Exam TFY4230 - SPRING 2020

Consider a random walk on the x-axis, the probability of going to the left and right are equal. The step-length
increases with each step such that the position after V' steps is:

N
X:Z%AZZAl +2Ay +3A3 +---+ NAy.
i=1

The random variables A; can take the values A; = +1 and they are uncorrelated: (Ai Aj) = 5@- where 9;; is
the Kronecker delta. The mean square displacement after IV steps is:
Select one alternative:

(X2) = N

N
<X2>:Z'32:12+22+32++N2

i=1
(x%) = !
(X?) = N?

j\T
(XQ):_Z:Ii:1+2+3+---+N

1

(X?) =VN
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Consider a particle in one dimension.
2
The total energy is: FE= g—; + Kz, where K >0 1is a constant, x the position,

and p, the momentum.
The allowed positions of the particle are on the positive x-axis: 0 <z < oo.
We are in the microcanonical ensemble where the total energy is constant,

and the probability distribution is:
P(px,m]:Cc‘i[pﬁ +Kz—F

2m
where (' is a constant.
Energy conservation restricts the momentum to the interval: —+2mFE <p, <+/2mkE.

The probability distribution for p, on this interval is:

Select one alternative:
P(z) = C (1- )
P(p,) = Se ms
P(p,) = C6 [f’— - E}
P(p2) =
P(p:) =

P(p:) =

Fla =ma =
b2
gjﬁ,
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A system has energy levels FE =mne, where n=0,1,2,3,..+,00
and € >0 a constant. At the energy level = there are Iy = n? number
of states of the system. We are in the microcanonical ensemble and g% =1

T
Consider that n is large and € small. Express the entropy as a

function of energy S = S(E). what is the relation between energy

and temperature in the system?

Select one alternative:

E=kgT

E= kiT

E = 2kpT
E—kgTe o
g e

€

£

E=ce T
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Consider a particle in two dimensions confined inside a recipient with area A.

The particle has the Hamiltonian: H = pi:g

ensemble. Let the potential energy be a constant: Uz, y) = a.
The partition function is:

+ U(z,y). We are in the canonical

Select one alternative:

a

Z = 2;;" kT Ae *T

]

Z = L (kpT)?Ae “®

2mm

Z = (Zm) kT Ae” 7o

Z = 2 (kyT)2 Ae 7
Z—= T—QﬂkBTAZeﬁT

o
_ 2mm A T
2= mae”




Exam TFY4230 - SPRING 2020

A system has the density of states: p(E)=Ce /B with E >0

and Ey and C are positive constants. we are in the canonical ensemble
and the partition function is Z = fom dE p(E)e °F.

The mean energy is:

Select one alternative:

(E) = Ey
(E) =0
(ksT)*
(E> - T &
Ey kgT
(E) = B heT
(E) = kT
EZ
(E> = kB?I'
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Consider a single particle inside a container of volume V.

The container 1s divided into two parts of equal volume %,

in one side the potential energy of the particle is U =g,

in the other part the potential energy is U = 0. calculate
the average potential energy of the particle (U) in the
canonical ensemble. At any given instant what is the probability
P of finding the particle in the part of the container with
energy U=¢€?

Select one alternative:

— 1 _ _e
P=3 ksT
_ 1
(efe+1)”
_ 1
T oefe-1
2
—1_ (<
P=3 (kgT)
— 1
efetl
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Consider a particle in one dimension with Hamiltonian H = f; + %z and

the constraint 0 <z < oco. We are in the canonical ensemble. What is the
probability p that the the position of the particle is & > L ?

Select one alternative:

P=1
P=3
p=e
p=1—e 2
p=1—e?
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Pl

2m
one dimension. The phase space is (x,pz). Consider a rectangle in phase space at

time t =0 , defined by the four corners (z,p;) , (z+ Az,p,) , (z,p; + Ap:) , (z+ Az, p, + Ap,).
Consider the area defined by all the points inside this rectangle.

What happens to this area as time evolves?

A particle with Hamiltonian H = is moving freely (no external forces) 1in

Select one alternative:

The area in phase space is just locally preserved, therefore the area changes since the rectangle has finite
size.

The area in phase space is not preserved. The circumference is preserved.

The rectangle is simply translated and does not change shape.

The area is conserved, and the circumference of the area goes toward a constant.
The area is conserved and the circumference goes to zero.

The area is conserved, but the rectangle is deformed such that the circumference of the area diverges.
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A classical non-relativistic particle in two dimensions is confined inside

a circle of radius R. The particle is subject to a potential U(r) = —e¢ when ¢ < Ry,
and U(r) =0 when Ry <r < R.

r is the distance from the origin (center of circle). The mass of the particle is m.
The canonical partition function of the particle is:

Select one alternative:

7 = ?TTWR2 el

3/2
7= (&) n(R - RY)e™

7 = E2r(R - R}) e

7 = 25 [nR? + nR] €|

Z = 25 [n(R* — Rj)e™% + wRj ]

Z= ?TT [W(R2 - RS) + 'n'Rﬁ eﬁe]
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An ideal classical two-dimensional gas of NN particles is confined
inside an area A. All particles have the same mass m. The canonical
partition function is:

Select one alternative:

ZN = ﬁ@wkaT)NAN
Zy = ——(2mmkpT) 2N A2N

NI

Zn =

1 2rm \N AN
e (r ) A

ZN = ﬁ(Z‘N“kaT)Nm AN

_ 1 2mm 2N A2N
Zn = NIR2N kﬂT) A

ZN = 1 (2ﬂ'mk3 T) N ANIz

NIR
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A system of N classical distinguishable particles can occupy two energy
levels, one ground state and one excited state. How many different
configurations are there with 2 particles in the ground state?

Select one alternative:

N!
20

N? - N

N(N-1)
2

N
2

N

N?

2
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In classical statistical mechanics we divide by a factor N! when we count
the states of N particles (in a gas for example). which one of these statements is correct?

Select one alternative:
The factor N! is only used in the micro-canonical ensemble.
The factor N! is only important at low temperatures.
The factor N! is not important when calculating the grand partition function of a system.
The factor NI makes entropy finite both in the canonical and micro-canonical ensemble.
The factor N! makes entropy an extensive quantity both in the canonical and micro-canonical ensemble.

The factor N! is only used in the canonical ensemble.
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Which one of these statements is correct for the Debye model for the heat capacity of solids?

Select one alternative:

The heat capacity in the low temperature limit comes mostly from the long wavelength elastic deformations
(phonons) in the solid.

The heat capacity in the low temperature limit is the sum of the heat capacity of individual atoms,
interactions between the atoms can be neglected.

The model is cnly valid in the low temperature limit.

The heat capacity in the high temperature limit comes mostly from the long wavelength elastic deformations
(phonons) in the solid.

The model is only valid in the high temperature limit.

The density of states is a delta-functicon in frequency.
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A system with N particles has the canonical partition function Z = e PN

The variance of the energy AE? = (E?) — (E)? is:
Select one alternative:

AFE? = &

2 €
AR = £
AE? = /Né?
AE? = Né?
AE? = N2¢2
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Consider a system of three spins with Hamiltonian: H = —Jsysy —2Js353, where J
is a postive constant, and s; = +1. We are in the canonical ensemble. In the high
temperature limit kT > J the free energy F = (E)—TS is:

Select one alternative:
F~-3J
F~ —In(2)kgT
F~—-3In(2)kpT

F~ 3kpT
. (keT)?
F ~ _BT

F ~ 3kgT
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consider a system of three spins with Hamiltonian: H = —Js183 + Jsy83, where
J is a postive constant, and s; = +1. We are in the canonical ensemble.
when T — 0 the mean energy (E) and heat capacity C become:

Select one alternative:
(E)=0and C =kp
= —2J and C = kg
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A system is described by the Hamiltonian H = J(s1s + sys3 + 5351) where J >0
and the spins take the values s; =+1. When T — 0 the mean energy and
entropy become:

Select one alternative:

(E) = —2J and § > 0
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A system of spins s; = +1 is such that half of the spins align and the other half
anti-align when subject to an external field h. The Hamiltonian is

H= —h(81 + 83+ + SN) aF h(SN_g_]. + 8Sny2 + 0+ 82N)

with h > 0. We are in the canonical ensemble. The free energy of the system is:

Select one alternative:
F= —2N@
F = —%Tln (923" + e—zﬁh)
F=—2ln(e™ +e )
F=-2NQ
F=—2Fn(1+e"")

F=—2f1n (1 +e ")
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A system has the Hamiltonian H = —J¢i¢pps, where J >0 is a constant and the
variables ¢; can take two values ¢; =1 or ¢; = —1. We are in the canonical
ensemble. The average value of ¢%qb2 is:

Select one alternative:

(¢1¢2) =

($1d2) = Grear

(#1n) =1 -2

2 _ _ 1
@207 _ o287

($1d2) = Saroamr
(¢1da) =1—e
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A paramagnet is given by the Hamiltonian:
N

H=73%(—hsi +es?)=—h(s1 +s2+ - +sn)+e(s?+s2+ - +5%)
i-1

where s; = +1, and h and € are positive constants, and e < h. We are in
the canonical ensemble. when T =0 the entropy is :

Select one alternative:

S =kpn2
S = Nkg
5=0

S = Nkg<
S = Nkpln2

kg
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N non-interacting vector spins 1in the x-y plane are oriented by an external

field h. The Hamiltonian is:

HZ—E-(§‘1+§2+--'+§)

where §; = (cosf;,sinf;) with —w < ; < m. The field h= (h,0) = hé, is oriented along
the x-axis. The mean energy in the low temperature limit kT < h is:

Select one alternative:

_ (ksT)
(E) ~ —Nh + N-—+

(E) ~ —Nh — NkgT

(B) ~ ~Nh + N
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Consider a system that has free energy F =kgTN — kgTNIn(N) where N is

the number of particles in the system. The volume is constant. The system is
connected to a reservoir of N, particles with free energy F, = N;yu, where p <0
is a constant chemical potential. Assume that IN is macroscopically large and that
we always have N, > N. what is the number of particles in the system in thermal
equilibrium?

Select one alternative:

N = exp (—k‘%)
_ H
N=-47
. N2
= (&7)

2u
e (-7) o ()

_ e s
N - _kBTexp (_ kgT)
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Consider a classical two-dimensional ideal gas of NN molecules in a container of

constant area A. The chemical potential of the molecules in the gas is:
w="kgTln (NN /A), where X is the thermal de Broglie length.

The molecules can adsorb onto the walls of the container. The gas molecules

adsorbed on the walls have chemical potential:

ps = —€+ kpTIn (N,A?/A;), where € >0, N; is the number of adsorbed molecules,

and A; the surface area in which the molecules adsorb. The total number of

molecules in the container is N; =N+ N,. 1In equilibrium the mean number

of molecules on the surface can be expressed as:

Select one alternative:

Ay
Ny, = N~
N, ZNeXp(k;T)

A ¢
N; = NFGXP ( kBT)

N
Ny = —3 :
1+Texp(—2k'?]
N. = N
o exp (- 755)
AT As e
Ny = N exp(kBT
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A system has a grand canonical partition function:

© = exp [Bu + (Bp)*]
what is the average energy (E) of the system?

Select one alternative:

(B) = By

(E) = p

(E) = 5 +3p
(B) = —p — By’
(E)=0

(B) =3
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A system has grand partition function:

© = exp (MBu — Pe)

where € > 0 is a constant, and M > 1 a constant number. g is the
chemical potential and 8= kgLT' The fluctuations of the particle number

AN? = (NZ) - (N)2 in the system is:

Select one alternative:

AN? =

AN? =0

AN? = Mexp ()
2 _

AN* = ﬁ

AN? =M

AN? = M?



26

Exam TFY4230 - SPRING 2020

A system has canonical partition function Zy, where N is the number of
particles. The system cannot have more than N, particles.
when N < N, the partition function is Zy = e®N  and when

N > N, the partition function is Zy =0. €>0 is a constant. The system is
connected to a particle reservoir with chemical potential p=0.
When e > 1 the grand partition function is:

Select one alternative:
© ~ N, exp (N, fe)
© ~ exp ( Be)
0~1
© ~ N, exp ( f¢)
© = exp (exp (N Be))
© ~ exp (N, Be)
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A system has canonical partition function Zy = KVNfs(kBT)Nfs, where K is a
constant, NN the number of particles and V the volume. The pressure p
and heat capacity C of the system are:

Select one alternative:
p=0 and C = %kB
p=1kpT and C = kg
p= kT and C = Tkgp
p=4ksT and C =0
p= ﬁkBT and C = %kg

p=3LkT and C = 2k
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A box of volume V contains an ideal classical gas of N molecules, with chemical
potential u, =kgTIn(NX/V), X is the thermal de Broglie length. We introduce
two spherical objects (beads) inside the box, and the molecules can adsorb
on these objects. The objects are far apart (not touching). The chemical
potential of adsorption on sphere 1 is:
M1 = —€ + kBT].Il(ch)
and similarly for sphere 2:
p2 = —€2 + kgTln (cN>)
where Ny and Ny are the number of adsorbed molecules on sphere 1 and 2}\,r and €1,6a ¢ are constants.
1

We always have Ny < N and N» < N. In thermal equilibrium the ratio A is:

Select one alternative:

Nl - € €3
E = exXp [_ kBlT] - exp |:_k_g_T:|

M _ ex
i\’z - p kBT

N2 €2 k‘BT
N

A

.N’l E_l

JYQ €3
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Consider the 1D Ising model with an external magnetic field:

N-1 N
H=-75% sisijn —pBY. s
i=1 i=1

where p is the magnetic moment. We are in the canonical ensemble.
The heat capacity is C = %(H} The heat capacity at zero and infinite

temperature is denoted by Cp = C(T'=0) and Cy = C(T — o0).
Which one of these statements is correct?

Select one alternative:
Co =0 and Cy, = Nkp
Co =0 and Cu = kp’Z
Co = Nkp and Cy, =0
Co=0and Cy, =0
Co=0 and Cy, =
Cop = Nk and Cy = Nkp
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A polymer in two dimensions has 5 monomers, numbered n =0,1,2,3,4. The

= LI -
position of monomer mn is R, = . t;, where ¢; are the bond vectors.

The angles #&;

i=1

between two consecutive bond vectors ( fﬁ Afﬂl = CO8 {8@-) )
can only take three values: 8; =0,q, —«

The deformation energy of the polymer is H = —¢(cosf; + cosfy + cosfs).
The canonical partition function Z = 3 exp(—BH) of the polymer is:

01.,82.63

Select one alternative:

Z = exp (fe) + 2exp [Becos (a)]

Z =7
7z = 7
Z =7
Z = 72

Z:Zf'

where
where
where
where

where

Zy = 1+ 2exp [fe]
Zy =1+ 2exp [Be cos ()]
Zy =1+ 2exp [Becos ()]
Zy =1+ 2exp [fe]

Zy = exp (Be) + 2 exp [Be cos ()]
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In the Debye model for heat capacity of solids it is assumed that the density of
states is quadratic  g(w) ox w? up to the cut-off frequency wp. This gives

a heat capacity at low temperature that is propertional to temperature to

the power three: C ocT®. what would be the low temperature behaviour if we
instead assumed that the density of states is linear: g(w) oc w up to the
cut-off frequency.

Select one alternative:
C(T) ~T*
C(T)~T3
C(T) ~ T3/?
C(T) ~ T
C(T) ~T?

C(T) ~ T
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Consider a system with Hamiltonian Hy = —h(s; +8+ - -+ sn),
where h >0, s; ==+l and N is the number of particles in the system.
The canonical partition function is given by: Zy = E e FHw |

{si}
We are in the grand canonical ensemble and the chemical potential
is . The grand partition function is a convergent series when NN — oo
provided p < 0 is sufficiently small, in which case © becomes:

Select one alternative:

_ 1
©= 14-e2Bu (280 4 e—280)
_ 1
- eﬁu_‘_eﬂh_keaﬂh
_ 1
©= 1—efi(eflr 4o Fh)
_ 1
®= 1—ebn
_ 1
T 1—ePh R
0= .

1—efh _p—Fh _pbu
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The grand partition function of a classical ideal gas is:
© = exp [rexp (Bu)]

where A is the thermal de Broglie length. The density of the gas is
p= i%l. What happens to the density if we keep u constant

and let T'— o0 ?

Select one alternative:
Approaches zero following high temperature behaviour p o< 1/ VT

Approaches a constant density p = constant

Approaches zero following high temperature behaviour p o< 1/7?
Approaches zero following high temperature behaviour p o< 1/7*
Diverges following the high temperature behaviour p oc T3/2

Diverges following the high temperature behaviour p oc T
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Consider a particle living on the z-axis, and subject to a gravitational field.

The Hamiltenian is: H = ;i +mgz. The particle is confined to the interval
0<z< L. We can think of this as a particle in a one-dimensional box.

We are in the canonical ensemble. The pressure at z= L is defined as F’::——%%

where F = ——é]ﬂ!? is the free energy of the particle. calculate F' and find P.

Which of these is the correct expression for the pressure P?

Select one alternative:

P-t
p=%
P= s
P
p_ kT

efmal 41
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A system has the possible energy levels E=mne where n=10,1,2,3,.---,N,

and €>0 a constant. For a given energy level n there are I', = [N+:)'n‘
different configurations of the system. We are in the microcancnical ensemble.
Calculate the entropy S = kplnT',, using stirling's formula, and assuming that
N, N—n and n are all large numbers.

. ds _ 1 . .
The relation E = Tlmplles.

Select one alternative:

€

L = _kBT
N—n €

n _ kgT
N—n €

_ 2e

no_ kgT
N ¢ 7
n €
N = kgT
no__ k:BT
N~ ¢

£

n = e*s’
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Consider a system with three energy levels e =0, € =€, and ey =2¢. The system

is populated with NN =2 bosons following Bose-Einstein statistics. The canonical
partition function is:

Select one alternative:
Z =1+ e 3 4 o008
Z =1+e P 4 2e % 4 g 30 | o 45
7 = e P g2 | =30 | g—4be
Z=1+e P f e e g3
Z =1+ e 4

Z =1+ e Pe 4 2e7 2P | ge=30c | ge4Pe
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A system with three energy levels ¢ =0 ,e; =€, and € = 2¢ is populated by
N =2 indistinguishable fermions obeying Fermi-Dirac statistics. The
canonical partition function is:

Select one alternative:
Z=1+¢%
Z = ePe 4 e3¢
Z = e Pe 4 g7 2Pe
Z =e P 4 g2 4 o—36¢
Z=1+e P e

7 — e—2Pe 4 g—4Pe



38 Exam TFY4230 - SPRING 2020

Consider a system of bosons in one dimension inside a harmonic potential.
The energy is € = (n-+—%)huu where n=0,1,2,---,00. We are in the grand canonical ensemble.

Find the density of states g(€). In the continuum limit the average number of
particles in the excited states (not ground state) is:

Select one alternative:
(Nea) = oz Jo-
(Nez) = (51}3 fooo eﬁ(iﬁ»;_l
(Nez) = 35 Jo ediil—j)q
(Nez) = fow f.s{ei]—:)_1

00 de
(Nea) = [y eﬁ{E—T_l

1 de €
(Nez) = Fw f[)oO eﬁ{e—fpf),l

Solution 38

From the expression for the energy we get de = hwdn which implies that the density of states is

g(w) = 75

The number of excited states is therefore
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A system has three energy levels, a ground state €; = 0 and two excited

states with the same energy ez — €, €3 = €. The system is populated with

bosons obeying Bose-Einstein statistics. We are in the grand canonical ensemble. The average
number of particles in the system is (N) . On average half of the particles are in the

ground state, what is the temperature?

Select one alternative:

kpT = 1n(§ﬁ7)
kgT = 1116(2)
kgT — 2¢
kT =€

kT = 55
kpT = —
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Consider a single gas particle with kinetic energy FE =

inside a volume V.

2
+p2+ .
P*;ﬂ confined
T

We are in the canonical ensemble. What is the fluctuations

in energy of the particle AE? = (E?) —(E)? ?

Select one alternative:

AE? = (kpT)’

AE? = (kpT)?

AE? = 2(kpT)?

AE? = 2(kpT)

AE? = 4(kpT)?

AE? = 3(kpT)?



