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v. 2: A number of students have indicated how Problem 3 could be read differently than intended.
We add a solution that corresponds to that reading.

Problem 1

The three torsion pendulums are subject to the same torques because the string that is being
twisted does not change. Euler’s equations give us

T:Iiwi i:1,2,3

where I1, I3, and I3 are the moments of inertial for the cube that is hung from a corner, one from
midway along an edge, and one from the middle of a face relative to the wires, respectively. So

T .
wi =7 1=1,2,3

i
and the ratios of the periods of the three pendulums are
T Ty :T3=1 : Iy : I3

The moment of inertial tensor relative to the center of mass for case (b) where we assume z-axis is
along the wire and z-axis and y-axis point through the middles of a face is

L 0 0
=0 1, o0
0 0 I,

where I, = I, = 1., = I3 due to symmetry. Because Z5 is proportional to the identity, it will be
invariant under any rotation with the center of mass fixed. Since the axis of the rotation passes
through the center of mass for all three cases, we have

L=1=1I3
So

Ty :T5:13=1:1:1



Problem 2

Just as in the lecture notes, our rotating coordinate system is one fixed to the rotating earth at the
location of pendulum, with x pointing east, y pointing north, and z normal to the surface. So the
angular velocity vector in the rotating system is

&g =wg (Ycos A + Zsin \)

where wg is the Earth’s angular velocity. Let us assume the bob of the pendulum is moving a
circular path with radius [sin @ in zy plane where [ is the length of the pendulum. (Note that we
do not need to use an underline to indicate a coordinate representation because we express Wg in
terms of the other vectors y and Z.) So the position vector of the bob is

g = Isin 6 (cos wtT + sin wty)

where w is the angular velocity of the bob moving a circular path. (Again, not the lack of under-
lines.) The Coriolis force is

F. = —2mup x ——

= —2mwg (0,cos A\, sin \) X wl sin 6 (— sinwt, cos wt, 0)

= —2mwpg wlsin @ (— sin A\ cos wt, — sin A sin wt, cos A sin wt)

The z component of F, is

(Fe), = —2mwg wl sinf cos Asin wt
The average of (Ft), is
2n
w w
(Fv), = o/, (F.),dt

27
w W
= —2mwgwl sin 8 cos A\— / sin wtdt
27T 0

=0
The ratio of (F,), to gravity is
(F.), wgwlsin® 2 1 10-5
mg g 24 x 60 x 609.8

where we assume wlsinf ~ O (1m/s) . So we see that (F¢), is negligible in magnitude. The angular
velocity w of the bob can be decomposed to wr + 2 where wr is the contribution from the tension
T in the wire attaching to the bob and €2 from the Coriolis force. The tension 7' is

T = T (cos 07 — sin 0 cos wtT — sin 0 sin wt})

First, we ignore the Coriolis force to calculate wr, which means w ~ wr.The vertical component of
the force acting on the bob is

T cos =mg
_™mg

cos



The component of T in xy plane generates the circular move of the bob and determines wy by

T sin§ = mw?lsin @

g
lcosb

wr =
Taking the Coriolis force into account, the component of T+ F, in xy plane similarly determines
w=uwr + Q by
| T (— sin 6 cos wtZ — sin O sin wty) + 2mwpwl sin f (sin A sin wtg + sin A cos wtz)| = mw?sin 0
sin@ (T — 2mwpwlsin \) ~ sin 0 (T — 2mwpwrlsin ) = ml (wr + Q)? sin 0 ~ ml (w7 + 2wrQ) sin @

mg + ZwTQ)

— 2mwpwrlsin A = ml (

cos 0 lcosb

O~ —wgsin A

where we discard terms of O(Q?) in the second line.



Problem 3

The four-wavevector in the emitter reference frame I is

7 1
k= (w, k) =27 (1,c0s6,0,sin6) = 27w (1, 5,0, ?)

assuming the light signal travels in zz plane. The Lorentz transformation matrix from F to Fis

v By 00
A |8y v 00
v 0 0 10
0 0 01
where § = %, y=—F = g, and By = %. So the four-wavevector in the reference frame F is

B A
= (yk° + BAk', vk + Bk, K2, k)
=2mv(y+ Bycosh,ycosh + (v,0,sin )

5 4151 4 /3
=2 et R
7T”<3+32’32+3’0’2)

713 V3
=2 — =0, —
7TV<3,6,O,2>

7 13 3V3
—27T <31/> (1,14,0,14>

where you can see that E“EM = 0 as a check for our algebra. So the light signal propagates with

the frequency v = vy (Bcosf + 1) = % v in a direction that makes an angle 6 with the T axis of

~ sin 0 3v3
tanf = =
v (cos @ + 3) 13

One could have read the problem in such a way as to think that the emitter was moving in
the —z-direction toward the origin when emitting the above light. The problem was, admittedly,
confusingly phrased. We will accept such a solution if it is correct. The solution for that sign of 3
is as follows. The form of the Lorentz transformation matrix is unchanged, it is simply the sign of
[ that changes. So

= AR
= (VK" + Bk vk + Byk°, K k)
=27v(y+ Bycosb,ycosh + (3v,0,sin6)

5 4151 4 /3
=21v|=—=-=, == ——=,0, —
3 32’32 3 2

1 V3
=2 1,——,0, —
7TV<7 27 ) 2)



Remarkably, we find clearly that the frequency is unchanged. The photon now makes an angle with
the 4z-axis of

~ sin 6
tan9 = m = —\/g

which implies 6 = 120°. This somewhat surprising result can be understood in a couple of ways:

e Mathematically, the require v = v yields an equation with more than solution. Specifically:
v=v = ~vy(1+[cosh)=1

There are two solutions to the above equation. The trivial one is S = 0, which gives v = 1.
The other one can be found easily:

14 Bcosh 1
Vi-p?
(14 Bcosh)? =1— 3
2 (1+00529) +2Bcosh =0

2 cosf
= —— frd O
p 1+ cos?6 or f
The first solution yields § = —% for cosf = % as in our case. Now we see that the fact the

frequency is unchanged is an accident of the angle 6 that was chosen; for some arbitrary 6,
one would obtain 3 # %, and thus this interpretation of the geometry of the problem would
not have yielded v = v.

e The intuitive explanation is simply that the doppler shift and the length contraction cancel.
Length contraction, which doesn’t care about the direction of motion, tells us that the appar-
ent wavelength A will be smaller than the wavelength in the emitter frame A. But Doppler
shift arises because the emitter is moving between the time that he emits the crests of the
wave. In this case, the emitter is moving in the opposite direction as the wave emission. This
results in the events corresponding to the emission of peaks being separate in F', thereby
stretching the wavelength. The length contraction and the Doppler stretching cancel each
other out for this particular choice of 8 and 3. One can see from the mathematical expla-
nation above that, for any choice of 8, there is one [ that yields this effect. Note that (G
always has the opposite since as cos ), meaning that the emitter must always be traveling in
a direction opposite to the light (in the emitter’s rest frame); this makes sense, as it is the
condition that there be Doppler stretching of the wavelength. One could work all this out
quantitatively using space-time diagrams, but it must yield the same results as the simple
Lorentz transformation executed above.

But the fact that 7 = v for this particular choice of 6 and 3 is not important to the problem;
for a different 6 one would have obtained some v # v for f = —3, or for a different (negative) (5
one would have also obtained v # v for § = 60°.

4
3



Problem 4

The center of mass of the top remains fixed except for the z motion. So the kinetic energy is

1 .2 .2 1 . . 2
T = 511 (0 + ¢ sin? 9> + 5]3 <w—|—gbcost9>

+1M'2
5 z

where the first line is the kinetic energy in the center of mass frame and %M 22 is the kinetic energy
for the center of mass. Unlike the case for the fix top, we have I; in T instead of I4 since the
kinetic energy is relative to the center of mass in our case while the kinetic energy is relative to the
pivot point for the fix top. And, what is more, z can be related to 6 by

z=1cosf

So we have for the kinetic energy
1 .2 .2 1 . . 2 1 .2
T=3h <9 + ¢ sin? 0) + 513 (w + ¢ cos 0) + 5Mz? sin” 06
Just like the fix top, the potential energy is

U= Mglcos6

where we discarded the constant term. The Lagrangian is

L=T-U
1 22 1 (o HIR WP 2
:§II¢ sin 0—|—§I3 Y + ¢ cos +§(Ml sin 9—1—[1)0 — Mgl cost

1 and ¢’s canonical momenta, p, and pg, are same as these in the case for a fix top and are also
conserved. So py and pg are

Py = I3 <@ZJ + éﬁcos@)
Py = IﬁbsinZ 0+ I3 <1/1 + écosG) cosd
The EOM for 6 is different and is given by

d .

7 ((M12 Sil’l29+Il) 9)
o (1 2 o 1 (. EEN DR

~ 50 511¢ sin 9—1—5]3 Y + ¢ cos b +§Ml sin“00 — Mglcosf | =0

d . _ 92 2 92
<(Ml281n29+f1)9>—§0<(p¢ Py 039) +pw> — M%sinfcosf9 — Mglsind =0

dt 25 213



Problem 5

The effective potential is

Vi () = — (p¢_pwcosg)2+Mzcose
eff 21y sin? 6 g

where py, = py for a "sleeping” mode. In order to get the frequency of small oscillations around
6 = 0, we need to Taylor expand Vg¢s (6) at 6 = 0. So we have for a ”sleeping” mode

2 2
Py (1 —cosh)
Verr (0) = 51, sinZf + Mgl cos0

9 2
v (5+o0))
#ha (-2 1 o))
o G+0(9)
2ha 62 — % + O(65)

92
5 + Mgl <1 -5 0(04)>

92
+ Mgl (1 -5+ 0(04)>

2 2 4 2
~ +Mgl|1——+4+0(0
2ha1— % + 0(63) g 2 ©
2 2 2
~——+Mgl|1l—— 0
2 d g< 2>+O( )
2
p Mgl
~ 0 [ =2 — =L ) + Mgl + 06"
<8[1d 2 >+ gl + 0"
The EOM is
2
Py
=2 _ Mgl| ~
il g) ’
So the frequency is
L Mgl P, Mgl
A2, Ty




Problem 6
In the instantaneous rest frame of the rocket, the four-momentum for the rocket is
m (1,0)

at ¢ = 0 assuming the rocket travels along +x-axis. After the rocket expels gases of mass Am at
t = At, the four-momentum for the rocket and the exhaust gases are respectively

Rocket: 74y (m +dm) (1,dv,0,0)
Gasses:  v,Am(1,—a,0,0)

where 74, = \/1—1W’ Ya = 11_a2 and dv is the velocity of the rocket in F' at t = At. And we also
have

dm = —adt

Am = —dm — Kk

The conservation of four-momentum gives us
m (1,0,0,0) = yg4p (m + dm) (1,dv,0,0) + 74 (—dm — k) (1, —a,0,0)
which yields

m = Yay (M +dm) + v, (—dm — k) = (m + dm) + v, (—dm — k)
0 =94p (M +dm)dv — 4 (—dm — k) a = mdv — v, (—dm — K) a

where we have dropped the second order terms, dv? and dmdv. The first line leads to
dm = v, (dm + k)
Plugging it into the second line, we have
mdv = —v, (dm + k) a = —adm

When the rocket picks up dv in F', the velocity of the rocket in F becomes

dv+7v

1+ dvo

U+ dv~ (dv+79) (1 —vdv) =7+ (1 —70%) dv
dv = (1-9%) dv

v+do =

So we get




Problem 7

The initial conditions for wq, wy and w3 at t = 0 are

w1(0) = Qcosa
(JJQ(O) =0
w3(0) = Qsin«

Euler’s equations yield

I —wi = wows (Iz — I3)

dt
Izawz = wiws (I3 — 1)
I d (I — I)
—w3 = Ww —
3 W3 1w ({1 2
Taking % = cos2a and I3 = I1 + I into account, Euler’s equations become
d
—Ww1 = —Wow
P 2W3
d
—Wwy = Ww
2 1ws3
d L — I cos2a — 1 tan?
—w3 = Ww = Wwiwy———— = —wiwy tan” a
dt 12 L+ I ! 21—|—cos.204 1z
w1 xEq.(1)+wsEq.(2) gives us
d
= w% t

) +ws (t) = Q% cos®
)

t) = Q2 cos® o — w3 (t)

= i (1) = /2 cos? @ — w} (1)
wo tan? axEq.(1)+w3Eq.(3) gives us

d
7 (w3 tan® o + w3) = 0
= w3 (t) tan’ o + w3 (t) = Q*sin®

= wi(t) = P?sin® a — w3 (t) tan® o

= w3(t) = tan oz\/Q2 cos? v — wi (1)



Plugging Eq. (4) and Eq. (5) into Eq. (2), we have

and

dt
d(UQ
= tan adt
02 cos? v — w3 (t)
w2
——feosa__ — O gin adt
1— w3 (t)
02 cos? a
wa (t)
Qcos a du t
/ — = Qsina/ dt
0 l—u 0
t
tanh™! ws (*) = Qtsino
Qcosa

—wy = tan « (QQ cos? o — w3 (t))

wa (t) = Q cos atanh (2 sin )

10

Qcosa
_ 2 . _
wy (t) = Qcosa\/l — tanh” (U sina) = m
Qsin o
P 2 . _
ws(t) = Qsin a\/l — tanh”® (Qtsina) = m



