Physics 106b/196b — Problem Set 10 — Due Jan 26, 2007
Solutions

Andrey Rodionov, Peng Wang, Sunil Golwala
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Let’s do the hardest one of these integrals more explicitly to be clear about it:

<
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—p/ dx/ d [}

= F* sl g

1-=2 22y 3/2
- d dy |[1- - — %=
Cp/_a w/b,h— y[ a? 52}

You can do this integral by a trigonometric substitution (which is essentially the same as switching
to ellipsoidal coordinates as is done in the alternate solution given a couple pages below), look up

this integral (e.g., http://www.sosmath.com/tables/integral /integ13/integl13.html), or have Math-
ematica do it. Looking it up gives

b 17— 2 213/2
€z Yy
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1y 22 g2 3/2 3y 22 22 g2 1/2
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So we have
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dx dy , dz 27 = dr |1—-—
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which can be done using the trigonometric substitution x = asin @, giving

a 2\ 2 /2 w/2
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So we have in the end
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Problem 2

We assume Zz along the bar in the body frame F' and z’ along & in the body frame F’. At t =0, T
is along 7’ and the bar stays in the 3’2’ plane. The angular velocity is

v
~
=z

l .
§sm9

@
(Note: no underline or prime symbol is needed on & in the above because it is being written in terms
of another vector: the above equation holds in any frame. The components of Z’ of course depend
on the frame: in F”, the coordinate representation of 2’ is (0,0, 1); in F', as we indicate below, Z’ has
coordinate representation (0,sin @, cosf). Similary, if we had written & out in component form, as

(0, 0, ﬁ , then we would have had to specify a representation using the underline and prime.
2

These are subtle distinctions but ones that are importnat to understand.) The decomposition for
Z'is

~ ~ . ~

Z =ysinf + zcos b

since & always stays in the yz plane. So we have

v ~
&= %v(ysmﬂ—kzcosﬂ)

[sin6

(Refer above to why no underline is needed.) The representation of the torque in F' is given by the
Euler’s equation by

d
T = %z + W x z
where
mZg 0 0
- - 2 2v
L=Is=|0 =£ o 7 | =|m
00 0 \FRY 0

(The underlines were needed in the torque equation because the underlines imply whether the time
derivative is with respect to the space or body frame. Underlines were needed in the equation for
L because now one is writing the components.) The components of L are constant, so the time
derivative vanishes. In vector form, it holds that

E:mlvy

Understand, again, that now we need not use underlines because L is being written in terms of
another vector, not in component form (0, mv,0). We are left with

- L, = _2vcosb _2muv? cosf
T =WX L =—12—— mly = - r———
[sinf sin 6

In the above, we no longer need underlines because there is no longer a frame-dependent time
derivative. For T, we get




and therefore

— 2mv? cosf [, 2ut . 2ut
T sing \7 %\ Tsime ) TV Tsng

Again, because T is being written in terms of other vectors, no underlines or primes are needed. Of
course, the coefficients of 7’ and 7/ are the components of the F’ representation, so it’s easy to see
what you would write down for 7:

2vt
cos (7=
o 2muv? cos | . (1311)1}9)
QLY (e
sin ¢ Osm

We can also to calculate 7 from first principles. First we need to obtain Z’ first. The coordinates
for two mass points in F’ are

(— sin @ sin wt, sin @ cos wt, cos @)
7y = — (sin @ sinwt, — sin  cos wt, — cos 6)

(Note the underlines are needed because we are writing out components, not expanding in terms
of unit vectors.) So

12 1 —sin?fsin?wt  —sin?f@sinwtcoswt — sin @ cos O sinwt
/ _ m . 2 . . 2 2 .
I = — | —sin®*fsinwtcoswt 1 — sin”fcos” wt sin 0 cos 6 cos wt
— sin 0 cos 8 sin wt sin 0 cos 6 cos wt sin® 6
and
—!
L =1'¢
mi2 1 —sin?fsin?wt  —sin®#sinwt coswt — sinf cos O sinwt 0
=5 |- sin?fsinwtcoswt 1 — sin® @ cos? wt sin 0 cos 6 cos wt 0
— gin @ cos A sin wt sin @ cos 6 cos wt sin® 0
2w [~ sin 6 cos 0 sin wt
= sin 6 cos 0 cos wt
sin? 0
Finally we have
L d— mi2w? (5 0 cos 6 cos wt
T =—L =— sin 6 cos 6 sin wt
dt 2
0
2?2 sin 0 cos 0 cos (l;ﬁ@)
= — sin 6 cos 0 sin (l .”te)
2 sin
0
2ut
2mu? cos§ [ (1511;19)
=TT = in (l "UtH
sin 6 Obm

where we had to use underlines and primes in the first line above because of the time derivative.



Problem 3
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t is just the rotation speed of the earth. But, be careful, it does not correspond simply to the
length of the solar day; recall that the sidereal day, the length of time needed for the earth to
complete one rotation relative to the fixed stars, is 23.9344696 hours or 86164.1 seconds, so

/‘W/

27

_ -5
6164 Lo 7.29212 x 1077 rad/sec

=

We want to express time in units of 1/€2, so we note that, from Equation (8.116),

Q= \/ 12.446 x 10~14 rad/sec? = 3.52789 x 1077 rad/sec

Next, we want to calculate angular momenta, so we will need the ratio I3/I;. The problem gives
€= ﬁ where € = % as defined on p. 321 just above Equation (8.118). This value of € is, for
unknown reasons, different than the value given in the same place as € is defined on p. 321, which
is € = 0.00335281 = 298.3. We blindly use the value given in the problem. This implies

I3

=1+¢=1.00327
I

Next, we want L,. Formally, L, = I3 <¢ + ¢ cos 0). Since ¢/1) = O(107), we can ignore ¢ given

the precision we are aiming for in the result (6 significant digits, or 1 part in 10%). So we have



simply

0 7.29212 x 1075 rad/sec
Ly~ Y _ 1 00327
Y 3.52789 x 107 rad/sec

This differs from Hand and Finch’s result, we believe their result is incorrect. Next, we want L,
which is formally L, = I ¢? sin? @ 4+ L3 cosf. Again, though, ¢ is small compared 1, and I; ~ I3,
so we can drop the first term, leaving

L, = L3 cosf = 207.38 - cos 23.45° = 190.247

= 207.38

which, again is different from the result given in Hand and Finch. They do seem to be using the
same 6, though, because the ratio L,/Ls = cosf = 0.9174 for both our result and theirs. Finally,

we want to calculate E! . . Since L, = L3 cosf = Lz u to very good approximate, and ’L'L =0 by
definition of what is mean by E/ . , it holds that the first term in E’ vanishes for E' = E! . . So
we have

El = 1 © (1 - 3u%) = —0.00124666

which is exactly a factor of 2 smaller than the result given in Hand and Finch because of their
factor of 2 error in the expression for the second term.
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where one would insert the numerical values £’ = 10, L3 = 207.38, and L, = 190.247 and integrate
numerically over u to obtain 7.



Problem 4

One can do this problem in two ways. The first uses the instantaneous point of contact of the
coin with the floor as the origin of the rotating coordinate system. The second uses the CM. We
explicitly write out the first version, then describe why the second version yields the same result.

()

The angular velocity of the coin is
G=wy,2 +Q2z

There are two ways to see what the condition of rolling without slipping implies. The first is
by analogy to Problem 4 from Problem Set 9, the cone rolling on the plane. There, we related
the path length that the edge of the cone must travel for a single period 7 of the precession
motion. Applied here, let 7 again be the precession period, 7 = 2—” The circumference of the
circle that the edge of the coin travels on is 27 R cos 6. Rolling Wlthout slipping implies that

1 angle of the coin must rotate through an angle 2w %‘}gse in this time 7. So €2, which is

given by v, is just = 2n %ﬁgse = wp cosf. One can see empirically that a negative sign is

needed because ¥ rotates backward if the precession is forward in angle, so really

Q= —w), cosb

(b) The Fp systems is defined to precess with the coin’s 3-axis but not spin with it. Therefore, 2’

(c)

always stays in the ypzp plane and can be decomposed into

Z =Zpcosh — ypsinh

The angular velocity of the coin is

& =wyz +Qzp
= wy, (Zpcosl — ypsinb) + Qzp

= —Ypwpsin b

In Fp, the new moment of inertia tensor relative to the point on the edge of the coin contact
with the surface is

Id=z+M(z21—ffT)

TMR? 0 0 R* 0 0
= o iMR* 0 |+M([O0 0 O
0 0 FMR? 0 0 R?
SMR?> 0 0
= 0 jMR* 0
0 0 3MR?
where [ = Ryp. So the angular the momentum is
- 1 0 1
LP:ZdQ:—ZMRQqusinﬁ 1 :—XMRprsinﬁ/y\p
0

10



For the torque, we have three forces acting: the force of gravity acting at the CM of the
coin, the normal force acting at the edge of the coin, and the frictional force that enforces
rolling without slipping, also at the edge of the coin. The latter two act at the origin of our
coordinate system, the point of contact with the floor, so they yield no torque. So the torque

is simply
Fp=17px Fp
= MgRcosOZp
where 7p = —Rjp and Fp = —Mg (Zp cos — Jpsin6) . In Fp, Euler’s equations are
 Ep=—GpxLp+7
—Lp=-0 T
e WpXLpTTp

From our expression for Lp above, we see that it is constant. So Euler’s equations reduce to
Tp=&p xLp

~ 1 NRPON
MgRcosOTp = wpz' X (—4MR2wp 81n9yp>
1
MgRcos8Zp = wy (Zpcosf — ypsinb) x (—4MR2wp sin0§p>

1
MgRZp = MR'w;sin03p

[y
wp =2 Rsind

We note that one can solve the problem in an alternate fashion. We chose the point of contact
between the coin and the floor as the origin of our coordinate system, so the only torque was due
to gravity. Alternatively, we can place the origin of the coordinate system at the center of mass.
These coordinate systems are the same except for a displacement [ = Rgp. The angular velocity
is unaffected since the new Fp coordinate system orientation is the same as the one used above.
The angular momentum is also unaffected because it depends only on the y moment of inertia,
which we saw above is the same for the CM and the displaced versions of the inertia tensor. The
only other change we need to worry about is in torque. In the case with the origin at the CM, the
gravitational torque is zero, but we will instead have a normal force torque and a frictional torque.
We may neglect the frictional torque because it acts along the 2 axis and is simply the force that
causes rolling without slipping. The normal force torque is identical to the gravity torque in the
above because both the radius vector and the force have sign flips. So the angular velocity, angular
momentum, and torque is the unchanged in spite of the change of origin, so the solution for w, will
be unchanged also.
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Problem 5

@6\&0\\3“&\\@ \\,\ a \)ﬂho?r%mm (e s \3\

N@w? ran N\“& NP»NQ\ " x?k\m\ . \\v

QM:\S a %@3\»& mgwun_v»§ka\woos we.
construct the %0:&\:3\.\ \N NI\W\N{ .

%QR N\»N \NV\\VMA\\N“\

) i bt R des et &k\mg Jui

m\,\\@ %Nz\hl\a\v %

TR e
MNMA NA>\ w\%g\s\% m oy \MN\»\&AN\S\\ \v Ni

Rv\ﬂ AR o\
L.m Nﬁ, %Nv o\w \
%N:sz

qqmu
\wm@ bes ot &v\&e\ o Qrorf.

@b\ﬁm 4 QNN Mx »»:\s\ﬁ N&m
& ue‘? n g- % awb w% x\&%\&\\\\w\m\

\L \%.\.V& %S\%lm u\w\$\&®f

T comsnd B
e o =)
xuwv iM(tNM\%H\u\%.\K \w\*
+ﬁo&%v£®,ﬂ

"Ly psnoepyad
\%Or*mk\,»: s .v\hm)\ i

,: \ Vegeosd) 4\&%&@

Sl Pty Py \%u@&%

\% \M&_\s v

12




?\ Q\b ﬁe\w@ %D;N:w

N\@@»nn&% .\
RN \\W(\u@é&&]

\y\\ Ml
& CAan tnURodUce Y
( awm in the \mné,ﬁm»:ew@ x._\.w\g% omt\ bxw.% \ l\b@\m&v
. m @mo&w\
\w \ % :m@ Py =iy (9)

mx\o\.@ N@gh Qf\‘o\%\,
IR ok _,
0\&\%%\ %wf \ N. %:TUQM\N\@
V (e aveive Q\m
\K@ = A \\wxi\bw\m&@ N
iz 4

S 2o *\@ @%

Problem 6

A solution for this will be written shortly.
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