=—h(q +q +--+qn)+e(q + 3+ + g3) where the variables can take
i—1

any real value: —oo < g; < o0, and h and € are positive constants. We are in the canonical ensemble. When
T = 0 the average energy is:

Select one alternative:

(E) = —Ne
(E) = —Nv/he
(B) = -N%
(E) = —NZ
(B) =—-N2
(B) = —N?L.

Solution 18 At T" = 0 the average energy is the minimum energy of the Hamiltonian. The minimum
of —hq + €q? is —Z—i, hence:
h2
E)=-N—
(E) "
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Problem 19

Consider a spin system with the Hamiltonian: H = J §; - §5 where J > 0, §; = (cos 0;,sin ;) and

—7 < 8; < . We are in the canonical ensemble. In the low temperature limit kg1 < J we have:
Select one alternative:

Solution 19 The Hamiltonian favors anti-alignment of the spins, the minimum energy is when

01 — 05 = 7, hence {(6; — 0)?) =~ 7% at low temperatures.

Problem 20

Consider a system (S) that has free energy Fg = —1000eN + eN? where N is the number of particles in the
system and € > 0 is a positive constant. The volume is constant. The system is connected to a reservoir of IV,
particles with free energy F,. = IN,.u, where x > —1000€ is a constant chemical potential. Assume that the
number of particles in the reservoir is infinite IV, = co. What is the average number of particles IV in the system

S at thermal equilibrium?
Select one alternative:

O N = —£ but only if | u| is larger than some critical value

O N = 1000
ON=0

O N =500+ %
ON=0c

O N =500

Solution 20 Thermal equilibrium implies:

oF

— = 1 — 2eN =

N w = 1000e € W
Hence:

N =500+ 2
2¢
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Problem 21

Consider a classical ideal gas in three dimensions confined to a volume V. Each particle carries a spin that is
N -2

aligned by an external field. The Hamiltonian is H = E 2;1 — Bs;, where Bis a positive constant and
i=1

s; = £1. The thermal de Broglie length is A.The chemical potential y of the gas is:
Select one alternative:

p=4in(8) - B
= %% — %ln(eﬁB —1—6_58)
O p= %ln(%) — B%
Op= %ln(ﬂl}\s ) — %ln (e”B + e=PB)

- 3 _
O p= %ln(%) _ %(EBB +e SB)

~ o 1LNX v
Op=375 B/\3

Solution 21 Partition function:

1 3 BPQ N 8B " 1 2mm SN/2 BB 8B N
i (o2 (5 -t ()2

s1==%1

Free energy:
F=—kgTnZz

Chemical potential:

OF 1 N3 1
n=gn ~ ) T e e
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Problem 22

A system of particles has a grand canonical partition function: © = exp [5,u + ([J’,u)z} where p is the chemical
potential. The particles are confined to a volume V. Assume that the average number of particles in the systemis
large: (N) >> 1. The pressure p in the system is:

Select one alternative:

O p~ BE()? + (V)

ksT ) ar -
Op=~ 5—(N) !

O p~ BZLN?) — (N)?]

7
p~ BEL(N)
pm BN + L)Y
p~ HE(N)?
Solution 22 5
NYy=—hnO=1+2
(N) on ™ + 2Bu
k‘BT kﬁBT 2 92 kBTl 2
=—1 = — ~ ——(N
p=—-ln® V(ﬁwrﬁu) 4< )

Problem 23

A system of particles has the grand partition function: © = exp (Mﬁ,u = Mgﬁe) where € > 0 is a constant,
and M > 1 a constant number, u is the chemical potential and § = FIT.Assume that the average number of
particles is large: (N) >> 1. The average energy of the system can be expressed as:

Select one alternative:

O (E) = [(N?) — (N)*|e

O (B) = [(N) + (N)2)3
(B = (N)}

O (B) = (N)?e

O (E) = (Ne

O(E)=c¢

Solution 23
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0
E) = u(N) — ——1In© = (N)?e
(B) = (N) ~ 5510 = (N)
Problem 24
A system has the canonical partition function Zy = %e-&N, where € is a constant, and /N is the number of

particles. The system is connected to a particle reservoir with chemical potential xt. Use the grand canonical
partition function to calculate the fluctuations in particle number AN? = (N?2) — (N2) when pu = 0.
Select one alternative:

O AN? = 2
O AN? — e
O AN? = e
OANZ =1

O AN2 — eﬂf + e—,Be

O ANZ _ e—Z_Be
Solution 24

N!

oo oo 1
O =" ZyeN =3 — PN = exp [oflrt]
N=0 N=0

0
N)= —1n© = Ate
() on

0

— _~ (N) = Blute
53M< )

AN?

When g = 0 we get: AN? = e,
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Problem 25
N

A system has the canonical partition function Zy = E e_‘g‘“, where € is a positive constantand N > 1 isa
n=0

finite number. When the temperature goes to infinity (' — oo) the mean energy (E) becomes:
Select one alternative:

O (E) = A;;'V;le
O (E) = 1\;2 €
O(E) = N22—N6
) (E) = %6
(B) = ¥e
(E) = n32+1

Solution 25 The partition function tells us that there are N + 1 energy levels: FE,, = ne with
n=0,1,2,--- ,N. At infinite temperature all energy levels have same probability of being occupied.
Hence the average energy becomes

N
1 1 N(N+1)
BN=_- N —
\E) N+1;" N+l 2 ¢
N
<E>:§€

Problem 26

m -
A system has the grand canonical partition function ©® = Z ZNeﬁf“N, where Zy = %e_‘%N is the canonical
N=0 '
partition function, Ndenotes the number of particles, and € is a posititive constant. When the chemical potential
goes to minus infinity ( 4 — —oo) the average number of particles in the system is:

Select one alternative:

OAN) = 75
O(N)=1

O (N) =00

O (N) =4
O(N)=0

2
I
™
I
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Solution 26 .
o= Z ZneN = exp [eﬁ(ufe)]

N=0
0
(N) = ——1n@ = =9
pou
When o — —oo we have:
(N)=0
Problem 27
N
Consider a 1D paramagnet with an external magnetic field: H = —uB E 8; where p is the magnetic moment,
i=1

B the external field, and the spin can take the values s; = 1. We are in the canonical ensemble. In the low
temperature limit the energy fluctuations in the system AE? = (E?) — (E)? is:
Select one alternative:

O AE? =~ Né?
O AE? =~ N(2uB)2?e 21B
O AE? ~ VNBuB

OAE?~NL
F:

O AE? ~ N(2BuB)?
O AE? ~ e PHB

Solution 27

N
7 = <Z eﬁ“B‘”) = (e’B“B—l—e"B"B)N

s1==+1

0 efuB _ o—=BuB 1 — e—28uB 26uB
(E) = =57 = =NuB G g = =NuB o ~ ~NuB (1= 267277)
0
AE? = ——(E) ~ N(2uB)%e 1B
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Problem 28

A molecule can switch between three configurations (C', Cs, C3). The energies of the configurations are
E, =0, Es = ¢, E3— = —e. We are in the canonical ensemble and the temperature T' is such that

the probabilities to be in the corresponding configurations are: p; = %, P2 = %? Py = %. The free energy F'is:
Select one alternative:

O F = kpTIn(7) with kpT = —

O F= kBTll’l (3) with kBT = £

O F = kpTIn (%) with kpT = —<
O F = kpTIn () with kgT = £

OF = ngT with kT = €

O F = kpTIn(#) with kgT = —

Solution 28
Partition function:

Probabilities:
1
P = E
e Pe
P2 = A
efe
P33 = 7

The relation between free energy and partition function implies: F' = —kgT'InZ = kgT In (p;),
i.e. we have:

2
F = kpTln(2) with kpT =
TIn (7)) with kpT' = {50
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Problem 29
In the Einstein model for the heat capacity of solids it is assumed that the density of states is
9(w) = 3N5(w — wp). The mean energyis (E) = [;* %L_fw What is the heat capacity in the low

temperature limit?
Select one alternative:

O C = 3Nkp(Bhw )*

O C = 3Nkpe P

O C & 3Nkp(Bhwy)2ehen
O C ~ 3Nkg

O C ~ 3Nkp(Bhuwy)te e

O C ~ 3Nkgefln

Solution 29

(B — /OOO gw)hwdw  3Nhw

L |
When g — oo:
(E) ~ 3Nhwge Phwo
0 2 —Bhw
C= —<E> ~ 3Nk’B(ﬂth) (& 0
oT
Problem 30
Consider a one-dimensional Ising system with Hamiltonian Hy = —J(sl S9 + 8283 + -+ + 8y 18N), where
J > 0,s; = &1 and N is the number of particles (spins) in the system. The canonical partition function is given
by: Zn = Z e PN We are in the grand canonical ensemble and the chemical potential is . Consider the
{si}
high temperature limit kgT' ~>> J. The grand partition function © is a convergent series when N — oo provided
that :

Select one alternative:
Op s J
Op < —kpTIn(2)
Ops—J
OB S %7

O p < kpTln(4)
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Solution 30 Partition function 1D Ising model:

7 = Z Z Z ePIsisz |, oBIsn-15N

s1==x1so==%1 sy==%1

When kgT > J the partition function is:

Zr Yo Y e > 1=2"

s1==%1 so==+1 sy==%1

0= ZyeN & 3 2NN = Y ol 2)N
N N N

Which is a geometric series that converges whenever:

Grand canonical:

< —kgT1In (2)
Problem 31

Consider a classical ideal gas in two dimensions, confined inside an area A.The grand partition function is:
Select one alternative:

O © = exp [Aexp (Bp)]

O O =ex P [?Tz‘l”) exp (_ﬁf—t)]

0 © = exp [t Aexp (Bp)]

00 = exp [ 27 g exp (—p)

00 = exp [ BT fexp ()

00 =exp [h”;#A exp (Bu)]

Solution 31

_ 2 2 B
2= b ([ fane)’

2mm
- h?NN!( 5 A)
2mmkgT
O = Z ZnePN = exp [h—BA exp (Bp)]

N=0
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Problem 32

Consider a crystalline solid material. The atoms vibrate weakly around their equilibrium positions (harmonic
approximation). The atoms also perform collective oscillations with all wavelengths from microscopic to
macroscopic scales. Which one of these statements is correct for the statistical mechanics of the solid?

Select one alternative:

~ The equipartition theorem implies that there is always roughly as much thermal energy stored in long and
~ short wavelength oscillations.

~ The equipartition theorem implies that at high temperatures there is much more energy stored in short
~ wavelength oscillations than long wavelength oscillations

O The Debye theory predicts that the entropy goes to zero at high temperatures.

~ The Debye theory predicts that at high temperatures most of the thermal energy is stored in long wavelength
~ oscillations.

O The equipartition theorem implies that the heat capacity goes to zero a high temperatures.

O The Debye theory predicts that collective oscillations are irrelevant at low temperatures.

Solution 32 There are many more short wavelength modes than long wavelength modes. The
equipartition theorem implies that at high temperatures there is much more energy stored in short
wavelength oscillations than long wavelength oscillations.

Problem 33

Which one of these statements is correct?
Select one alternative:

O The microcanonical ensemble is derived from the canonical ensemble.

O The grand canonical ensemble cannot be derived from the canonical ensemble.

O In the canonical ensemble both the particle number and total energy are constant.

O The grand canonical ensemble can be derived from both the canonical and microcanonical ensemble.
O The pressure in the microcanonical ensemble is zero since the system is isolated.

~ The entropy is extensive in the canonical, but cannot be extensive in the microcanonical due to the Gibb's
~ paradox.

Solution 33 The grand canonical ensemble can be derived from both the canonical and microcanon-
ical ensemble.
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Problem 34

2
Consider a particle in one dimension with Hamiltonian: H = f—; + U(z). The particle is confined to the interval

0 < z < L. The potential is U(z) = ewhen0 < z < {,and U(z) = Owhen{ < z < L, where {is a

constant (£ < L). The pressure at z = L is defined as P = —g—i where F'is the free energy. The pressure P

is:
Select one alternative:

kT
AP=_—FT
'-—' L—f1fexp( kE—',P)
op_ kT
- P L+é exP{ch;T)
~ p_ ksT
OP==
kT o ke
P = =~exp( LkBT)
) kpT .
OP =YL 44 fexp (%))
 keT
P - TeXP(_k,:T)

Solution 34

1 e 1 (2mm\"?
Z:E dz [ dp.e =2 7z [0 exp (—P€) + L — (]

F=—-kgTInZz

oF kgT

P:: —_— =
OL L —{+lexp(—357)
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Problem 35

A system of IV particles is confined inside a volume V. The number of states of the system is

I'(N,V,E) = KN?VE?, where K is a constant and E the total energy of the system. We are in the
microcanonical ensemble, the entropy is S = kg In I".The relation between energy and temperature is:

Select one alternative:

O E =2kgT
O E = NkgT
OE="15%

O E = N%kgT
@ _N

~ g N(ksT)?
O E = Wi

Solution 35

dS_1:>2kB_1
dE T E T
E = 2kpT

Problem 36

Consider a system with two energy levels, a ground state and one excited state: g = 0, €; = €. The system is
populated with N bosons following Bose-Einstein statistics. The canonical partition function is:

Select one alternative:

—~ N(N+1
) %e_ﬁﬁ

O N e—_Be
O NeFe

. Lpe -1
1+eFe

."::. e,SEN

. 1l—e (N+1)8e
1—efe

Solution 36 The total energy of the system: E = njie, where ny is the number of particles in the
excited state. Since the particles are indistinguishable there is only one state per energy level and
the partition function becomes:

N
1 — e_(N+1)B€
_ —pBnie _
Z = Z € - 1 — e*ﬁ‘f

n1=0
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Problem 37

A system with four energy levels g = 0,61 = €, €a = 2¢ and €3 = 3¢ is populated by N = 3
indistinguishable fermions obeying Fermi-Dirac statistics. The canonical partition function is:

Select one alternative:
O Z = e 2B | ¢80 | g=48c | o—5fc
O Z = e7Pe 4 720 4 74 4 ¢~6F
O Z = 2e~2Pe | 9p—0Pe
O Z — e3P | o4 | o—bfe | o—6f¢

OZ=1+eP e 2 o3

Solution 37 Let (ng, n1, 12, n3) be the occupation number of the energy levels. Since the particles are
fermions there are four different allowed configurations of the system: (0,1,1,1), (1,0,1,1),(1,1,0,1),(1,1,1,0)
with corresponding energies 6¢, 5S¢, 4e, 3e. The partition function is therefore:

7 — 673,6’6 4 674,36 + 675,86 + efﬁﬁe

Problem 38
Consider a system of bosons with a finite number of energy levels (M) The energy levels are: E,, = nep,
wheren = 1,2,---, M and ¢ is a positive constant. We are in the grand canonical ensemble and the chemical

potential is x = 0. The temperature is very high: kgT' > Me¢;. Which expression is correct for the average
energy of the system?
Select one alternative:

Solution 38
M M

E, E,
<E>:ZeB(En—u)_1 N21+5(EH_M)_1

n=1 n=1

When p = 0 we therefore get:
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Problem 39

A system has three energy levels, a ground state ¢; = 0 and two excited

states with the same energy e = €, €3 = €. The system is populated with

bosons obeying Bose-Einstein statistics. We are in the grand canonical ensemble. The average

number of particles in the system is (N) = 3. Whe are in the high temperature regime kg1 > €. Which
expression is correct for the chemical potential:

Select one alternative:

O p =~ —3€
O p~ —kgTIn(2)
Op=~—€ln(2)

O p =~ —3kBT
) ~ (kBTJE
O —3820
e _9_ @
OKrR =3p

Solution 39

1 2 3

() +m2) +ns) = g+ e 7 N e o

since ¢ ~ 1. Since (n; + ny + n3) = 3 we must have:

n = —l{?BT In (2)

Problem 40
P

2m

Consider a classical harmonic oscillator H = + %xz . We are in the canonical ensemble. What is the

fluctuation in energy AE? = (E?) — (E)% 2
Select one alternative:

(ks T)?
AE‘) — J}{
AE? = kpT /£
AE? = (kpT)?
_ (ksT)’
AE? = = T
AE? = 2(kpT)?
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Solution 40
Equipartition theorem:

1 1
(B) = 3ksT + ghsT = kT



